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Me ~ PREFACE 


Inj anuary of 1992, | presented a minicourse atthe joint national mathematics meetings 
held that year in Baltimore, M aryland. The minicourse had been approved by a com- 
mittee of the M athematical Association of America— the mission of that committee 
being the evaluation of proposed minicourses. In this case, the minicourse was espe- 
cially promoted by Professor Fred Hoffman of Florida A tlantic University. Presented 
in two two-hour sessions, the first session of the minicourse touched upon examples, 
properties, and applications of the sequence of Fibonacci numbers. The second part 
investigated comparable ideas for the sequence of Catalan numbers. The audience 
was comprised primarily of college and university mathematics professors, along 
with a substantial number of graduate students and undergraduate students, as well 
as some mathematics teachers from high schools in the Baltimore and Washington, 
D.C. areas. 

Since its first presentation, the coverage in this minicourse has expanded over the 
past 19 years, as | delivered the material nine additional times at later joint national 
mathematics meetings— the latest being the meetings held in J anuary of 2010 in San 
Francisco. In addition, the topics have also been presented completely, or in part, 
at more than a dozen state sectional meetings of the M athematical Association of 
America and at several workshops, where, on occasion, some high school students 
were in attendance. Evaluations provided by those who attended the lectures directed 
me to further relevant material and also helped to improve the presentations. 

At all times, the presentations were developed so that everyone in the audience 
would be able to understand at least some, if not a substantial amount, of the mate- 
rial. Consequently, this resulting book, which has grown out of these experiences, 
should be looked upon as an introduction to the many interesting properties, exam- 
ples, and applications that arisein the study of two of the most fascinating sequences of 
numbers. A s we progress through the various chapters, we should soon come to under- 
stand why these sequences are often referred to as ubiquitous, especially in courses 
in discrete mathematics and combinatorics, where they appear so very often. For the 
Fibonacci numbers, we shall find applications in such diverse areas as set theory, the 
compositions of integers, graph theory, matrix theory, trigonometry, botany, chem- 
istry, physics, probability, and computational complexity. We shall find the Catalan 
numbers arise in situations dealing with lattice paths, graph theory, geometry, partial 
orders, sequences, pattern avoidance, partitions, computer science, and even sporting 
events. 


xi 
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PREFACE 


FEATURES 


Following are brief descriptions of four of the major features of this book. 


1. Useful Resources 


The book can be used in a variety of ways: 
(i) Asatextbook for an introductory course on the Fibonacci numbers and/or 
the Catalan numbers. 
(ii) AS asupplement for a course in discrete mathematics or combinatorics. 


(iii) AS a source for students seeking a topic for a research paper or some 
other type of project in amathematical area they have not covered, or only 
briefly covered, in a formal mathematics course. 


(iv) As asource for independent study. 


. Organization 


The book is divided into 36 chapters. The first 17 chapters constitute Part 
One of the book and deal with the Fibonacci numbers. Chapters 18 through 
36 comprise Part Two, which covers the material on the Catalan numbers. The 
two parts can be covered in either order. In Part Two, some references are made 
to material in Part One. These are usually only comparisons. Should the need 
arise, one can readily find the material from Part One that is mentioned in 
conjunction with something covered in Part Two. 

Furthermore, each of Parts One and Two ends with a bibliography. These 
references should prove useful for the reader interested in learning even more 
about either of these two rather amazing number sequences. 


. Detailed Explanations 


Since this book is to be regarded as an introduction, examples and, especially, 
proofs are presented with detailed explanations. Such examples and proofs are 
designed to be careful and thorough. Throughout the book, the presentation 
is focused primarily on improving understanding for the reader who is seeing 
most, if not all, of this material for the first time. 

In addition, every attempt has been made to provide any necessary back- 
ground material, whenever needed. 


. Exercises 


There are over 300 exercises throughout the book. These exercises are pri- 
marily designed to review the basic ideas provided in a given chapter and to 
introduce additional properties and examples. In some cases, the exercises also 
extend what is covered in one or more of the chapters. Answers for all the 
odd-numbered exercises are provided at the back of the book. 


ANCILLARY 


There is an Instructor’s Solution Manual that is available for those instructors who 
adopt this book. The manual can be obtained from the publisher via written request 
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on departmental letterhead. It contains the solutions for all the exercises within both 
parts of the book. 
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Ma PART ONE 


THE FIBONACCI NUMBERS 


Me CHAPTER 1 


Histoncal Background 


Born around 1170 into the Bonacci family of Pisa, Leonardo of Pisa was the son 
of the prosperous merchant Guglielmo, who sought to have his son follow in his 
footsteps. Therefore, when Guglielmo was appointed the customs collector for the 
Algerian city of Bugia (now Bejaia), around 1190, he brought L eonardo with him. 
It was here that the young man studied with a M uslim schoolmaster who introduced 
him to the Hindu-A rabic system of enumeration along with Hindu-A rabic methods 
of computation. Then, as he continued his life in the mercantile business, Leonardo 
found himself traveling to Constantinople, Egypt, France, Greece, Rome, and Syria, 
where he continued to investigate the various arithmetic systems then being used. 
Consequently, upon returning home to Pisa around 1200, Leonardo found himself 
an advocate of the elegant simplicity and practical advantage of the Hindu-A rabic 
number system— especially, when compared with the Roman numeral system then 
being used in Italy. As aresult, by the time of his death in about 1240, Italian merchants 
started to recognize the value of the Hindu-A rabic number system and gradually began 
to use it for business transactions. B y the end of the sixteenth century, most of Europe 
had adjusted to the system. 

In 1202, Leonardo published his pioneering masterpiece, the Liber Abaci (The 
Book of Calculation or The Book of the Abacus). Therein he introduced the Hindu- 
Arabic number system and arithmetic algorithms to the continent of Europe. L eonardo 
started his work with the introduction of the Hindu-A rabic numerals: the nine Hindu 
figures 1, 2, 3, 4, 5, 6, 7, 8, 9, along with the figure 0, which the Arabs called 
“zephirum” (cipher). Then he addressed the issue of a place value system for the 
integers. As the text progresses, various types of problems are addressed, including 
one type on determinate and indeterminate linear systems of equations in more than 
two unknowns, and another on perfect numbers (that is, a positive integer whose 
value equals the sum of the values of all of its divisors less than itself— for example, 
6=1+4+2+3and28=1+4+2+4+4-+7-+ 14). Inconspicuously tucked away between 
these two types of problems lies the one problem that so many students and teachers 
of mathematics seem to know about— the notorious “Problem of the Rabbits.” 


Fibonacci and Catalan Numbers: An Introduction, First Edition. Ralph P. Grimaldi. 
© 2012 J ohn Wiley & Sons, Inc. Published 2012 by John Wiley & Sons, Inc. 


4 HISTORICAL BACKGROUND 


Before continuing at this point, let us mention that although Leonardo is best 
known for the Liber Abaci, he also published three other prominent works. The 
Practica G eometriae (P ractice of Geometry) was written in 1220. TheF los (F lower or 
Blossom) was published in 1225, as was the Liber Quadratorum (The Book of Square 
Numbers). The latter work established Leonardo as a renowned number theorist. 


Me CHAPTER 2 


The Problem of the Rabbits 


In the now famous “Problem of the Rabbits,” L eonardo introduces us to a person who 
has a pair of newborn rabbits— one of each gender. We are interested in determining 
the number of pairs of rabbits that can be bred from (and include) this initial pair in 
a year if 


(1) each newborn pair, a female and a male, matures in one month and then starts 
to breed; 


(2) two months after their birth, and every month thereafter, a now mature pair 
breed at the beginning of each month. This breeding then results in the birth 
of one (newborn) pair, a female and a male, at the end of that month; and, 


(3) no rabbits die during the course of the year. 


If we start to examine this situation on the first day of a calendar year, we find the 
results in Table 2.1 on p. 6. 

We need to remember that at the end of each month, a newborn pair (born at the 
end of the month) grows to maturity, regardless of the number of days— be it 28, 30, 
or 31—in the next month. This makes the new maturity entry equal to the sum of 
the prior maturity entry plus the prior newborn entry. Also, since each mature pair 
produces a newborn pair at the end of that month, the newborn entry for any given 
month equals the mature entry for the prior month. From the third column in Table 
2.1, we see that at the end of the year, the person who started with this one pair of 
newborn rabbits now has a total of 233 pairs of rabbits, including the initial pair. 

This sequence of numbers— namely, 1, 1, 2, 3, 5, 8, 13, 21, 34, 55, ...—is 
often called the Fibonacci sequence. The name Fibonacci is a contraction of Filius 
Bonaccii, the Latin form for “son of Bonaccio,” and the name was given to the 
sequence in M ay of 1876 by the renowned French number theorist Francois Edouard 
Anatole Lucas (pronounced L ucah) (1842-1891). In reality, Leonardo was not the first 
to describe the sequence, but he did publish it in the Liber Abaci, which introduced it 
to the West. 
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6 THE PROBLEM OF THE RABBITS 


TABLE 21 
Number of Pairs of Number of Pairs of Total Number 
Newborn Rabbits M ature R abbits of Pairs of Rabbits 
Start 1 0 l 
January 1 
One M onth Later 
February 1 ° : : 
Two M onths Later 
March 1 : d 
Three M onths L ater 
April 1 : é 3 
Four M onths L ater ) 3 5 
May 1 
Five M onths L ater 3 5 8 
June l 
Six Months Later 5 8 3B 
July 1 
Seven M onths Later 
August 1 8 i ae 
Eight M onths L ater 
September 1 - at x 
Nine M onths L ater 
October 1 o # 2 
Ten Months L ater 34 55 89 
November 1 
Eleven M onths L ater 55 89 144 
December 1 
One Year Later 89 144 233 


January 1 


The Fibonacci sequence has proved to be one of the most intriguing and ubiquitous 
number sequences in all of mathematics. Unfortunately, when these numbers arise, far 
too many students, and even teachers of mathematics, are only aware of the connection 
between these numbers and the “Problem of the Rabbits.” However, as the reader will 
soon learn, these numbers possess a great number of fascinating properties and arise 
in so many different areas. 


Ms CHAPTER 3 


The Recursive Definition 


Upon examining the sequence in the middle column of Table 2.1, we see that after 
the first two entries, each entry is the sum of the two preceding entries. For example, 
1=1+4+0, 2=141, 3=2+41, 5=342, 8=5+3,..., 55=34+4 21. So 
we are able to determine later numbers in the sequence when we know the values 
of earlier numbers in the sequence. This property now allows us to define what we 
shall henceforth consider to be the Fibonacci numbers. Consequently, the sequence 
of Fibonacci numbers is defined, recursively, as follows: 
Forn > 0, if welet F,, denote the nth Fibonacci number, we have 


(1) &=0, A=1 (The Initial Conditions) 
(2) F, = Fy-1+ Fh_2, n>2_ (TheRecurrence Relation) 


Therefore, the sequence Fo, Fi, Fo, F3,..., which appears in the middle column 
of Table 2.1, now has a different starting point, namely, Fo, from the sequence Fj, 
Fy, F3, ..., which appears in the third column of Table 2.1. This sequence— Fo, Fi, 
Fy, F3,...—iS now accepted as the standard definition for the sequence of Fibonacci 
numbers. It is one of the earliest examples of a recursive sequence in mathematics. 
Many feel that Fibonacci was undoubtedly aware of the recursive nature of these 
numbers. However, it was not until 1634, when mathematical notation had suffi- 
ciently progressed, that the Dutch mathematician Albert Girard (1595-1632) wrote 
the formula in his posthumously published work L’Arithmetique de Simon Stevin 
de Bruges. 

Using the recursive definition above, we find the first 25 Fibonacci numbers 
in Table 3.1. 


TABLE 3.1 

Fy =0 Fy =5 Fy =55 Fis = 610 Fo) = 6765 
Fi =1 Fe =8 Fy, = 89 Fig = 987 Fo, = 10, 946 
Fy =1 Fj =13 Fy = 144 Fy7 = 1597 Fy = 17,711 
F3=2 Fg, = 21 Fi3 = 233 Fig = 2584 F3 = 28, 657 
Fy =3 Fo = 34 Fy, =377 Fig = 4181 Fog = 46, 368 
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Me CHAPTER 4 


Properties of the Fibonacci Numbers 


As we examine the entries in Table 3.1, we find that the greatest common divisor of 
Fs = 5and Fe = 8is1. Thisis due to the fact that the only positive integers that divide 
Fs = 5 areland5, and the only positive integers that divide Fg = 8 arel, 2, 4,and 8. 
We shall denote this by writing gcd( Fs, Fs) = 1. Likewise, gcd( Fo, Fio) = 1, since 
1, 2,17, and 34 are the only positive integers that divide F9 = 34, while the only 
positive integers that divide Fig = 55 are1, 5,11, and 55. Hopefully wesee a pattern 
developing here, and this leads us to our first general property for the Fibonacci 
numbers. 


Property 41 Forn > 0, gcd( Fn, Fr4i) = 1. 
Proof: We note that gcd(Fo, F1) = gcd(0, 1) = 1. Consequently, if the result is 
false, then there is a first case, say n = r > 0, where gcd(F,, F,41) > 1. However, 


gcd(F,_1, F) = 1. So there is a positive integer d such that d > 1 and d divides F, 
and F,+1. But we know that 


Fru. = Fy + Fy-1. 


So if d divides F, and F,+1, it follows that d divides F,_1. This then contradicts 
gcd( F,-1, F) = 1. Consequently, gcd(F,, Fn41) = 1 forn > 0. 


Using a similar argument and Property 4.1, the reader can establish our next result. 
Property 4.2: Forn > 0, gcd( Fn, Fn42) = 1. 


To provide some motivation for the next property, we observe that 


PFot+h+h+F4+M4+h =04141424345=12=4.3 
Pi+h+’34+fat+hot+ Poe =14+14243454+8=20=4-5 
PFo+F3+Fa+ho4+Fe+F =14243454+8413=32=4.8. 


Fibonacci and Catalan Numbers: An Introduction, First Edition. Ralph P. Grimaldi. 
© 2012 J ohn Wiley & Sons, Inc. Published 2012 by J ohn Wiley & Sons, Inc. 


8 


PROPERTIES OF THE FIBONACCI NUMBERS 9 
These results suggest the following: 


Property 4.3: The sum of any six consecutive Fibonacci numbers is divisible by 4. 
Even further, for n > 0 (with n fixed), 


5 
og Fate = Fn + Fg + Fng2 + Fnt3 + Frtd + Fuss = 4 Find 


Proof: Forn > 0, 


5 
So Fra = Fn + Fraga + Fn + Fn43 + Fa + Fuss 
r=0 


= (Fy + Foyt) + Fng2 + Fn43 + Fraga + (Fn43 + Fr+a) 
= 2Fy42 + 2Fy43 + 2Fy44 = 2(Fnt2 + F43) + 2Fn44 
= 4Fy+4. 


In asimilar manner, one can likewise verify the following: 


Property 4.4: The sum of any ten consecutive Fibonacci numbers is divisible by 11. 
In fact, for n > 0 (with n fixed), 


9 
a Fie VI Fae. 
r=0 


Our next property was discovered by Edouard Lucas in 1876. A few observations 
help suggest the general result: 


Pot+tMm+h=2=3-1=h%-1 


Prot+tht+h+F3=4=5-1=F-1 
Fo+fFi+Fo+F3+h=7=8-1=F%-1. 


Property 4.5: Forn > 0, 3-9 FB = Fn42 —-1. 


Proof: Although this summation formula can be established using the Principle 
of Mathematical Induction, here we choose to use the recursive definition of the 
Fibonacci numbers and consider the following: 


Fo = Fo -Fi 
Fi, = F3-— fF) 
Fo = Fy — P3 


Fr-1 = Fn4i — Fy 
Fy = Fni2— Fri. 


10 PROPERTIES OF THE FIBONACCI NUMBERS 


When we add these n + 1 equations, the left-hand side gives us 5~”"_) F,, while the 
right-hand side provides (fF) — Fi) + (F3 — Fo) +--+) + (Fayi — Fn) + (Prg2 - 
Fri) = —Fi + (Fo — FP) + (F3— F3) +--+ + (Fn -— Fa) + (Fra — Fri) + 
Fyy2 = Fa42—- FA = Fr42 - 1. 


Passing from first powers to squares, we find that 
Fe =0?=0=0x1 
R+F=0+2?=1=1x1 
F+R+F=04P 42 =2=1x2 
Fo+FR +R 4rF=0 474742? =6=2x3 
PtP RAR + a4 4 42? 43? = 15 3x5, 
From what is suggested in these five results, we conjecture the following: 


Property 4.6: Forn > 0, 37") F? = Fy x Frit. 


Proof: Hereweshall usethePrincipleof M athematical Induction. Forn = 0,wehave 
yy Fe = FR = 0? =0=0x1= x Fi = Fo x Fou. This demonstrates that 
the conjecture is true for this first case and provides the basis step for our inductive 
proof. So now weassume the conjecture true for some fixed (but arbitrary) n =k (> 0). 
This gives us ye F? = Fy X Fai, Turning to the case wheren =k +1(> 1), 
we have 


k+1 2 k 2 2 2 
oe F = toe F) “c Fey = (Fe x Fx41) + Fray 


= Fyyi x (Fe t+ Fey) = Fei x Faye. 


Consequently, the truth of the case for n = k + 1 follows from the case for n = k. So 
our conjecture is true for all n > 0, by the Principle of Mathematical Induction. 


At this point, let us mention three more properties exhibited by the Fibonacci 
numbers. There are so many! The reader should find a wealth of such results in 
References [38, 50]. The first two of these properties are also due to Edouard L ucas 
from 1876. The third was discovered in 1680 by the Italian-born French astronomer 
and mathematician Giovanni Domenico (J ean Dominique) Cassini (1625-1712). This 
result was also discovered independently in 1753 by the Scottish mathematician and 
landscape artist Robert Simson (1687-1768). We shall leave the proofs of all three 
results for the reader. However, we shall obtain the result due to Cassini in another 
way, when we introducea2 x 2 matrix whose components are Fibonacci numbers in 
Chapter 14. 


Property 4.7: Forn > 1, 7") Pr-1= A+ F34-+++ Pan-1 = Fon. 


Property 4.8 Forn > 1, 0v) Foe = Fo t+ Fat-+++ Pan = Pongi-1. 
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Property 4.9: Forn > 1, Fy—-1Fn41 — F? =(-1)". 


At this point, we realize that the Fibonacci numbers do possess some interesting 
properties. But surely there must be places where these numbers arise— other than 
the “Problem of the Rabbits.” In Chapter 5, we shall encounter some examples where 
these numbers arise, and start to learn why these numbers are often referred to 
as ubiquitous. 


EXERCISES FOR CHAPTER 4 


WO Onna uo BP WYN 


PPP rR 
WN Fr © 


i 
pS 


15. 
16. 


L7: 


. Prove Property 4.2— that is, forn > 0, gcd(F,, Fn42) = 1. 

. Provide an example to show that gcd( F;,, F,+3) # 1 forsomen > 0. 

. Forn > 1, prove that Fo(n41) = 2Fan + Fon-1. 

. Forn > 2, prove that F429 + F,_2 = 3 Fy. 

. Forn = 2, prove that Fa? + Fy + Fn-2 = 4Fy. 

. Forn > 1, prove that F2,, = F3 + F3_) + 3F,-1Fn Fut. 

. Forn = 2, prove that F3, = 4F3,-3 + F3n—6. 

. Prove that ye Futr = 11 Fite. 

. Use the Principle of Mathematical Induction to prove that for n> 0, 


pee, F,. = Fy42 = 1. 


. Fixn > 0. Prove that 7) Fair = Fintnt2 — Fn42. 

. Prove Property 4.7—thatis, form > 1, S~"_) Fo--1 = Fan. 

. Prove Property 4.8—thatis, form > 1, $0") For = Fangi —1. 

. Verify the result due to Giovanni Cassini in Property 4.9 for n = 3, 4,5, 


and 6. 


. Use the Principle of M aneated Induction to prove Property 4.9— that is, 


forn > 1, Fy-1 Fai — Fe = (-1)", 

For n > 1, prove that Fy, Fn41Fn42 = F3,,+ Ft -1y, 

Jodi starts to write the Fibonacci numbers on the board in her office, using 
the recursive definition. She writes the correct values for the numbers Fo, F1, 
F2, ..., Fy,—1, but then Professor Brooks distracts her and she writes F,, + 1 
instead of the actual value F,,. (a) If she does not make any further mistakes 
in using the recursive definition for the Fibonacci numbers, what value does 
she write next? (b) What does she write instead of the actual value of F,,,2? 
(c) In general, for r > 0, what value does she write instead of the actual value 
of Fn4y? 

Use the Principle of M athematical Induction to prove that for n > 1, 


n 
ys rF, = Fi +2F)4+3F34+---+nF, =nFy42 — Fny3 +2. 


(This formula is an example of a weighted sum involving the Fibonacci 
numbers. ) 
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PROPERTIES OF THE FIBONACCI NUMBERS 


18. For n > 0, prove that F? + F?,, = 2(F?,, + F2,,). (H. W. Gould, 1963) 
[24]. 

19. For n > 1, prove that 3~7_,(—1)'*1 Fi. = (-1)"" 1 Fy. 

20. Forn > 1, prove that F2,; — F2 = Fy-1 Fn42. 

21. Forn > 0,provethat F? + F?,, = F2,, + F2,,+4F?,,.(M.N.S, Swamy, 
1966) [52]. 

22. Forn > 1, prove that 72") F;Fiz1 = F341 —1.(K.S. Rao, 1953) [45]. 

23. Forn > 1, prove that 


De FiFivt = Fey. - ; [1 + (—1)"]. (T. Koshy, 1998) [37]. 


24.(a) For any real numbers a and 5, prove that 
2 
a? +0? + (a+5)| =) lat + of + (a+ 0)" 


[This result is known as Candido’s identity, in honor of the Italian mathe- 
matician Giacomo Candido (1871-1941).] 
(b) For > 0, prove that 


2 
2 2 2 4 4 4 
(Fi + Fay + Fay2) = 2F, a sae gin od 


25. Forn > 0, prove that F,,45 — 3F, is divisible by 5. [Alternatively, this can be 
stated as F,,45 = 3F;,(mod 5).] 

26. Forn > m> 1, provethat )-"_), F = Fn42 — Fin41- 

27.(a) Verify that (73 + Fy + Py + Fe) + Fy = Fo. 
(6) For what value of n is it true that (Fy + Fs + Fe + Fy + Fg)+ Fy = F,? 


(c) Fix n>1 and m>1. What is (Fy + Fog + Fng2 +--> + Foam) + 
F,+1? (This fascinating tidbit was originally recognized by W.H. Huff.) 


28. For n > 3, prove that 


Fy + Fa—1+ Fo—2 + 2Fy—3 +2? Fy—a + 23 Fy_5 te +2 OR 
A 2-3 = gn-1 


Mm CHAPTER 5 


Some Introductory Examples 


As the title indicates, this chapter will provide some examples where the Fibonacci 
numbers arise. In particular, one such example will show us how to write a Fibonacci 
number as a sum of binomial coefficients. In addition, even more examples will arise 
from some of the exercises for the chapter. 


Example5.1: [Irving K aplansky (1917-2006)]:Forn > 1,letS, = {1, 2,3,...,n}, 
and let Sy = @, the null, or empty, set. Then the number of subsets of S,, is 2”. But 
now let us count the number of subsets of S,, with no consecutive integers. So, for 
n > 0, we shall let a, count the number of subsets of S,, that contain no consecutive 
integers. We consider the situation for nm = 3, 4, and 5. In each case, we find the 
empty set @ ; otherwise, there would have to exist two integers in @ of the form x 
and x + 1. Either such integer contradicts the definition of the null set. So the subsets 
with no consecutive integers for these three cases are as follows: 


n=3: $3 = {1,2,3} 
Subsets : @, {1}, {2}, {3}, {1,3} 
n=4: Sq = {1,2,3,4} 
Subsets : @, {1}, {2}, {3}, {4}, {1,3}, {1,4}, {2,4} 
n=5: S5 = {1,2,3,4,5} 
Subsets : ©, {1}, {2}, {3}, {4}, {1,3}, {1,4}, {2, 4}, 
(ah. 1 ote 2,9). (331, 3,5] 


Note that when we consider the case for n = 5, only two situations can occur, and 
they cannot occur simultaneously: 


(i) 5 is notin the subset: H ere we can use any of the eight subsets for Sg— as we 
see from the first line of subsets for Ss. 

(ii) 5is in the subset: Then we cannot have 4 in the subset. So we place the integer 
5 in each of the five subsets for $3 and arrive at the five subsets in the second 
line of subsets for Ss. Consequently, we have a5 = a4 + a3. 


Fibonacci and Catalan Numbers: An Introduction, First Edition. Ralph P. Grimaldi. 
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14 SOME INTRODUCTORY EXAMPLES 
The above argument generalizes to give us 
Gy =O, 1G, NS 2, a9 = 1, a =2. 


The recurrence relation in this case is the same as the one for the Fibonacci numbers, 
but the initial conditions are different. Here we have ag = 1 = Fp and ay = 2 = F3. 
Therefore, 


Qn = Fn42, n=O. 


Example 5.2: As in Example 5.1, we shall let S, = {1,2,3,...,n}, forn>1. 
Then for any nonempty subset A of S,, we define A+1={a+1|ae A}. So if 
n=4and A = (1, 2, 4}, then A+ 1 = {2, 3,5}, and wesee that AU(A +41) = Ss. 
Consequently, for n > 1, we shall now let g,, count the number of subsets A of S,, 
such that A U(A + 1) = S,41. Such subsets A of S,, are called generating sets for 
Sn+1. We realize that for any such subset A, it follows that 1 « A and, forn > 2,neA. 
For n = 3, 4, and 5, we find the following examples of generating sets: 


n= 3: {1,3}, {1, 2, 3} 
n=A: {1,2, 4}, {1, 3,4}, {1,2,3,4 
n=5: {1,3,5}, {1, 2, 3,5}, 

{1, 2,4, 5}, (1,3, 4,5}, {1, 2,3, 4,5}. 


Here we see that the gs generating sets for Sg (where n = 5) are obtained from those 
of S5 (where n = 4) and from those of Sq (where n = 3), by placing 5 in each of 
the g4 generating subsets for Ss and in each of the g3 generating subsets for Sy. 
Consequently, g5 = g4 + g3 and this particular case generalizes to 


(N ote that we could define g9 = 0, by extending the given recurrence relation ton > 2 
and solving the equation go = g2 — g1 to obtain gg = 1—1=0.) Here we find that 


n=l, n=l. 


(M ore on generating sets can be found in Reference [26]. A generalization of this 
idea is found in Reference [54].) 


Example 5.3: Next we examine binary strings made up of 0’s and 1's. Forn > 1, 
there are 2” binary strings of length n— that is, the strings are made up of n symbols, 
each a 0 or a 1. We wish to count those strings of length n, where there are no 
consecutive 1's. So we shall let 5,, count the number of such strings of length n and 
learn, for example, that (i) b3 = 5, for the strings 000, 100, 010, 001, 101; and 
(ii) b4 = 8, for the strings 0000, 1000, 0100, 0010, 0001, 1010, 1001, 0101. In 
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general, when n > 2, there are two cases to consider for a string s of length n with 
no consecutive 1's: 


(i) s ends in 0: Here the possibilities for the preceding n — 1 symbols of s con- 
stitute all of the b,—1 strings of length n — 1 with no consecutive 1's. 

(ii) s endsin1 (actually 01): N ow the possibilities for the preceding n — 2 symbols 
of s are counted by the b,_2 strings of length n — 2 with no consecutive 1's. 


Consequently, 
bn = bn-1 +bn-2, n>=2, to =1, r= 
and 
by = Fn42, n=O. 


Isitjust a coincidence that the answers for a, (in Example 5.1) and for b, (herein 
Example 5.3) are the same? We can relate these results as follows. When n = 5, for 
instance, we can correspond the subset {1, 4} of Example 5.1 with the string 10010 
and the subset {1, 3, 5} with the string 10101. In general, we line up the integers in 
S, aS 1,2,3,...,2—1,n. Then for a string of n 0’s and 1’s (with no consecutive 
1's), we examine the locations for the 1's. If a 1 is in the ith position, for 1 <i <n, 
we then select i from S,, to determine our corresponding subset with no consecutive 
integers. 


Example5.4: Asin Examples 5.1 and 5.2, we again define S, = {1, 2,3,...,n—- 
1,n}, forn > 1. Now weare interested in the functions f : S, — S, that are one-to- 
one (and consequently, onto) or onto (and consequently, one-to-one). These functions 
are called the permutations of S, and they number n!. For a given n > 1, we want 
to determine the number of these permutations f such that |i — f(i)| < 1, forall 1 < 
i < n— thatis, we want to count the permutations f where (i) f(1) = lor f(1) = 2; 
(ii) f(n) =n or f(n) =n —1; and, (iii) f(i) =i—lor f(i) =ior f(i) =i+1 for 
all 2 <i <n—1.Whenn = 3, for instance, out of the six possible permutations for 
53, we find the following three that satisfy the given condition: 


(1) f: S3— S83 (2) f: S34 S83 (3) fi: 83 > $3 


f= 1 f(l)=1 AH =? 
f(2) = 2 f(2) =3 f(2)=1 
f(3) = 3 f3S2 f(3) =3. 


Forn > 1, let p, count the permutations of S,, that satisfy the stated condition. T here 
are two cases to consider: 


(i) f(m) =n: Here wecan use any of the p,_1 permutations f: S,-1 > Sy-1. 
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(ii) f(m) =n —1: When this happens it follows that f(m — 1) =n, and under 
these conditions we can then use any of the p,—2 permutations f: S,-2 > 
Sn: 


Consequently, we see that 


Pa = Pn-1+ Pr-2, n>=3, pr=l1, pr=2, 


and 


Po =Fn4+1, Na 1, 


Example 5.5: [Olry Terquem (1782-1862)]: Again, we let S, = {1,2,3,...,n- 
1,n}, where n > 1, but this time we are interested in the subsets of S, of the 
form {a1, a2, a3, ..., ax}, where (i) ay < az < a3 <+-- < ax (S0 k <n); (ii) a; is 
odd for i odd, with i < n; and, (iii) a; is even for i even, with i < n. These sets 
are called the alternating subsets of S,. When n = 3, we find five such subsets— 
namely, 2, {1}, {1,2}, {1,2, 3}, and {3}. For n = 4, there are eight such subsets: 
@, {1}, {1,2}, (1,2, 3}, (1, 2,3, 4}, {1,4}, {3}, and {3, 4}. In general, forn > 1, 
let t, count the number of alternating subsets of S,,. Then t = 2, t2 = 3, and, for 
n > 3, we consider the following: 

Suppose that B = {bj, b2,..., bg} is an alternating subset of S,, where (i) bi < 
bz < +++ < by; (ii) bj is odd for i odd, with i < n; and, (iii) b; is even for i even, with 
i <n. There are two cases to examine. 


(1) If by = 1, then {bz — 1, b3 —1, ..., by — 1} iSanalternating subset of S,,_1. 
This implies that there are ¢,_1 alternating subsets of S,, that contain 1. 


(2) If by #1, then bj > 3 and {bj — 2, bp —2, ..., by — 2} is an alternating 
subset of S;,2. So there are r,_2 alternating subsets of S,, that do not contain 
1, 


Since these two cases cover all the possibilities and have nothing in common, it 
follows that 


th = t—-1+ t-2, n> 3, th = 2, ty = 3, 
and 
th = Fo42, n>l. 


Example 5.6 (a): This example is due to George Andrews. Let us start with Sy = 
{1, 2,3, 4}. The set A = {2, 4} is a subset of S4 and is such that 2 (the element 2 
from A) > |A|, the size of A. Likewise 4 > |A|. We call such a subset A a fat 
subset of S4. The subset B = {3, 4} is also a fat subset of Sy, since 3 > 2 = |B| and 
4 > 2 = |B|. However, the subset C = {1, 2} is not a fat subset of S4 because 1 ¢ C 
but 1 # 2 = |C|. 
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In general, for n > 1, a subset A of S,, is called a fat subset of S, if x > |A| for 
every x «A. How many fat subsets does the set S,, have? 

If we let f, count the number of fat subsets of S;,, then we find that jf; = 2 for the 
fat subsets @ and {1} of 5S; = {1}, and fo = 3 for the fat subsets @, {1}, and {2} of 
Sz = {1, 2}. Now forn > 3, there are two things to consider. If A is a fat subset of S,, 
and n ¢ A, then A is a fat subset of S,_1. If, however, n <A, then 1 ¢ A because with 
1,n €A, it follows that|A| > 2 and1 # |A|. Upon removing n and subtracting 1 from 
each of the remaining integers in A, we obtain a fat subset of S,,_2. (Alternatively, 
we could take any fat subset for S,,_2, add 1 to each integer in the set, and then place 
n into the new resulting set.) Consequently, 


Sn = fn-1 + fn-2, n> 3, fi =2, fo = 3, 
and, as in our previous example, 
Sn = Fn42, n= 1. 


But now we learn alittle bit more. N ote that for Sq there are eight fat subsets. This 
follows because from Sq = {1, 2, 3, 4}, there is one way to select the null subset, (3) 
ways to select a fat subset of size 1, and C) ways to select a fat subset of size 2 (from 
{2, 3, 4}). Consequently, F = 1+ (7) + (3) = (3) + (D + (3), a sum of binomial 
coefficients. In like manner, we have F7 = the number of fat subsets of S5 = (6) 


+ () + (3) + (3), and for n > 1, it follows that 


n—1 n—2 n—3 
ae ees 
te n—1 n—2 n—-3 
Co) + Cr) 4+ C2) + 
Before leaving this example, let us consider the two versions of Pascal’s triangle 
in Fig. 5.1 onp. 18. In Fig. 5.1(a), we add the numbers along the seven diagonal lines 


indicated: 
The resulting sums are 


((n-1V3),  n odd 


Gan a neven 


l=1=fFf 
l=1=fF 
1+1=2=F3 
142=3=fFf, 


14+3+1=5=5F. 
14+44+3=8=FfF 
14+54+641=13=F,. 


Now does this pattern continue or are we being misled? Well, consider the version of 
Pascal’s trianglein Fig. 5.1(b). If we compute the same sums along the seven diagonal 
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FIGURE 5.1 


lines indicated in the figure, we find that 


(n> 
()-an 
@)+()-antnan 
(\4(@)ars2—30n 
(\.0)s()assiesen 
(0) + (¢) +) =14443=8= 8 


(\4(8)+()+ (2) arssessie nen 


This time the results we found earlier for F,,, when we were counting fat subsets, 


indicate that this pattern does continue. 


This pattern can also be established by the Alternative, or Strong, form of the 


Principle of Mathematical Induction, and the combinatorial identity 


@aeka i ) forn>r>1. 
r r r—l 
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Note, for instance, how 


()+G)+G)+G) 1454644513 S045 


-[0)+0)+O1+10+0)+0) 
C(O OOO 


and how 


Example5.6 (b): Along the same line, let us consider the following three subsets of 
Sio = {1, 2, 3,...,10}— namely, {2, 6}, {3, 8, 10}, and {4, 6, 8, 9}. You might won- 
der what, if anything, these three subsets have in common. Considering the size of 
each subset, we see that 

[{2, 6}| =thesize of {2, 6} = 2, the minimal element in {2, 6} 

|{3, 8, 10}| = 3, the minimal element in {3, 8, 10} 

\{4, 6, 8, 9}| = 4, the minimal element in {4, 6, 8, 9}. 

So now what we want to determine, for each n > 1, is the number m, of subsets 
A of S, where the minimal element of A equals | A|, the size of A. To motivate the 
solution, we shall consider the cases for n = 4, 5, and 6. 


n=4: {1}, {2,3}, {2,4} 

n=93: {1}, {2,3}, {2,4}, {2,5}, (3,4, 5} 

n=6: {1}, {2,3}, {2,4}, {2,5}, (3,4,5} 

{2, 6}, 3, 4, 6}, 3, 5, 6} 

The first five subsets for n = 6 are precisely those for the case where n = 5. But what 
about the last three subsets for n = 6? Since 6 is a member of each such subset, the 
minimal element is at least 2. Turning to the three subsets for n = 4, in each case 
we increase each element in the subset by 1 and then add in the element 6. (Since 
the largest possible element in any subset of Sy is 4, there is no danger that 6 will 
come about as k + 1 for some k in a subset of S4.) Consequently, 


{1} becomes {1 + 1, 6} = {2, 6} 


{2, 3} becomes {2 + 1,3 +1, 6} = {3, 4, 6} 
{2, 4} becomes {2 + 1,4+1, 6} = {3, 5, 6}. 
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So 
me =ms5+ma. 


The same type of argument can be given for each n > 3, So wearrive at the recurrence 
relation 


Mp =Mp-1+Mp-2, N= 3; my =1 (for {1}), m2=1 (for {1}), 
and, consequently, m, = F,, forn > 1. 


We can also obtain the result for n = 7, for example, by the following alternative 
argument: 
(1) There is one subset when the minimal element is 1— namely, {1}. 


(2) For the minimal element 2, there are (?) subsets, since we select one of the 
five elements 3, 4,5, 6, and 7. 


(3) When the minimal element is 3, there are (3) subsets— for here two elements 
are selected from the four elements 4, 5, 6, and 7. 


(4) There is only one subset when the minimal element is 4— namely, {4, 5, 6, 7}. 


So in total, the number of subsets of 57, where the minimal element equals the size 
of the subset, is 


5 4 6 5 4 3 
MU) Fea) Ma) eee 
For the general case, we use what we learned earlier in part (a) of this example and 
find that forn > 1, 


o -| MO+ CP) Fy) 4-5 (aye) n odd 
aad 


EXERCISES FOR CHAPTER 5 


1. Tanya and Greta take turns flipping a coin— Tanya first, Greta second, Tanya 
third, and so on. They continue to do this until heads result, for the first time, on 
two consecutive flips. How many different sequences of heads and tails could 
have come up if they stopped after (a) seven flips; (b) the 12th flip, or (c) the 
nth flip, for n > 2? 

2. Rowynand Ridge havea collection of blocks. T he base of each block is asquare 
with sides of 3 inches. The height of each block is either 1 inch or 2 inches. 
Suffice it to say that there are abundantly many blocks of each height and that 
all the blocks of a given height are identical in appearance. Rowyn and Ridge 
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wish to stack some of these blocks, one on top of another, in order to construct 

a tower. In how many ways can they stack the blocks so that they construct a 

tower of height (a) 10 inches; (b) 17 inches; and (c) n inches, for n > 1? 

. (a) Let S = {4,5,..., 16, 17}. How many subsets of S contain no consecutive 
integers? 

(b) For (fixed, but arbitrary) positive integers m, n, let T= {m,m+1,m+ 
2,...,m+n—1,m-+n}.How many subsets of T contain no consecutive 
integers? 

(c) Let U bea set of consecutive integers with smallest element 31. What is 
the largest element in U if the number of subsets of U with no consecutive 
integers is 55? 

(d) Suppose that W is a set of consecutive integers with largest element 7. If 
W has 377 subsets containing no consecutive integers, what is the smallest 
element in W? 

. For Christmas Benjamin received a large box of 40 square blocks, each with 

sides two inches long. Twenty of the blocks are red and the other 20 are 

white, For n > 1, let s denote a linear arrangement of n (< 40) blocks. This 
arrangement can be represented as a sequence of n symbols— each an R (red) or 

a W (white). A run within the arrangement s is a (consecutive) list of maximal 

length that uses just one of the symbols, R or W. For example, consider the 

arrangement RWRRWWWR, made up of eight blocks. Here we find five runs: 
namely, R, W, RR, WWW, and R. Benjaminisinterested in counting thenumber 
of ways he can arrange 10 of his blocks so that the first block is red and 
all the runs that occur in the arrangement are of odd length. Consequently, 

Benjamin wants to include in his count the arrangements RVWWRRRWWW 

and RRRRRWRRRW, but not arrangements such aa WRRRWWWRRR or 

RRRWWWWRRR. How many such arrangements of 10 blocks are possible? 

. For a fixed positive integer n, let a, count the number of binary sequences 

X1, X2, X3, ..., Xn, where x1 < x2, x2 > x3, x3 < x4, x4 > x5,..., and (i) 

Xn—1 < xX» for n even, while (ii) x,-1 > x, for n odd and greater than 1. For 

example, when n = 4, we want to include the sequence 0, 0, 0, 1 in our count 

but not the sequence 1, 0, 0, 1. Determine ay. 

. Consider the binary strings of length 2: that is, the strings 00, 01, 10, and 

11. If st and wv are two such strings, we have st < wv whens <u andt <v. 

For a fixed positive integer n, let a, count the number of sequences (of binary 

strings of length 2) x11, x2y2, x3y3, .--, XnYn, Where x1y1 < x2y2, x22 = 

X3Y3, X3V3 < xaya, Xayg > x5y5, ..., aNd (i) X»—-1¥n-1 < Xn Yn for n even, 

while (ii) x,-1y¥n-1 = Xn yn for n odd and greater than 1. Determine a,. 

. (a) Let A = {1, 2, 3}. For a fixed positive integer n, let a, count the number 
of sequences $1, S2, 53, ..., S,,where S; C A, foreach 1 <i <n, and 
where $1 C $2, $2 D $3, S3 C Sy, Sq D 'S5, ..., with (i) S,-1 CS, for 
n even, while (ii) S,-1 > S, for n odd and greater than 1. Determine ap. 

(b) Answer the question in part (a) if A = {1,..., m}, where m > 2. 
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8. To raise money for the campus drive at their university, the sisters of Gamma 
K appa Phi sorority are sponsoring a casino night. As a result, two of their 
pledges— namely, Piret and Columba— have been assigned to stack green poker 
chips and gold poker chips so that each stack contains ten chips, where no two 
adjacent chips are allowed to be green. In addition, in order to become sisters 
of the sorority, they have to come up with 100 such stacks where no two are 
the same. Being very bright mathematics majors, the two young ladies were 
relieved, for they knew this task could be accomplished. How did they know? 


Me CHAPTER 6 


Compositions and Palindromes 


In this chapter, we shall study different ways to write a positive integer as the sum of 
positive summands, or parts. For instance, for the positive integer 7, the sums 6 + 1, 
34+14+3,7,1+6,2+1+1+2+1, and 4+1+4 2 are six such examples, each 
of which is called acomposition of 7. First of all, we note that here we consider 6 + 1 
and 1 + 6 as different compositions of 7. So order is relevant when dealing with the 
compositions of a positive integer. Also, we see that the composition 3 + 1+ 3 reads 
the same going from left to right as it does if we read it from right to left. When this 
happens, we have a special type of composition that is called a palindrome. 


Example 6.1: There are 16 ways to write 5 as asum of positive integers, where the 
order of the summands is relevant. T hese representations are called the compositions 
of 5 and arelistedin Table 6.1. [If the order isnot relevant, then compositions 4 + 1 and 
1+ 4 are considered to be the same partition of 5. Likewise, the three compositions 
34+1+41,1+3+1, and 1+1+3 correspond to only one partition of 5. Overall, 
the 16 compositions of 5 determine seven partitions of 5.] 


TABLE 6.1 

(1) 5 (5) 243 (9) 24241 (13) 1424141 
(2) 441 (6) 34+1+1 (10) 2+1+42 (14) 1414241 
(3) 144 (7) 14341 (11) 14242 (15) 1414142 
(4) 342 (8) 14143 (12) 2414141 (16) 141414141 


In order to obtain a formula for the number of compositions of an arbitrary positive 
integer n, let us look at the compositions of 5 once again. In particular, consider the 
following composition of 5: 


1+ 1 4+ 1+ d1@é«+4 041 


t t i 
Istplus 2ndplus --- 4thplus 
sign sign tee sign 
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Here we have five summands, each of which is 1, and four plus signs. For the set 
{1, 2, 3, 4} there are 2* = 16 subsets. But what does this have to do with the compo- 
sitions of 5? 

Consider a subset of {1, 2, 3, 4}, say {1, 3}. Now form the following composition 
of 5: 


i si 
Ist plus 3rd plus 
sign sign 


Here the subset {1, 3} indicates that we should place parentheses around the 1’s on 
either side of the first and third plus signs. This results in the composition 


24241. 


In the same way the subset {1, 3, 4} indicates the use of the first, third, and fourth plus 
signs, giving us 


(1 + 1+ +4 21 4+ ~=2) 


t i t 
Ist plus 3rd plus 4th plus 
sign sign sign 
or the composition 
2+3. 


Going in reverse order, we see that the composition 3 + 1+ 1 comes from 
(1+1+1)4+141 
and is determined by the subset {1, 2} of {1, 2, 3, 4}. In Table 6.2, we have listed four 


compositions of 5 along with the corresponding subset of {1, 2, 3, 4} that determines 
each of them. 


TABLE 6.2 

Composition of 5 Determining Subset of {1, 2, 3, 4} 
(i) 141414141 (i) @ 

(ii) 14242 (ii) {2,4} 

(iii) 342 (iii) {1,2, 4} 


(iv) 5 liv) {1, 2,3, 4} 
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Since there is a one-to-one correspondence between the compositions of 5 and the 
subsets of {1, 2, 3, 4}, wesee once again that there are 16 = 24 compositions of 5. The 
same type of argument indicates that for an arbitrary positive integer n, there are 2”—! 
compositions. (This result can also be obtained using the Principle of M athematical 
Induction.) 


But what does this have to do with the Fibonacci numbers? 


Example 6.2: In Reference [1], K. Alladi and V. E. Hoggatt, J r., examine compo- 
sitions of a positive integer n, but the only summands they allow are 1’s and 2’s. 
Consequently, they find the following compositions for n = 3, 4,and 5. 


(n = 3):241,142,1+1+1 

(n= 4):24+2,24+141,14241,14142,14+141+1 

(n=5):24+241,24+14141,1424141,1414241, 
141414141, 
24+142,14+2+2,14+14142 


If weletc, count the number of compositions of n, where the only summands allowed 
are 1's and 2's, wesee that cs = 8 = 5 +3 = cg + c3. Note how the first five compo- 
sitions of 5 can be obtained by appending “+1” to each of the five compositions of 4. 
The last three compositions of 5 are the three compositions of 3 with “+2” appended. 
This idea carries over to the general case, where 5 is replaced by n (> 3), and provides 
us with the recurrence relation 


Ch =Ch-1+¢p-2, n>3,c1=1,c0=2, 
and so 
Ch = Fn41, n= 1. 


In Example 6.1, we found the number of compositions of 5 to be 2>-! = 2+. We 
did this by determining the number of subsets for the set {1, 2, 3, 4} describing the 
four plus signs— namely, first, second, third, and fourth, in the composition 1 + 1+ 
1+1+1 of 5. What happens when we restrict the summands of our compositions to 
be only 1's and 2's? In Table 6.3, we see three of the eight compositions of 5 (where 
the only summands are 1’s and 2’s)— each with its own corresponding determining 
subset of {1, 2, 3, 4}. 


TABLE 6.3 

Composition of 5 Determining Subset of {1, 2, 3, 4} 
(i) 14242 (i) {2,4} 

(ii) 1+14+241 (ii) {3} 


(iii) 2+142 (iii) {1, 4} 
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From the third composition in Table 6.2, where the summands were not restricted, 
we found that the determining subset {1, 2,4} corresponded with the composition 
(1+141)4+(1+1) =342. From this and the three results in Table 6.3, we see 
that if we cannot have a summand greater than 2, then we must avoid determining 
subsets that contain consecutive integers. Consequently, the number of compositions 
of n with only 1’s and 2’s as summands is the same as the number of subsets of 
{1, 2, 3, 4} with no consecutive integers. From the result in Example 5.1, this was 
found to be Fai2 = Fe, confirming our earlier answer that c5 = F541 = Fe. 


Example 6.3: Looking back at the compositions of Example 6.2, let us now focus 
on those compositions called palindromes. They are the compositions that read the 
same from right to left, as they do from left to right. For example, among the eight 
compositions of 5 where the only summands are 1’s and 2’s, there are two that are 
also palindromes: 2+ 1+ 2and1+1+1+4+1+1. 

Now suppose that we want to determine the number of palindromes among the 
Fi2 compositions of 11. (Here and throughout this discussion, the only summands 
are 1's and 2's.) For the integer 11, each palindrome will contain a central summand 
that is odd. So in this case, 1, is the only possible central summand. To the right 
of this 1, we write a plus sign followed by any of the Fe compositions of 5. Then 
we place the mirror image of this same composition (that is, the same composition, 
but now in reverse order), followed by a plus sign, on the left side of this central 
1. Consequently, we learn that there are #g = 8 compositions of 11 (using only 1’s 
and 2’s as summands) that are palindromes. In general, for n odd, among the Fy,41 
compositions of n, there are F(,+41)/2 Compositions that are palindromes. 

To determine the number of palindromes among the F13 compositions of 12, there 
are two cases to consider for the central symbol: 


(i) If the central symbol is a plus sign, then we place one of the F) compositions 
of 6 on the right of this plus sign and its mirror image on the left. 

If instead of a central plus sign we have a central summand, it must be even, 
so it must be 2 in this case (as only 1’s and 2’s may be used as summands). 
Now we placea plus sign followed by one of the Fg compositions of 5 on the 
right of this 2 and the mirror image of the composition, followed by a plus 
sign, on the left. 


(ii 


~— 


So, in total, there are F7 + Fg = Fg compositions of 12 that are palindromes. 
For the general case, when n is even, among the F,,41 compositions of n, there are 
Frj2 + Fin/2)41 = F(n/2)42 = F(n+4)/2 Compositions that are palindromes. 


Example6.4: |n 1972, Leonard Carlitz (1907-1999) of Duke University conceived 
the following example. Start with two adjacent rows of regular hexagonal cells, as in 
a beehive. See Fig. 6.1 (a). If a bee starts at the starting cell (.S) on the left of the top 
row, it may move horizontally (one step) to cell 2, as in Fig. 6.1 (b). The same bee 
may also go to cell 2, from cell S, by first going southeast to cell 1 and then northeast 
from cell 1 to cell 2, as in Fig. 6.1 (c). In general, all motion is to the right— going 
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(a) (b) (c) 


(d) (e) 


FIGURE 6.1 


one step to the east in either row, one step northeast from the bottom row to the top 
row, or one step southeast from the top row to the bottom row. Using only these types 
of moves, we want to determine, for n > 1, the number of ways this bee can travel 
from the starting cell (5) to the cell with the label n. 

Forn = 5, it turns out that there are eight ways for the bee to travel from the cell S$ 
to the cell labeled 5. One way is to travel from cell S to cell 1, then from cell 1 to cell 
3, and finally, from cell 3 to cell 5, as shown in Fig. 6.1 (d). This can be recorded as 


Cell S \ Cell 1 > Cell 3 > Cell 5. 
A second, somewhat longer path, can be recorded as 
Cell S > Cell2 \ Cell3 7 Cell 4 \ Cell 5. 


This is shown in Fig. 6.1 (e). Now let us consider the following correspondence. In 
each of the preceding paths, whenever we see either the symbol /7 or the symbol \, 
we shall write the number 1. For the symbol —, we agree to write the number 2. 
(A fter all, the one step corresponding to — in the first row provides the same result as 
the two steps: \, followed by /7. In the second row, — corresponds to the two steps: 
/ followed by \,.) Also, we agree to maintain the order in which the 1's and 2’s are 
obtained. Inserting plus signs between these 1’s and 2’s, we arrive at the following 
compositions of 5: 


14242 
for our first path and 


2d 
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for the second path. Starting with the compositions of 5 with only 1’s and 2’s as 
summands, for the composition 


14+14+2+41 
we find the corresponding path 
Cell S \ Cell 1 7 Cell 2 > Cell 4 \, Cell 5. 

Consequently, the number of paths the bee can take in going from cell S to cell 5 is 
the same as the number of compositions of 5, where the only summands are 1’s and 
2's. So from Example 6.2, it follows that the number of these paths is Fg = 8 when 
n = 5, and, in general, is F,41 forn > 1. 

Example6.5: |n 1901, Eugen Netto (1846-1919) studied compositions of a positive 


integer n, where any positive integer could be used as a summand— except for 1. If 
we let e,, count the number of these compositions for n > 1, we find the following: 


TABLE 6.4 

n en Compositions n en Compositions 

1 0 4 2 4,2+2 

2 1 2 5 3 5,2+3,34+2 

3 1 3 6 5 6,2+4,343,44+2,24+242 


As suggested by the results in Table 6.4, form > 3, these e,, compositions of n can 
be obtained from (i) the e, 1 compositions of n — 1 by adding 1 to the last summand 
of each such composition or from (ii) the e,-2 compositions of n — 2 by appending 
“+2” to each of these compositions. Consequently, we arrive at 


Cn =Cn-1 + ep-2, n>3,e1=0,e22=1, 
and 
en = Fri, n>. 


Now let us direct our attention to the palindromes that appear among these F,,_1 
compositions of n. We will consider the case for n = 15. For any odd value of n, the 
central summand of a palindrome must be an odd integer. Since we cannot use the 
summand 1 in this situation, the smallest central summand we can have is 3. We then 
place a plus sign followed by one of the F5 compositions of 6 on the right of this 
central 3. To the left of this central 3, we place a plus sign and then, to the left of this 
plus sign, the mirror image of the composition we added on the right. So there are 
Fs, palindromes of 15 where 3 is the central summand. If the central summand is 5, 
we carry through in the same way with the Fy compositions of 5. However, as we 
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continue, we realize that 13 cannot be used as a central summand. For the palindrome 
1+ 13+ 1 contains the summand 1, the only positive integer we cannot use in these 
compositions. However, we do consider the single-summand composition 15 as a 
palindrome of itself. Table 6.5 provides all of the central summands we consider, 
along with the corresponding number of palindromes. 


TABLE 6.5 
Central Summand Number of Palindromes 
3 Fs 
5 F4 
7 F3 
9 Fy 
11 a 
13 Fo 
ab) 1 


Consequently, the number of palindromes for 15, under these conditions, is 


a ee a 
=>, F,+1=(Fy-1)4+1=F, 


by Property 4.5. For any odd integer n > 3, this result generalizes as 


Fin—5)/2 + Fi(n—5)/2)-1 + Fi(n—5)/2)-2 + ++ +A + Fo+1 
(n—5)/2 
For the palindromes of 14, the central symbol is a plus sign or one of the seven 


even integers: 2, 4, ..., 12, 14. Arguing as we did for the case of n = 15, wearriveat 
the results in Table 6.6. 


TABLE 6.6 
Central Symbol Number of Palindromes 
+ Fe 
2 Fs 
4 Fy 
6 F3 
8 Fy 
10 fal 
12 Fo 
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Consequently, when summands are restricted to be at least 2, among the F43 
compositions of 14, the number that are palindromes is 


6 
gp ®t l=(R-N+1=h, 


by Property 4.5. For the general case, if n > 2 is an even integer, then we find that 
among these F,,_1 compositions of n, the number that are palindromes is 


Fin/2)-1 + Fln/2)-2 +++: + Fit Fo+1 


(n/2)-1 
= ae F, ) +1 = (Finj2)-1)42 — 1) +1 


again by Property 4.5. 


(The reader who is interested in compositions where all summands are allowed, 
except for a fixed positive integer k, should refer to Reference [14].) 


Example6.6: Finally, we shall consider compositions of a positive integer n, where 
the summands are restricted to be odd positive integers. We shall let d,, count these 
compositions of n. Table 6.7 exhibits what happens for n = 1, 2, 3,4, and 5. 


TABLE 6.7 

n Compositions of n d, 
1 1 1 
2 141 1 
3 3,1+141 2 
4 34+1,143,1414141 3 
5 34+141,14341,141414141 5 


5,14+1+3 


Upon examining the results for n = 3, 4,and 5, we see that the first three com- 
positions of 5 are obtained from the compositions of 4 by appending “+1” to each 
such composition. The other two compositions of 5 result when we add 2 to the last 
summand in each of the compositions of 3. Since the same type of argument can be 
used when we replace 5 by any n > 3, it follows that 


dy =dnh-1+dn-2, n>3,d,=1, a2 =1, 


and 
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W hen we consider the palindromes for this situation, the resultis rather straightfor- 
ward when n is even. We need only consider what happens when the central symbol is 
a plus sign, for we cannot have an even central summand. Consequently, we find that 
among these F,, compositions of n, the number of palindromes is F,,/2, the number 
of compositions of n/2 where all summands are odd. 

For n odd, however, let us consider a special case— say, n = 15. For the palin- 
dromes of any odd integer, the central summand must be odd. Starting with the central 
summand 1, we place a plus sign on its right and then one of the Fy compositions 
of 7, where the summands are all odd. Then, on the left of this central 1, we place 
a plus sign. Follow this by placing on the left of the plus sign the mirror image of 
the composition used earlier on the right. Doing the comparable thing for the central 
summands 3, 5,..., 13, and 15, we arrive at the results in Table 6.8. 


TABLE 6.8 
Central Summand Number of Palindromes 
1 Fy 
3 Fe 
5 Fs 
7 Fy 
9 F3 
11 Fy 
13 Fy 
15 1 


Consequently, when using only odd summands, it follows from Property 4.5 that 
among the Fi5 compositions of 15, the number that are palindromes is 


7 
dr tl=(%-1)4+1=#. 


For n odd, where n > 3, a similar argument shows that the number of palindromes 
among these F,, compositions of x is 


(n—1)/2 
ae Fe +1 = (F(n—njas2 -1) +1 = Pasay, 


again by Property 4.5. 


EXERCISES FOR CHAPTER 6 


1. (a) Use the Principle of Mathematical Induction to prove that for n > 1, there 
are 2”—1 compositions of n. 


(b) Forn > 1, how many of the compositions of n are palindromes? 


32 


COMPOSITIONS AND PALINDROMES 


. Determine the number of compositions of 24, where (a) each summand is even; 


(b) each summand is a multiple of 3; (c) there is at least one odd summand; and 
(d) each summand is odd. 


. Determine the number of compositions of 48, where (a) the only summands 


are 2's and 4’s; (b) the only summands are 3’s and 6's. 


. The positive integer n has 1597 compositions where the first summand is 3 and 


all the other summands are 1's and 2’s. Determine n. 


. Each staircase in Elizabeth's apartment house has 10 steps. When Elizabeth's 


boyfriend Anthony comes to see her, he must climb up eight staircases to reach 

her apartment on the top floor. At each step of any staircase, other than the 

last step, Anthony can climb up either one step or two steps. So, for example, 

Anthony could climb one staircase by taking three double steps, followed by 

two single steps, followed by one final double step. A nother different approach 

could use two single steps followed by four double steps. 

(a) In how many ways can Anthony climb up one staircase under these condi- 
tions? 

(b) If the way Anthony climbs up one staircase is independent of the way he 
climbs up any other staircase, in how many ways can he ascend the eight 
staircases to get to see Elizabeth? 


. The positive integer n has 2584 compositions where the last summand is 4 and 


all the other summands are greater than 1. Determine zn. 


. The positive integer n has 610 compositions where the first summand is 6, the 


last summand is 3, and all the other summands are odd. Determine n. 


8. How many compositions of 10 are palindromes with only one even summand? 


Me CHAPTER 7 


Tilings: Divisibility Properties 
of the Fibonacci Numbers 


Further properties of the Fibonacci numbers arise as we examine problems that deal 
with various ways to tile certain types of chessboards. 


Example7.1: Letusstart with a2 x n chessboard, wheren > 1. Thecaseforn = 3 
is shown in Fig. 7.1 (a). We want to cover such a chessboard using 1 x 2 (horizontal) 
dominoes, which we can also use as 2 x 1 (vertical) dominoes. Such dominoes (or 
tiles) are shown in Fig. 7.1 (b). 

Forn > 1,letg, countthenumber of ways wecan cover (ortile) a2 x n chessboard 
using the 1 x 2 and 2 x 1 dominoes. Here g; = 1, sincea2 x 1 chessboard requires 
one2 x 1 (vertical) domino. A 2 x 2 chessboard can be covered in two ways— using 
two 1 x 2 (horizontal) dominoes or two 2 x 1 (vertical) dominoes, as demonstrated 


1 1 
1 
2 2 
1 2 
1 2 3 1 
(a) (b) 
1 
2 
1 2 
(c) 
FIGURE 7.1 
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in Fig. 7.1 (c). So g2 = 2. For n => 3, we consider the last (mth) column of a2 x n 
chessboard. This column can be covered in two ways; 


(i) By one 2 x 1 (vertical) domino: Then the remaining 2 x (mn — 1) chessboard 
can be covered in gn—1 Ways. 

(ii) By the right squares of two 1 x 2 (horizontal) dominoes placed one on top of 
the other: Here the remaining 2 x (mn — 2) chessboard can be covered in gn_2 
ways. 


The two ways mentioned in (i) and (ii) cover all the possibilities and have nothing 
in common, so we arrive at 


Qn =Q-1+4n-2, 2n>3, n=l, g=2, 
and 


Qn = F'n+l1- 


Example 7.2: Now weshall start with a1 x nm chessboard that we wish to tile with 
1 x 1 squares and 1 x 2 rectangles (or dominoes), as shown in Fig. 7.2 (a). Part (b) of 
the figure demonstrates the possible square- rectangular tilings of al x 4 chessboard. 
So if we let /,, count the number of square- rectangular tilings of a 1 x m chessboard, 
we see that /4 = 5. 

To derive a recurrence relation for /,,, we consider the last (nth) square inal x n 
chessboard, for n > 3. There are two cases to examine: 


1 2 3 — n-2 n-l on 


(a) 1 2 


(b) 


FIGURE 7.2 
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(i) The nth square is covered with a1 x 1 square tile: Then the preceding n — 1 
squares of the remaining 1 x(n — 1) chessboard can be tiled in /,_1 ways. 

(ii) Thenth squareand the(n — 1)stsquare are both covered by a1 x 2 rectangular 
tile: This leaves the remaining n — 2 squares of the 1 x (nm — 2) chessboard, 
which we can tile in /,_2 ways. 


Since these two cases cover all the possibilities and have nothing in common, it 
follows that 


In =In-1 +hh-2, n>3,h =1, 2 =2, 
and 
In = Fao, n= 1. 


as we found for c,, the number of compositions of n using only 1’s and 2’s as 
summands, earlier in Example 6.2. 


Using this notion of tilings, we provide a second proof for Property 4.5: 
Forn > 0, ae F, = Fy42 —1. 


This time the proof will be combinatorial— that is, we shall count the same 
collection of objects in two different ways and then equate the two results. Start 
with a1 x (n + 1) chessboard. From the previous argument we know that this chess- 
board can betiled in F,,42 ways. Now letusinventory these tilings according to where 
we find thelast 1 x 2 rectangular tile on this chessboard. (From this point on, we shall 
refer to al x 2 rectangular tile as simply a rectangle.) 

If there are no 1 x 2 rectangles in the tiling, then we have the one tiling made up 
of only 1 x 1 squares— namely, n + 1 of them. 

For2 <i<n-+1, if thelast rectangle occupies squares i — 1 and i, then there are 
1 x 1 squares (on the right) at positions i +1 through n + 1. (Fori =n +1, there 
are actually no other squares on the right.) The i — 2 squares to the left of this last 
rectangle on a1 x (n +1) chessboard can then be tiled in Fy;-2)41 = Fj-1 ways. 
Consequently, using this approach, we find that the total number of tilings is 


1+ pe Fy =1+ es F,=1+ ok F,. 


E quating the results obtained by these two different ways of counting all of the tilings 
of al x (m +1) chessboard, we learn that 


n 
S Sa F, = Fys2—1, 
r=0 


which we knew previously as Property 4.5. 
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Example7.3: Now letusestablish another property for the Fibonacci numbers, again 
using a combinatorial argument. Instead of just writing it down and then attempting 
to prove it, let us list some results that motivate the property. The first result we know 
quite well. 

Forn > 0, 


() hve = hth = Pest Ak 

(ii) Fn43 = Fo42 + Fri 
= 2Fy41+1F, = F3Fi41+ FoFn 

(ili) Fo4a = Fr43 + Frt2 
= (2Fa41 + Fa) + (Fat + Fh) 
= 3Fyy1+2Fy = FaFn41 + F3Fh 

(iv) Fn45 = Fu4a + Fat3 
= (Fa Fy. + 3F,) + (F3Fi41t+ FoF) 
= (F4+ F3) Frat t+ (F34+ FQ) Fa 
= F5Fayit FaFy. 


These results suggest 
Property 7.1: Form >1landn > 0, 
Frim = Fin Fut. + Fin-1Fh. 


Since this is true for any m > 1whenn = 0, and for any n > 1 whenm = 1, from 
this point on we shall consider the result form > 2 andn > 1. 

Weshall start with the 1 x (m + m — 1) chessboard shown in Fig. 7.3 (a). From our 
previous result for J, (in Example 7.2), this chessboard can be tiled in F(n4m—1)+1 = 
Fntm Ways. But now we shall count the tilings in a second way, depending on what 
happens at the nth square on the board. (Recall that we are tiling the chessboards with 
1 x 1 square tiles and 1 x 2 rectangular tiles.) 


(i) Suppose there is a 1 x 2 rectangle covering squares n and n + 1 on the 1 x 
(n +m — 1) board, asin Fig. 7.3 (b). This situation accounts for Fj,-1)41 = 
F, tilings of the n — 1 squares on the left of the nth square on this chessboard, 
and Fi(n+m—1)—(n+1))-+1 = Fin—1 tilings of the (n +m —1)—(n+1)=m— 
2 squares on the right of the (7 + 1)st square. So we have a total of Fin_1 Fr 
tilings in this case. 

Any other possible tiling of this 1 x (n +m — 1) chessboard can be broken 
at the vertical edge separating the nth square of the chessboard from the (n + 
1)st square of the chessboard. This is demonstrated in Fig. 7.3 (c). Under 
these circumstances, there are F,41 ways to tile the first n squares of the 
chessboard and F((n+m—1)—n)+1 = Fm wayStotilethelast(n + m—1)-n= 


(ii 


~— 
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1 2 3 aes nl n- nel oy n+m-1 


1 2 3 aa n-l n-nel a = n+m-1 


! | 


1 2 3 ae n-l on intl a n+m-1 


(c) 


FIGURE 7.3 


m — 1 squares of the chessboard. Consequently, in this case, thereare Fi, Fin+1 
possible tilings. 


The tilings developed in (i) and (ii) cover all the possible ways to tilea1 x (n+ 
m — 1) chessboard (and the two cases have nothing in common), so the number of 
ways to tile such a chessboard is Fin Fn41 + Fin-1 Fa: 

Equating these two results for the number of ways to tileal x (m + m — 1) chess- 
board, it now follows that 


From = Fin Fn41 + Fin-1Fh. 


(Once again we have used the combinatorial type of proof. For more on these 
combinatorial types of proofs involving tilings, the reader should refer to References 
[3, 6].) 


Example7.4: Now weshall use Property 7.1 from Example 7.3 to establish another 
property of the Fibonacci numbers. We know that for m > 1 andn > 0, 


Frm = Fin Fn41 + Fin-1 Fn. 
(i) Whenn =m >1, 


Fyn = Frn+n = Fy Ft + Fn-1F a 
= F,(Fn41 + Fr-1). 
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So F, divides Fo, forn > 1. 
(ii) Since 
F3y = Fyt2n = Fan Pn4. + Fon-1F n 


and F, divides F>,, it follows that for n > 1, F, divides F3,. 
(iii) Continuing, this same property tells us that 


Fk44)n = Fintn = Fin Fnoi + Fin-1F a, 


forn > 1, k > 1. From this we see that if F, divides F;,, then F, divides 
Flr+1)n: 

(iv) Keeping n fixed, where n > 1, an inductive argument on &, based on the 
results in (i) and (iii), demonstrates that 


Fy, divides Fen, 
forn >1, k > 2.This result is also trueforn > 1landk =1. 
Consequently, we now have the following: 
Property 7.2: Forn>1,k >1, 
F, divides Fry. 


Example 7.5: Recognizing the interplay between compositions and tilings, the 
following two observations should not come as much of a surprise! 


(i) Example 6.5, which deals with compositions without 1, implies thatforn > 1, 
the number of ways one can tilea 1 x m chessboard, with rectangular tiles of 
lengths greater than 1, is F,_1. 


(ii) Example 6.6, which deals with compositions using only odd summands, indi- 
cates that we can tile a 1 x n chessboard, with rectangular tiles of odd length 
(and this includes the 1 x 1 squares) in F,, ways. 


EXERCISES FOR CHAPTER 7 


1. Forn > m > 1, prove that Fy = Fin Fn—m41 + Fin-1Fn—m:- 

2. Forn > 1,m > 1, prove that Fyam = FintiFn + Fin Fn-1. 

3. Forn>1, m>=1, prove that Fysin = Fata Fint1 — Fn—1Fin-1. (P. Mana, 
1969) [39]. 

4, Forn > 0, prove that 2, + F? = Fon41.(E. Lucas, 1876). 


16. 
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. Forn > 2, prove that Fy, Fnsa — Fy—1Fn—2 = Fon-1. 

. Forn = 0, prove that if 3 divides n, then F, is even. 

. Forn = 0, prove that if 4 divides n, then F, is a multiple of 3. 

. Forn = 0, prove that if 5 divides n, then F, isa multiple of 5. 

. Forn > 0, prove that if 6 divides n, then F,, isa multiple of 4. 

. If pis an odd prime, does it necessarily follow that F,, is a prime? 

. Forn => 5, if F, isa prime, does it necessarily follow that n is a prime? 
. For p>1,q>1,r >= 1, prove that 


Fosgtr = Fpti Pot. Fri + Fp Fg Fr — Fp-1Fg-1Fr-1. 


. Forn > 1, prove that F3, = F2,, + F3 — F?_,. (E. Lucas, 1876). 
14, 
15. 


Forn > 1, provethat S~"y Fi F3i = Fn Fn41 Fons. (K.G. Recke, 1969) [46]. 
Jeffery wrote a computer program to calculate and print out the Fibonacci 
numbers Fo, Fi, Fo, ..., F74, F7s. Upon examining the units digit of each of 
these numbers, he observed that Fo and F¢o both ended in 0, Fy and F¢1 both 
ended in 1, F) and F¢2 both endedin1,..., 44 and F74 both ended in 7, and 
Fis and F75 both ended in 0. When he examined only Fo through Fs9, how- 
ever, no repetitive scheme was apparent. Consequently, J effery conjectured: 
Forn > 0 andr >= 0, with r fixed, Feon+, and F, have the same units digit. 
Equivalently, this can be rephrased by saying that F¢on+,+— F; is divisible by 
10, or that Feon+, = F, (mod10). 

Prove J effery’s conjecture. (Due to this result, we say that the sequence of 
units digits of the Fibonacci numbers has period 60.) 
Forn > 1, prove that Fy, = F? + 2Fn—1 Fh. 


Ms CHAPTER 8 


Chess Pieces on Chessboards 


This time we want to use our chessboards to study how to place certain types of chess 
pieces in prescribed ways. 


Example8.1: Inthe game of chess, aking can move (when positioned on a standard 
8 x 8 chessboard) one space to the left or right, or one space north or south, or 
one space in one of the four diagonal directions: northeast, southeast, northwest, or 
southwest. If an opponent has a chess piecein any of these (possibly) eight neighboring 
positions, then the king can take that piece. 

Here we shall restrict ourselves to a1 x n chessboard where n is a positive integer. 
Our objective is to count the number of ways one can place nontaking kings on 
such a chessboard. For example, in the case of n = 5, we can label the squares of 
the chessboard from 1 to 5, as shown in Fig. 8.1(a). In Fig. 8.1(b), we find four of 
the ways we can place nontaking kings on this chessboard. By simply listing the 


1 2 3 4 5 
(a) 
1} |Y 1) | ey 
1 2 3 4 5 1 2 3 4 5 
1)y Ww wy, jy) Ny 
1 2 3 4 5 1 2 3 4 5 
(b) 
FIGURE 81 
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labels of the squares where we can place the nontaking kings, we find the following 
possibilities: 


(1) 1 (7) 1,4 
(2) 2 (8) 1,5 
(3) 3 (9) 2,4 
(4) 4 (10) 2,5 
(5) 5 (11) 3,5 
(6) 1,3 (2y13°5 
13) 


(13) @ (Leave the 1 x 5 chessboard clear.) 


So there are 13(= F7) ways in which we can place nontaking kings onal x 5 chess- 
board. If we let &,, count the number of ways we can do this for al x n chessboard, 
we could derive the recurrence relation for k, as we did earlier in many other cases. 
However, here we may have recognized that this is not really a “new” example where 
the Fibonacci numbers arise. A slight change in vocabulary shows us that we are sim- 
ply asking for the number of subsets of {1, 2, 3, 4, 5} where there are no consecutive 
integers. This issue was settled back in Example 5.1. So with ky = 2 and kz =3, it 
follows that ky, = F,+2. (This is the answer we found in Example 5.1.) 


Example 8.2: Now let us examine the problem of placing nontaking bishops on a 
2 x n chessboard, where n > 1. 

W hen a bishop is on achessboard, that piece can only move diagonally, forward (in 
one turn) or backward (in one turn). Consequently, the situation of placing nontaking 
bishops on a1 x n chessboard is not very interesting, for they can never attack one 
another. 

Fora2 x nchessboard, weshall start by considering the case for n = 8— as shown 
in Fig. 8.2. Suppose that a bishop occupies the white square in the first column of 
this 2 x 8 chessboard. Since there are only two rows for this chessboard, that bishop 
can only move one square (at a time) along a diagonal. To avoid the chance of this 
bishop taking another, we cannot place a second bishop in the white square in column 
2 of this board. Should there be a bishop in the white square of column 5 of this 
board, then no other bishop can be placed on the white square for either column 4 
or column 6. We see that, in general, when a bishop starts on a white square, he can 
only move onto another white square. Consequently, bishops on white squares have 
no interaction with those on the black squares, and vice versa. 

Replace 8 by n. Now envision straightening out the zigzag path a bishop would 
travel along. At this point we see that the number of ways of placing nontaking 
bishops along the zigzag path through the n white squares (or the n black squares) on 
a2 x n chessboard is the same as the number of ways of placing nontaking kings ona 
1 x n chessboard— namely, F;,42. Therefore, the number of ways to place nontaking 
bishops on a2 x n chessboard is F2, ». 
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FIGURE 8.2 


Using this idea of placing nontaking bishops on a2 x n chessboard, in Reference 
[51] we find a combinatorial proof of 


Bote er) iy we, 


or 


Sah gtr ao F, Sy Res. 
(This result is equivalent to that given in Exercise 18 of Chapter 4.) 


Example 8.3: From kings in Example 8.1 and bishops in Example 8.2, we now turn 
our attention to rooks (or castles). In chess, one is allowed, on one turn, to move a 
rook horizontally or vertically (butnot diagonally) over as many unoccupied spaces as 
one wishes. So for the chessboard in Fig. 8.3(a), a rook located at square 1 can only 
move vertically down to square 2 (and could then take a rook that happens to be at 
square 2). For this same chessboard, a rook at square 2 can move vertically up to 
square 1 or horizontally to square 3 or square 4 (if square 3 is not occupied). When 
a rook at square 2 does move, it takes any rook that happens to be in the square to 
which it moves. 

To determine the number of ways for placing nontaking rooks on a chessboard, we 
shall introduce the idea of the rook polynomial. For a given chessboard C, this poly- 
nomial will be denoted by +(C, x) and, for any nonnegative integer k, the coefficient 
of x* in r(C, x) will be the number of ways one can place & nontaking rooks on the 
chessboard C. This coefficient will be denoted by r,(C, x). For any chessboard C, 
we have ro(C, x) = 1, the number of ways to place no nontaking rooks on C. Also, 
r1(C, x), the number of ways to place one nontaking rook on C, is simply the number 
of squares on the chessboard C. 

The rook polynomial for the chessboard in Fig. 8.3(a) is found to be 


r(C, x) =145x4 5x? + x3, 
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213 |4 C; 


Cy C; 


(a) 


Cy Cs Ce (*) 


(b) 


FIGURE 83 


for thereare(i) Five ways to place onenontaking rook on C— simply use any one of the 
five available squares; (ii) Five ways to place two nontaking rooks— use squares 1 and 
3, squares 1 and 4, squares 1 and 5, squares 2 and 5, or squares 3 and 5; and (iii) One 
way to place three nontaking rooks on C— use squares 1, 3, and 5. Unfortunately, 
as our chessboards get larger and more complex, we cannot hope to write down 
their rook polynomials so readily. Yet there is hope. For we shall find that we can 
often decompose a large chessboard into smaller subboards that are easier to deal 
with. Before we observe this, however, let us examine the rook polynomials for the 
chessboards C1, C2, C3, C4,and Cs, as shown in Fig. 8.3(b). We find the following: 


Chessboard Rook Polynomial 
Ci l+x 
C2 14+ 2x 
C3 143x+ x 
C4 14+ 4x 4+ 3x? 
Cs 1+4+5x+ 6x7 +x? 


and observe that 


r(C3, x) =14+3x4+2x2 = (14 2x) +x(14+ x) =r(Co, x) +x 7r(Ch, x) 
r(Ca, x) = 1+ 4x + 3x? = (14 3x + x2) + x(1 + 2x) 
r(C3, x) + x r(Co, x) 
r(Cs, x) = 1+5x + 6x? +x? = (14 4x4 3x2) + x(1 + 3x + x’) 

= r(C4, x) + x r(C3, x). 
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To understand why this happens, we first observe that both chessboards Cs and Cg, 
in Fig. 8.3(b), have only three columns. Then we consider the chessboard Cg in 
Fig. 8.3(b)—in particular, the square where we find (x). When we try to place k 
nontaking rooks on this board (for 0 < k& < 3), exactly one of the following occurs: 


(i) We do not use the square marked with (*): Let Cg be the subboard ob- 
tained from Cg by deleting the square marked with (+). Then Cg = Cs and 
ri(Cg, x) = re(Cs, x). 

We use the square marked with («)— so we place a rook on this square: Now 
we cannot use any other square of C¢ in the same row or column as the square 
marked (*). Upon removing the square marked (x) and all other squares in 
the same row or column as this square, we arrive at the subboard Cg. Now we 
see that Cg = C4 and, for the remaining k — 1 rooks, we have rg_1(Cg, x) = 
re—1(C4, x). 


~~ 


Consequently, for 0 < k <3, 
rp(Ce, x) = re(C5, x) + r~—-1(C4, x), 
where we agree that r_j(C, x) = 0 for any chessboard C. Then it follows that 


re(Ce, x)x* = re(C5, x)x* + ry_1(Ca, x)x*, for0< k <3, 


SO 
(Co.x) => rel Co, x)" 
T\C6, X =. ol 6, X)x 
3 
=o" (Cs.x)k + rp—1(Ca, x)x* 
3 
per 9 ICS, x) <7 3a gMe-1UlCa, ae 
3 
= ae. re(Cs5, x)x* ae ri( Cg, x)x* 
= r(Cs, x) + x r(Ca, x). 
For the general situation, we have another recursive situation— namely, 
(Ci, x) =1+4+x, r(Cz,x) =14 2x 
and 


r(Cn, x) = HCA. x) +x HC p=: x), 


forn > 3. 
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But what does this have to do with the Fibonacci numbers? If we let 7, count the 
total number of ways we can place nontaking rooks on the chessboard C,,, then after 
setting x = Linr(Cy, x), we find that r, = r(C,, 1). Therefore, 


ry =r(C1,1) =14+1=2, 
r2 = 7r(C2, 1) =1+4+2 = 3, and 
n= r(Cn, 1) Si Cits 1) + 1-r(Cn-2, 1) = ln-1 +Tn-2, 


forn > 3. 
Consequently, for n > 1, 


ln = Fn42- 


(The technique used here to decompose a given chessboard can be applied to more 
general chessboards. The interested reader can find this discussed in Section 8.4 of 
Reference [25].) 


Ma CHAPTER 9 


Optics, Botany, and the Fibonacci 
Numbers 


As we shall soon see, the Fibonacci numbers even make their way into situations in 
the natural sciences. 


Example9.1: The following application was introduced in Reference [43] and then 
solved in Reference [42]. In the science of optics, the branch of physics where one 
investigates the propagation of light, another instance of the Fibonacci numbers arises. 
Start by considering a glass plate with two reflective faces, as shown in Fig. 9.1(a). 
Here Face 1 is the face on the left side of the glass plate, while Face 2 is the face on 
the right side. In Fig. 9.1(b), we see a single reflection (or change in direction) that 
occurs at Face 1, when we view this glass plate from the side. 

If we now place two such plates back-to-back, asin Fig. 9.1(c), then we have four 
reflecting faces. Faces 1 and 2 belong to the plate on the left; Faces 3 and 4 belong to 
the plate on the right. When a light ray falls on this stack of two glass plates, let s,, 
count the number of different paths the ray can take when itis reflected n times, where 
n > 0. For example, in Fig. 9.1(d), we see the case where there are no reflections, 
so there is only one possible path and so = 1. Part (e) of Fig. 9.1 shows us the two 
different paths that can occur with one reflection. So s; = 2. Parts (f), (g), and (h) 
of Fig. 9.1 demonstrate what happens when the ray is reflected two, three and four 
times, respectively. Here we see that s2 = 3, s3 = 5, and sq = 8. Note how in these 
three parts of Fig. 9.1, we have indicated below each stack (of two glass plates) (i) the 
face where the last reflection occurs, and (ii) the face where the previous reflection 
occurs. 

Examine the first five paths when n = 4. In each case, the last reflection occurs at 
Face 4. Consequently, the previous reflection takes place at an odd-numbered face— 
that is, Face 1 or Face 3. Note that the last reflection for all the paths for n = 3 occurs 
at Faces 1 and 3. So we simply take each path for n = 3 and, instead of letting the ray 
emerge through Face 4, we add a new reflection at Face 4 and have the ray emerge 
through Face 1. In this way, the first five paths for n = 4 are readily obtained from 
the five paths for n = 3. 
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Light 
Source KO 
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(d) (e) 5, =2 
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Last: 4 Last: 2 Last: 4 
Previous : 3 Previous: 1 Previous: 1 
So =3 
(f) : 
FIGURE 9.1 


How do we account for the remaining three paths when n = 4? In these three cases, 
the last reflection takes place at Face 2. Therefore, the previous reflection should occur 
at Face 1 or Face 3. Looking back at Fig. 9.1(c) we see that this could not occur at 
Face 3, so the previous reflection occurs at Face 1. (Note, however, that a reflection 
at Face 1 can be preceded by a reflection at either of the even-numbered faces— that 
is, either Face 2 or Face 4.) So, to obtain the last three paths form = 4, we start witha 
path for n = 2. Now, however, instead of allowing the ray to emerge through Face 1, 
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pl. a Phy Van 
Last: 1 Last: 1 Last: 1 Last : 3 Last : 3 
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FIGURE 9.1 (Continued) 


we add a reflection at Face 1 followed by areflection at Face 2. At this point, the ray 
emerges through Face 1, having been reflected two additional times. 
Consequently, we now see why 


S4 = 834+ 82. 
To generalize this situation, consider the case where n is even, n > 2. Then each 


of the s, paths emerges through Face 1 and the last reflection occurs at Face 2 or 
Face 4. 
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(i) If the last reflection occurs at Face 4, then the previous reflection occurs at 
Face 1 or Face 3. Now sincen — 1is odd, each of the s,_1 paths (for then — 1 case) 
emerges through Face 4 and the last reflection occurs at Face 1 or Face 3. So herewe 
can take each of these s,_1 paths and add a reflection at Face 4 before allowing the 
ray to then emerge through Face 1. 

(ii) Otherwise, the last reflection occurs at Face 2. Since the previous reflection 
cannot occur at Face 3, itoccurs atFace 1. (A reflection at Face 1 can be preceded by a 
reflection at either Face 2 or Face 4.) So now westart with any of thes,,_2 paths (forthe 
n — 2 Case). Since n — 2 is even, these paths emerge through Face 1. Now, however, 
we do notallow the ray to emerge until we have added a reflection at Face 1 followed 
by one at Face 2. Consequently, for n even, n > 2, wehave sy = sy_1 + Sy_2. 

(A comparable argument, which we assign as an exercise for this chapter, provides 
the same recurrence relation when n is odd, n > 3.) 

Therefore, it follows that 


Sn =Sp-1t%-2, n>2, 59 =1, 1 =2, 
and 
Sn = £n+2: 


Example 9.2: Although the famous “Problem of the Rabbits” is not very true to 
reality, we shall now find an instance where the Fibonacci numbers do arise at times 
in nature. Turning to the study of botany, the branch of biology that deals with plant 
life, we find the Fibonacci numbers sometimes occurring when we count the number 
of petals for certain flowers. For example, the number of petals that occur for the 
enchanter’s nightshade is 2 (= F3), while for the iris and the trilium, we find 3 (= Fa) 
petals. In Table9.1welistasmall assortment of flowers with the corresponding number 
of petals that naturally occur for each of them. 


TABLE 9.1 

Flower Number of Petals 
Enchanter’s Nightshade 2 (= F3) 
Iris, Trilium 3 (= Fy) 
Buttercup, Columbine 5 (=F) 
Celandine 8 (= Fe) 
Chamomile, Corn M arigold 13 (= F5) 
Aster, Black-eyed Susan 21 (= Fy) 


There are cases where a certain type of flower may not always have the same 
number of petals. For instance, the delphinium has 5 (= Fs) petals in some cases and 
8 (= F¢) petals in other cases. 


For more on the presence of the Fibonacci numbers in flowers and other plants, we 
direct the reader to the study of phyllotaxis, the botanical name for leaf arrangement. 
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Within this branch of botany, one finds that in certain botanical structures, such as 
artichokes, pine cones, pineapples, and sunflowers, the number of rows of scales that 
wind in one direction is a Fibonacci number and the number of rows of scales that 
wind in the other direction is the Fibonacci number that precedes or follows the first 
one. Chapter 4 of Reference [15] and Chapter 3 of Reference [38] provide examples 
for this type of natural occurrence of the Fibonacci numbers. An introductory article 
on this topic is provided in Reference [40]. M ore advanced work in this area can be 
found in References [34, 57]. 


EXERCISE FOR CHAPTER 9 


1. Verify the recurrence relation in Example 9.1 for the case where n is odd. 


Me CHAPTER 10 


Solving Linear Recurrence Relations: 
The Binet Form for F,, 


Up to this point, if we wanted to know a specific Fibonacci number— for instance, 
F37— we had to start with Fy = 0, fF, = 1, and use the recurrence relation F, = 
Fy-1 + Fy-2, n > 2, to compute 


(1) RH#=h+My=14+0=1 
(2) R=Rh#+h=141=2 
(3) M=R4+hHh=241=3 
(4) Fo= y+ F3=342=5 


(35) F3g = F35 + F3q = 9, 227, 465 + 5, 702, 887 
= 14, 930, 352 

(36) F37 = P36 + F35 = 14, 930, 352 + 9, 227, 465 
= 24,157, 817. 


Now our objective is to somehow determine F37, but without performing any of these 
36 calculations. To do so, we want to derive an explicit formula for the general term 
F, in terms of n—not in terms of previous values in the sequence of Fibonacci 
numbers. We shall accomplish this by introducing the following idea: 


Definition 10.1: For real constants Co, C1, C2,..., Cx, with Co #0 and C;, #0, 
an expression of the form 


Coan + C1dn—1 + C2Gn—2 +++ + Cean—~ = 0, 


where n > k, is called a kth-order linear homogeneous recurrence relation with 
constant coefficients. When the right side of this recurrence relation is not 0, then 
the relation is referred to as nonhomogeneous. 
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We shall focus our concern on the case where k = 2, Cp = 1,and C7 4 0. For 
example, 


An — 5dn—1 + bay_2 = 0, 

or 
dy = 5an-1 — 6an-2, 
is a second-order linear homogeneous recurrence relation with constant coefficients. 
To solve such a recurrence relation, set a, = Ar”, where A and r are nonzero 

constants. Upon substituting this expression into the given recurrence relation, we 
find that 

Ar” = 5Ar"—1 — 6Ar"~?. 
Dividing by A and by r”~2, we have 

r=—5r—6 or r—5r+6=0, 
a quadratic equationinr. This quadratic equationinr is called the characteristic equa- 
tion. Sincer? — 5r + 6 = (r — 2)(r — 3) = 0, the roots of the characteristic equation 
are r = 2 and r = 3, and they are called the characteristic roots. Consequently, the 
general solution for 
An = 5ayn-1 —6an—2 OF dy — 5ay_1 + bay_2 = 0 

has the form 


An = €12" + 23", 


where cy and c2 are arbitrary constants. We verify that this is a (actually, the) general 
solution as follows: Consider the recurrence relation 


ay — 5an—1 + 6an—2 = 0. 


Substituting a, = c12” + c23” into the left-hand side of this recurrence relation, we 
find that 


(c12” + €23") — 5(c12"7! + 93") + 6(c12"-2 + c23"?) 
= ¢12"~?(2? — 5(2) + 6) + c23”-7(3? — 5(3) + 6) 
c12"~?(4 — 10 + 6) + c23"-2(9 — 15 + 6) 
= ¢12"-?(0) + c23"-7(0) = 0, 


verifying directly that a, = c12” + c23” is indeed the general solution. 


SOLVING LINEAR RECURRENCE RELATIONS: THE BINET FORM FOR Fy 53 

Should we also know the value of a, for two specific values of n— generally 

the initial values (or initial conditions) aj and a,— then we can use these values to 
determine cy and cz. For example, if ag = 1 and a; = 4, then it follows that 


l=aj=c1-2°+0¢-32 =a+E- 
4=a,=c,-2$4+¢-3! = 2c) +302, 


and we find that c) = —1 and c2 = 2. So 
dy = (—1)2"+2-3", n=O, 
is the (unique) solution of the initial value problem 
An — 5an-1 + 64n-2 = 0, n>2, ag=1, a4 =4. 
It is also the (unique) solution of the equivalent initial value problem 
Qn42 —5an41+ 6a, =0, n>=0, ag=1, a = 4. 

Before we continue, we must inform the reader that what we have done here 
to solve a second-order linear homogeneous recurrence relation with constant 
coefficients requires that the resulting quadratic equation in r has distinct real roots. 
This is the only case we shall deal with in this text. The other two cases— complex 


conjugate roots and repeated real roots— are covered in References [11, 25, 47]. 


Now let us turn to the second-order recurrence relation we are most interested in 
at this time— namely, 


Fy = Fy-1+ Fo-2, n>2, Fo=0, F=1. 


Again we start with a substitution: F,, = Ar”, A #0, r #0. Upon substituting this 
into the recurrence relation, this time we find that 


Ar = Ar 4 ar, 
Dividing through by A and r’~, we are then led to the characteristic equation 
Pee STVE0. 


The quadratic formula tells us that the characteristic roots are 


—(—1) + Y(-1)? —4(1)(-1) 14 


E V/5 
2(1) 2 
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It has become standard to assign 


_livs 1/5 


a 


Consequently, 
F, = cia" +c2B", n>=0. 
With 
0=F=a+ac 
and 


1 5 1-5 
1=A=a0+a8=a 5) +0/ *). 


it follows that cy = 1//5 and cz = —1/,/5. Consequently, we can express F,, ex- 
plicitly by 


1 1 
F,= ae n> 0. 


3 V5 ~ 


Before proceeding, let us reveal some of the fascinating properties exhibited by 
a and £. 
First and foremost, 


~ 1.61803398... 


14+ 75 
a= 7 


iscommonly knownas the golden ratio, divine proportion, divine section (by J ohannes 
Kepler), golden mean, sacred chapter (by Leonardo da Vinci), or sacred ratio. This 
number was known to the Greeks more than 1600 years before the time of L eonardo 
of Pisa (also known as Fibonacci). Even before the Greeks, this amazing constant 
was used by the ancient Egyptians in the construction of the Great Pyramid of Giza 
(c. 3070B.C.). 

In about 1909, the A merican mathematician M ark Barr designated this constant by 
, theG reek letter phi— this in honor of the great G reek sculptor Phideas (c. 490 B.C. - 
420 B.C.). 
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Among the many properties satisfied by w and 8, we have 


we =atl Be =B+1 
ap =—-1 a t=-£ Bo = -a 
a—-p=vV5 a+B=1 
a + p= 3 Peas 


Other properties of a and 6 are given in the exercises for this chapter. 


Since w — 6 = /5, we may now rewrite our explicit formula for F,, as 


a” — p” 


F, = 
n a — B 


n>0. 


This representation of F,, is called the Binet form for the Fibonacci numbers. It was 
discovered in 1843 by the French mathematician | acques Phillipe M arie Binet (1786- 
1856). However, in reality, the formula had been discovered earlier— in 1718— by 
the French mathematician Abraham DeM oivre (1667-1754). Shortly after J acques 
Binet's discovery—in 1844, the French mathematician and engineer Gabriel Lamé 
also found this result, independent of the work of the other two French mathematicians. 

Using the Binet form for F;,, one can derive many more identities involving the 
Fibonacci numbers. We shall provide three of them here and list others, including 
Cassini’s identity in Property 4.9, in the exercises for this chapter. 


Property 10.1: 


Proof: Since a = (1+ /5)/2 and B=(1—<J5)/2, it follows that |B/o| = 
(1 — /5)/(1+ /5)) < 1. Consequently, as n — oo, we find that |8/a|” — 0 and 
(B/a)” — 0. Therefore, 


Frnt ini (qth = B') (a — B) _ git = port 
n> oo Fi, n>oo (a _ B")/(a _ B) ~~ n00 Qa? — pb" 
a — B(B/a)" a — B(0) 


~~ noo 1 — (B/a)” ~ T= 0 


For our other two properties, it will help to recall the Binomial theorem: 
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For real variables x, y, and n, a nonnegative integer, 


where 


Property 10.2: 


n n k 
Sr ({)2 Fy = Fan. 


Proof: Along with the Binet form for F,,, the following will prove useful here: Since 
a? = a +1, it follows that 


2a+1=(a4+1)+a=0%+a=ala+1) =ala 


Likewise we have 26 + 1 = f°. Now let us see where these results come into play. 


Sar j) i 


Property 10.3: 


()* (SF) 
nes gelrer e a 
ag ine (7) oat - (Poet 


i n 1 n 
foe = roe ee 


antl (2n+1\ 9 en 
wal k ) FB = 5" Pani. 
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Proof: Once again we shall start with the Binet form for F,,. This time it is useful to 
recall that a6 = —1. 


l(a + 
ew 
Lea 2 2 
= al yo ( A ) (6) 
1 7? antl (2n+1 ie Pi 
=| poe : ier 20 ( : ) apy 
E28 Np 
PL PP ent (2n +1), 24 
=la-al Deo 
2 Oe a (—1)k yet py (ie an 


| 
yo 
= 
+ 
aS 
+ 
ne 
gy 
IL os 
o + 
aun 
Nn” Cs Se 
3 
ef 
fay 
Ny 
ex) 
N 
> 
uN 


1 7? 2n-+1 
lea es 
rn Pens es ‘ey | 


2 
= Fen [d+ a2yentt + (1+ py?) 


= (5) [(2 +o)*tt st (24 per ; 
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Since a? = a +1, it follows that (2+ a)? =4+ 40+? =4(1+a)+ a? =5a%. 
Likewise, (2 + 6)* = 5f?. So 


2n+2 2n+2 
(2) [2+aret+ 24a] = (2) [242 ade Cass 


5 5 (2 + a) (2 + B) 
= (=) [ere a ee] 
AS (2+) (2 + B) 


7 il (5q2)n+t e 1 (5p2)"+1 
= (5) [esar|* (5) [eran] 
Se gent2 7 ponte 
is lara *5 lial 


= (5")(a2"+1) (=) + (57)(pe"t?) (4). 


Now oe =a+1lsa4+l=a+25 0 —af =2+a>5 aa—f)=2+a>5 
a/(2 +a) = 1/(a — B). Similarly, B/(2 + 8) = —1/(a — B). So 


(5")(q2"+1) (55.) +671) (555) 
1 


= (5"” qentl ( 1 )- 5” 2n+1 ( ) 
(SPHorerh ( ——— ) — gsryigeety (——— 


g2ntl = pert 


a—B 


= (5") | | = 5" Fon 4. 


EXERCISES FOR CHAPTER 10 


1. Solve the initial value problem: a, = 10a,-1 — 2la,_2, n>2,a9=1, 


ajy=l1. 
2. Solve the initial value problem: a, = —3a,-1+10a,_2, n> 2,a9 = 2, 
a = 3. 


3. Forn > 1, let a, count the number of ways in which J ennifer and Dustin can 
tilea3 x n chessboard using square 1 x 1 tiles and square 2 x 2 tiles. Find and 
solve a recurrence relation (with initial conditions) for a,. 

4. Verify that (i) #8 = —1; (ii) a! = —f; and, (iii) B- = —a. 

5. Verify the following: 

(a) (I)a+B=1 (ii)a-—pav5 


20. 
21. 


22. 
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(b) (i)a2 +p? =3 (ii)a?- pe =V5 
(c) (i) +B =4 (ii) - p= 2V5 


. Verify that (i) @ = 1/(@ — 1) and (ii) B=1/(B—- 1). 

. Verify that (i) L/o” = 1/a"++ + 1/e"t? and (ii) 1/6” = 1/p"t1 + 1/p"*?. 

. Verify that (i) 37°, 1/a” = wand (ii) S75 1/a” = a”. 

. Verify that 37°, 1/a2” = 1/a. 

. Verify that a/3 —a = Jat 2. 

. Verify that /3 — B = (1/2) /10 + 2V5. 

. Determine liMp oo Fn/Fn4i- 

. Determine limy—oo 2n/(n + 1+ V5n? — 2n + 1). (V. E. Hoggatt, Jr., and D. 


A. Lind, 1967) [31]. 


. Verify that (2 + 6)? = 56%. 
. Verify that 6/(2 + 6) = —1/(a — B). 
. Determine the points of intersection of the parabola y = x? — 1 and the line 


y=xX, 


. Find the points of intersection of the hyperbola y = 1+ 1/x and theline y = x. 
. (a) Forn = 1, prove that a” = wF, + Fy-1. 


(b) State and prove a comparable result for B. 


. Fora fixed integer n > 0, determine the value of $7? (Z)a**-2". (H. Freitag, 


1975) [21]. 

Find >-7 5 IBI*. 

For positive real numbers a, b, c, if a/b = c/a, then a is called the mean 

proportion for b and c. 

(a) Determine the mean proportion for (i) 3 and 12; (ii) 4 and 25; and, (iii) 5 
and 10. 

(b) Let D, E, and F be the points on the line segment shown in Fig. 10.1. If r 
is the length of the segment DE, s is the length of the segment EF, and r 
is the mean proportion for r + s and s, determine r/s. 


FIGURE 10.1 


Determine the value of cifc > Oand c= js Ox: 
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23. Suppose that the lengths of the sides of a right triangle form the geometric 
progression s, rs, r2s. Determine the value of r (a) if s is the length of the 
hypotenuse; (b) if r2s is the length of the hypotenuse. 

AY 


C(0,1) B(1,1) 


A(1,0) 


FIGURE 10.2 


24. Matt and his brother Sean are constructing a kite— as shown in Fig. 10.2— 
where the distances AB and CB are each one yard. If they want the area 
of trapezoid ABCE to equal the area of triangle CDE, where D is on the 
line y = x, determine (i) the coordinates of D; (ii) the coordinates of E; and, 
(iii) the length of CE. 

25. Alinscribes atrianglein arectangle, as shown in Fig. 10.3. If the three resulting 
right triangles (within the rectangle and outside the inscribed triangle) are equal 
in area, determine b/a and c/d. 


a b 


a+b 
FIGURE 103 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


34, 
35. 


36. 


37. 
38. 
39. 
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Find the value of the constant c satisfying the equation 
n’+(n+c)" =(n+2c)" 


in the limit as n goes to infinity. (A. Brousseau, 1964) [8]. 
For n > 2, use the Binet form for the Fibonacci numbers to prove that 
Fn Fn4i — Fa—1Fn—-2 = Fon-1. (E. Lucas, 1876). 

Use the Binet form for F,, to establish Cassini’s identity in Property 4.9— that 

is, forn > 1, Fy_1Fy41 — F2 =(-1)". 

For n > 0, use the Binet form for F, to prove that F2,, + Fo = Fon4i. 

(E. Lucas, 1876). 

(a) Forn > 1, prove that F2,, — F?_, = Fon. (E. Lucas, 1876). 

(b) For n > 1, let 7, be an isosceles trapezoid with bases of length F,,1 and 
Fn41, and sides of length F,. Prove that the area of T;, is (3/4) Fan. 
(Note that when n = 1, the trapezoid degenerates into a triangle. However, 
the formula is still correct.) 

For n > 1, prove that 


n 
2 
S- Faj-2 = F5,. 
i=1 


Form >n>0, prove that Fon+1Fon41 = Fo 4n41 + F4_,. (S. B. Tadlock, 
1965) [53]. 
Forn>0, k>0, prove that F? + F291) = Fors1Fant2e41. (B. Sharpe, 
1965) [49]. 
Forn > 0,k > 0,provethat F2, 5, — F? = Fo Fon42x.(B. Sharpe, 1965) [49]. 


n 
Prove that 


Prove that 


=4. (J.H. Butchart, 1968) [12]. 


For n > 0, prove that )~"_9(—1)""!(") Fai = Fh. 
Forn > 0, prove that )>"_9(—1)!'(“) Fai = (—1)" Fy. (H. W. Gould, 1963) [24]. 
Forn > 0, j= 0, j fixed, prove that \~"_9 (4) Fiz; = Fant;- 
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40. Forn > 0, prove that 77"9(—1)' (2") 2-1 F; = 0. (J.L. Brown, Jr., 1967) [10]. 
41. Forn => m = 0, prove that w” Fy—-m41 +a"! Fy_m = a, 
42. (a) Forn > 1, prove that 


onc, ul 1 
Fy Fn42 Fy Fn4i Fn41Fn+2 


(b) Determine 


So : . (A. Brousseau, 1969) [9]. 
n=l Fy Fn42 


43. In Fig. 10.4, ABAC is an isosceles triangle with AB = AC and AB/BC = 
AC/BC =a, the golden ratio. (Such a triangle is called a golden triangle.) 
Suppose that BD is drawn as shown with AD/DC = a. 

(a) Prove that BC/DC = a. 

(b) Prove that AABC is similar to ACBD. 

(c) Prove that 7DBA = ZDBC, thus establishing that BD is the bisector of 
ZABC. 


44, Let ABAC bea golden triangle, as in Fig. 10.4, and suppose that BD is drawn 
so that AD/DC = a. Prove that ACBD is a golden triangle. 


FIGURE 10.4 


45. 


46. 


4]. 


48. 


49, 


50. 
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If ABAC is a golden triangle with 7B = ZC, as in Fig. 10.4, what is the 
measure of 7A? 

For the golden triangle in Fig. 10.4, what is the ratio of the area of ABAC to 
the area of AADB? 


ae a 


FIGURE 105 


In order to join the geometry club at the St. Ann Academy, Aileen must solve 
a challenge problem proposed by members M aggie and Eileen. Maggie first 
draws a circle and then inscribes the equilateral triangle RST in it, as shown in 
Fig. 10.5. Then Eileen draws the chord AD, so that AD intersects RS at B, the 
midpoint of RS, and AD intersects ST at C, the midpoint of ST. Aileen is then 
challenged to prove that BC/AB = a. Provide a proof to help Aileen meet this 
challenge. 


For n > 0, prove that 


Cres (—1)"*(aF = Fy41). 


Prove that 


(a) For n>0, prove that fs — («"/V/5)| < (1/2). [From this it fol- 


lows that —(1/2) < Fy —(a"//5) < (1/2), or (a”"//5) — (1/2) < Fy < 
(w” /./5) + (1/2). This indicates that F,, is the integer closest to (a”//5).] 
(b) Sitch values of n do we find F, > (a”/x/5)? 


64 


51. 


52. 
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(c) For which values of n do we find F, < (a"//5)? 


(d) For which values of do we find F, = lew], where |x] denotes the 
floor of x? (Note: For each real number x, (i) Lx] = x, for x an integer; 
and, (ii) |x| = the integer to the left of x on the real number line, when 
x is not an integer. The floor of x is sometimes referred to as the greatest 
integer in x.) 


For which values of n do we find F, = | a"//5|, where [x] denotes the 
ceiling of x? (Note: For each real number x, (i) [x] = x, for x an integer; 
and, (ii) [x] = the integer to the right of x on the real number line, when x 
is not an integer.) 

We can use the Binet form for F;, to extend the Fibonacci numbers so that 
the subscripts are negative integers. In doing so, for n > 0, we define 


2 


— 
fe) 
— 


Use this definition to prove that forn > 0, F_, = (—1)"*!F,. 

Following the idea set forth in part (a) , forn > 0, wedefineL_, =a~" + 
fB-". Use this definition to prove that forn > 0, L_, = (—1)"Ly, where 
Ly = a" + B". 

(c) Forn > 0, prove that wF_, + F_(n41) =a”. 

Nettie needs a square of paper for an origami construction. So she cuts a rect- 
angular piece of paper with width w and length /, where w </ < 2w, into two 
pieces, aw x w squareandaw x (/ — w) rectangle. While folding her origami 
animal, she happens to notice that the w x (/ — w) rectangle is similar (in the 
geometric sense) to the original piece of paper. U nder these circumstances, what 
is the ratio of / to w? (These rectangles are referred to as golden rectangles.) 


2: 
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More on « and £: Applications in 
Trigonometry, Physics, Continued 
Fractions, Probability, the Associative 
Law, and Computer Science 


Before we provide some instances where the constants a and £6 come into play, in 
Reference [22] we find mention of a rather interesting observation: the ratio of one’s 
height to the height of one’s navel is approximately 1.618— according to extensive 
empirical observations made by European scholars. Y es, the remarkable and myste- 
rious number a continuously arises in all kinds of unexpected places! 


Example11.1: Let us start by recalling some trigonometric identities: 


(1) sin26 = 2sin@cosé 

(2) cos26 = cos? 6 —sin?6 = 2cos*6 —1 

(3) cos30 = cos(26 + @) = cos 20 cosé@ — sin26sind 
= c0sé(2cos* 6 — 1) — (2sin@cosé) sind 
= 2cos? 6 — cos — 2cos@sin* 6 
= 20s? 6 — cos — 2cosA(1 — cos’ 4) 
= 20s? 6 — cos@ + 2c0s? 6 — 2c0s0 
= 4c0s? 6 — 3c0s@ 


Now let 6 = z/10. Then 
5 = 50 = 20 +36. 


Fibonacci and Catalan Numbers: An Introduction, First Edition. Ralph P. Grimaldi. 
© 2012 J ohn Wiley & Sons, Inc. Published 2012 by J ohn Wiley & Sons, Inc. 
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So the angles 26 and 36 are complementary angles, and since the sine and cosine 
are cofunctions, it follows that 


sin 26 = cos 30. 


Therefore, from the above trigonometric identities, we find that 


2sin@cosé = sin26 — cos 30 — 4cos* 6 — 3cosé. 


Upon dividing by cos @ (as cos@ + 0), it then follows that 


2sino = 4cos*?@ — 3 = 4(1—sin?6) —-3 = —4sin?64+1 
and 
4sin?@+2sin@—1=0, aquadratic equation in sino. 


Consequently, 


jap aE =/2) mae 


V5 


Since 6=7/10 is in the first quadrant, sin@é>0, so sin(z/10) = sing = 
(—1 + V5)/4 = —(1/2) - ((1 — V5)/2) = —(1/2)8 = (—(1/2)) (—(1/e)) =1/(2q), 


since wB = —1. Meanwhile, 


; 1\* 
os" Scape ana eS ee | 
5 2a 


= Pe 41 = (202 — 1)p? es 2a? p2 — p? 

~  Qae ~  2a2B2 Da Be 

= = (Since aB = —land p* = B +11) 
L—=p 


= SH =5 (Sincea+ B=1,) 
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With cos(z/5) = a/2, we now find that 


37 ca IT X 
cos 5 cos3 (=) cos 5 30S 5 


a(a* — 3) = — a(—p*) (Sincea® + p2 = 3.) 


B (Since ap = —1.) 


So @ = 2cos(z/5) and B = 2 cos(3z/5). 
Now from the Binetform for F,,, we obtain thetrigonometric form for the Fibonacci 
numbers— namely, 


_ ot — pr eth =p? 
saps a 
__ (2. cos(z/5))” — (2 cos(32/5))” 
° V5 


= = (2”) cos" (=) — cos" (=)| 5 0, 


This form for F,, was established by W. Hope-J ones in 1921. 


Example 11.2: Electrostatics is the branch of physics that deals with phenomena 
due to the attractions and repulsions of electric charges according to the distances 
between them, but with no dependence upon their motion. In 1972, while a student at 
the! ndian Statistical Institute, Basil Davis studied the following problem dealing with 
the potential energy of a system comprising two negative charges and one positive 
charge. 

Suppose that two negative charges of —g are located at the points Y and Z, while 
one positive charge of +g is located at the point X— as on the line shown in Fig. 11.1 
on p. 68. If we assign a to the distance between X and Y, and b to the distance between 
Y and Z, then we can write the following: 


(i) For the charges at X and Y, the potential energy is &((-++g)(—q))/a; 
(ii) For the charges at Y and Z, the potential energy is k((—q)(—q))/b; and 
(iii) For the charges at X and Z, the potential energy is k((-+g)(—q))/(a +b), 
where k is aconstant. [In the mks system, k = 8.99 x 109 (Nm*)/C? (where 
N: newtons, m: meters, and C: coulombs) and the potential energy is given 
in joules.] 
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FIGURE 11.1 


We want to determine the ratio a/b so that the total potential energy of the system 
is 0. Consequently, we examine the equation 


(+q)(—q) 


k : +k 5 +k Pry is 0. 
First we divide through by the constant & to obtain 
(+q)(—q) i (—q)(—q) ‘ (+9) _ 0. 
a b a+b 
Dividing through by g2, we then find that 
1 1 i 
ab a+b 
Multiplying by ab(a + b), we arrive at 
—b(a+b)+ala+b)-—ab=0 
—ab—b* +.a*+ab—ab=0 
a —ab—b =0 
a\2 a sd 
(5) — (*) —1=0, a quadratic in 5 


Therefore, (a/b) = (—(—1) + \/(—1)2 — 4(1)(—1)) /(2(1)) = (14 /5)/2 and as 
a >0andb > 0, it follows that for the total potential energy of the system to be 0, 


a 1t+v5_ 


b 2 a 


the golden ratio. 
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Example 11.3: (a) Here we want to evaluate yt + yl +V14+VJ1+4+---.Solet 


us start with 


| eee 


Then upon squaring both sides of this equation, we see that 


jee ian: 


or 
e=lte. 
Consequently, 
e—c-1=0 
and 
ee ott Vel =a0eM. 145 
2(1) 2 


Since c > 0, it follows that 


145 


5 the golden ratio. 


Cc 


(b) This time let us start with the following idea. The expression 


1 


2+ 
345 


is an example of a finite continued fraction. It can be simplified as 


So ee te ee Se ee cee) 
oe ae Re ne a 


Since the notation can quickly become quite cumbersome, the above expression is 
often written as[2; 3, 7].In general, if a; isanonnegative integer and a2, a3, ..., dn 
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are positive integers, then the finite continued fraction 
1 


can also be represented by 
[ai; a2, 3, +++) Gn-1; an]. 
So now consider the following four finite continued fractions: 
1 1 
(1 Qt; Baty MW 1+ Hy. 
1. a ieee 
Simplifying these finite continued fractions, we find the following: 
1 F&F 
i 
(1) iF 
i 2 #3 
2)1+= =14+1=2=-=— 
(2) 1+ + i“-% 
1 1 3 Fy 
1 — 1 —- — —- 
(3) Samed +r 1+5=5 5 
i iL 1 1 2 Fi 
(4) 14 —=1+ =14+—,=14+$5=14+2=5=2. 
At this point we turn our attention to the infinite continued fraction 
1 
es 14 —@ — = [4,112.4]. 
1+ —— 
Note here that 
1 
c= 1+ ~~) 
Cc 
soc? =c+lorc* —c—1=0. Consequently, 
—(-1) + (-1? -4(1)(-1) 14.5 
2(1) a ae 


c= 
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But since c > 0, we have 


ba 4/5 
2 9 


| 


another instance of the golden ratio. 


(Alternatively, from the continued fractions in (1)-(4), the pattern implies that 


: F, 
c=liMp soo “RH =a.) 


Our next two examples involve some probability theory. 


Example 11.4: Suppose that S is the sample space for an experiment €.If A, Bare 

events from Swith AUB=S, AN B=<@, P(A) = p, the probability that event A 

occurs, and P(B) = p, the probability that event B occurs, what is the value of p? 
Since AN B= @, we have 


1 = P(S) = P(AU B) = P(A) + P(B). 
Consequently, 
l=pt+p or p?+p—1=0. 
By the quadratic formula, the roots of this equation are p= 
(—14 12 = 4(1)(=1))/(2(1)) = (-14 V5)/2.. Since (—1— /5)/2 <0, it 


follows that p = (—1+ /5)/2 = —8. (Let us not be misguided by that negative 
sign in front of 8. After all, 6 < 0, so —6 ~ 0.61803398... > 0.) 


Example11.5: Derek and Ryne toss aloaded coin, where p (> 0) is the probability 
the coin comes up heads when it is tossed. The first of these two budding gamblers 
to obtain a head is the winner. Ryne goes first but if he tosses a tail, then Derek gets 
two chances. If he tosses two tails, then Ryne again tosses the coin, and if his toss 
is a tail, then Derek again goes twice (if his first toss is a tail). This continues until 
someone tosses a head. W hat value of p makes this a fair game (that is, agame where 
both Ryne and Derek have probability 1/2 of winning)? 
Now the probability that Ryne wins this game is 


peso =p p= pt pr pile py 


where the first summand— namely, p— accounts for when Ryne tosses a head on the 
first toss. The second summand accounts for when (i) Ryne tosses a tail on the first 
toss— hence the factor 1 — p; (ii) Derek tosses a tail on both of his tosses— hence 
the factor (1 — p)*; and, finally, Ryne wins by tossing a head on his next toss— as 
indicated by the factor p. In like manner, the third summand accounts for when Ryne 
wins— after he tossed a tail on both his first and second turns, while Derek tossed two 
tails on both of his first and second turns. 
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The above expression for when Ryne wins this game can also be expressed as 
pll+(1— pi +(1— p)®+(1— p)+---] 
1 
ad la=aaaal j 
For this game to be fair, we need to have 


A, Pp 
2 [1-(1- p)3]' 


= (5) n-a-pr 


2p =[1—(1— p)?] =1—(1— 3p + 3p’ — p’) 
2p = 3p —3p* + p’, and 
0 = p?— 3p? + p= plp* —3p+)). 


so we see that 


With p > 0, it follows that p*? —3p+1=0or 


= —(—3) = (—3)2 = 4(1)(1) «_. 3475 
a 2(1) ai ee 
Since p < 1, we find that 
2 
3-J5 [1-5 2 
ar) | 2 | -# 


(M ore on the powers of w and 6 can be found in Exercise 33 of Chapter 13.) 

Our next example for this chapter deals with the Associative Law for a certain 
binary operation. This result was established in 1936 by the Scottish-A merican math- 
ematician and science fiction author Eric Temple Bell (1883-1960). 


Example 11.6: Leta, b, and c be fixed real numbers with ab = 1. If R denotes the 
set of real numbers, then the function 


f:RxR-OR 
where 


f(x, y) =a+ bxy +c(x + y) 
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is an example of a binary operation on R. For this binary operation to be associative, 
it needs to satisfy the condition that 


f( f(x, y), z) = f(x, fly, z)), forall real numbers x, y, z. 


We would like to know if there are any values of c for which this happens. 
Computing f( f(x, y), z), we find that 


F( f(x, y), 2) = flat bxy + c(x+ y), 2) 
=a+D[(a+ bry +c(x + y))z] + cl(a + bxy + e(x + y)) +z] 
=atactcext+ bexy + b?xyz + bexz + cy + beyz + abz + cz. 


M eanwhile, 


f(x, fly, z)) = flx, at byz + ely +z) 
= a+ Dd[x(at+ byz + cly + z))] + clx + (at byz+cly + z))] 
=a+ac+abx+cx+ cy seetgee b°xyz + bexy + bexz + becyz. 


For the binary operation f to be associative, we need to observe that 


f( f(x, y), z) = flx, fly, 2) 
=> cx+(ab+c)z = abx+ex+ cz. 


Now with ab = 1, it follows that 
ex+ztezaxteztex 
or 
(ce? —c—1)x = (c*# —e —1)z. 


Since x, z are arbitrary, this requires that c? -c -1=0. Consequently, c = a or 
c = B—thatis, c is the golden ratio or its negative reciprocal. 


Our final example is truly amazing in that it has to do with estimating the number 
of divisions performed in the Euclidean algorithm to find gcd(a, b)— that is, the 
greatest common divisor of the positive integers a and b. Needless to say, no one was 
concerned about this type of computational efficiency at the time when Leonardo of 
Pisa published his Liber Abaci. 


Example11.7: The following application will give us one more example where the 
golden ratio arises— this time in a computer science setting. This application deals 
with Gabriel Lamé’s work in estimating the number of divisions performed in the 
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Euclidean algorithm to find gcd(a, b), where a and b are integers with a > b > 2.To 
find this estimate, we need the following property of the Fibonacci numbers, which 
can be established by the A ternative, or Strong, form of the Principle of M athematical 
Induction. This is left as an exercise. 


Property 11.1: Forn > 3, F, >a". 


To address this situation, we need to recall the following version of the division 
algorithm: Given the positive integers s, r with s > r, there exist unique positive 
integers g, r so that 


s=qt+r O<r<t, 


where q is called the quotient and r the remainder. 

Now let us start with two integers a and b, where a > b > 2. For the sake of the 
notation, we shall let ro = a and r1 = b. In the Euclidean algorithm, we apply the 
division algorithm, successively as follows, until we arrive at a remainder of 0: 


ro=qiritr2, 0<n<n 
ry = q2r2 +73, 0<r3<n 
12 = g3r3 +14, 0<4 <73 


Tn—2 = Qn-1Tn-1 + Ins 0 <r <rn-1 


Tn—-1 = nln: 


Then, at this point, we learn that gcd(a, b) = gcd(ro, 71) = rn, the last nonzero 
remainder. 

From the subscript on r we see that n divisions have been carried out to determine 
rn, the gcd(a, b). Furthermore, g; > 1, for all 1 <i <n—1, and g, > 2 because 
rn <Tn—1. Examining then — 1 nonzero remainders ry, ’n—1, T—2, «, F2, along with 
r1i(= b), we find that 


in>O0, SO m%>1l=F 
QS 22 WS ee SH oie 2 lea a 


Mn—-2 = Qn-1n-1 ttn = 1m tim > t+ = Fy 


12 = g3r3 +rg>1-r3+ra > Fy-1t+ Fy_2 = Fi 
b=rn=qr2+r3>1-r2+7r3 > Fat Fn-1 = Fatt. 


Consequently, if z divisions are performed in the E uclidean algorithm in determining 
gcd(a, b), where a > b > 2, then b > F,,41. Therefore, by virtue of Property 11.1, 
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we may now write 


So, as a result, we find that 


= 
= (n — 1) logy a > a 


n 


fod) 


b> al = logyg b > logigla 


since 10919 @ = logyo[(1 + /5)/2] = 0.208988 > 0.2 = 1/5. 
At this point, suppose that 10’! < b < 10, so that the base 10 (decimal) repre- 
sentation of b has k digits. Then 


-l 
k = 1094 10* > l0gig b > — and n <5k+1. 


Since n and k are positive integers and n < 5k +1, it follows that n < 5k, and this 
final inequality now completes a proof for the following: 


Lamé’s Theorem: Let a and b be positive integers with a > b > 2. Then the 
number of divisions needed in the Euclidean algorithm to determine gcd(a, b) is at 
most 5 times the number of decimal digits in d. 


Furthermore, as b > 2 in Lamé’s theorem, it follows that logj9 b => logy9 2, so 
510919 b = 510gy9 2 = 10949 2° = logy 32 > 1. From our previous work, we know 
that n — 1 < 510g19 b, so 


n<1+4+510019b < 51099 b+ 510919 b = 10 logig d, 


and we may write n €O(10g39 b)!— that is, for n large, there is a constant C so that 
n = C 1019 b. [Hence, the number of divisions needed in the Euclidean algorithm to 
determine gcd(a, b) for positive integers a and b, where a > b > 2, iS O(109 19 b)— 
that is, on the order of the number of decimal digits in b.] 


Before proceeding with further new material, let us mention for the interested 
reader that more on the golden ratio—in such areas as geometry, probability, and 
fractals— can be found in Reference [56]. 


1 LetZ+ denote the set of positive integers and R the set of real numbers. For functions f g:Z+ > R, 
we say that g dominates f (or f is dominated by gg) if there exist constants M < R* (the set of 
positive real numbers) and k € Z* such that | f(n)| < M |g(n)| for all n e€ Z*, wheren > k. When f 
is dominated by g, we say that f is of order ( at most) g and we use what is referred to as “big-Oh” 
notation to denote this. We write f € O(g), where O(g) is read “order g” or “big-Oh of g.” (More on 
this topic can be found in Chapter 5 of Reference [25] and Chapter 2 of Reference [47].) 
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EXERCISES FOR CHAPTER 11 


1. 


In Example 11.1 we found that cos(z/5) = w/2. Express each of the following 
in terms of a: (i) sin(z/5); (ii) cos(7/10), and (iii) sin(z/10). 


. Determine the value of yt yl V1l—vVJl—--... 


. Convert each of the following finite continued fractions to a rational number: 


(a) [2; 1, 4, 9] and (b) [3; 3, 7, 2, 4]. 


. Forn > 3, prove that (a) F, > a~* and (b) Fy, <a"—}, 
. Consider the right triangle ACB, where the measure of angle B is 36° and the 


length of AB is s, as shown in Fig. 11.2. If this triangle is revolved about the 
vertical axis (containing side AC), determine the following for the resulting 
right circular cone: (a) The circumference of the base; (b) The area of the base; 
(c) The volume of the cone; and, (d) The lateral surface area of the cone. 


. Consider the isosceles triangle BAC, as shown in Fig. 11.3. Here the line 


segment BD bisects angle B. If the measure of angle A is 36°, prove that 
triangle CBD is a golden triangle. 


. Consider the regular pentagon ABCDE inscribed in the circle shown in 


Fig. 11.4. 


(a) Use the law of sines and the double angle formula for the sine to show that 
AC/AM = 2058 36°. 

(b) Explain why cos18° = sin 72° = 4sin 18° cos 18°(1 — 2 sin? 18°). 

(c) Show that sin 18° is a root of the cubic polynomial equation 8x? — 4x + 
1 = 0, and show that sin 18° = (/5 — 1)/4. 

(d) Verify that AC/AM =a. 


FIGURE 11.2 
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FIGURE 11.3 


FIGURE 11.4 
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8. 


12. 
13. 


14. 


15. 
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Using DeM oivre’s theorem, one finds that the five complex fifth roots of unity 
are given by 


cos i sin n=0, 1, 2, 3, 4. 


When n = 0, one obtains the root cos0° +i sin0° = 1. Determine the other 
four roots and express them in terms of a. [DeM oivre’s theorem is named after 


the French-born mathematician A braham de M oivre (1667-1754). He was a 
good friend of Sir Isaac Newton (1642-1727).] 


. Let AQRS be an isosceles triangle with OR = OS. Mark the point T on OR 


so that OT = ST = RS. Prove that 2cos OQ = OQR/RS =a. 


. Let AB be one side of aregular decagon inscribed in a circle with center O and 


radius 1. Show that the length of ABis ./2 —a@ (=1/a). 


. A regular pentagon is inscribed in a circle with center O and radius 1. What is 


the radius of the circle (with center O) that is inscribed in the pentagon? 

Determine the area of a regular pentagon of side 1. 

(a) Oliviaand her uncle M ichael plan to carve a race car out of a piece of wood 
in the shape of a rectangular solid. The dimensions (in feet) of this piece of 
wood are length = /, width = w, and height = 1, with / > w. Furthermore, 
the volume of this piece of wood is 1 cubic foot and the diagonal is 2 feet 
long. Determine the values of / and w. 

(b) What is the total surface area of the six faces of the block in part (a)? 

Sandra draws acircle with center O and then she draws a secant from the outside 

point P. The secant starts at P, intersecting the circle first at point Q and then 

at point R. Finally, Sandra draws a tangent from P to the point 7 on the circle, 
so that PT = OR. Whatis PR/QR? 

(a) Show that sin 18° = 1/(2a). 

(b) A regular decagon is inscribed in a circle with center at O and radius 
r. If s is the length of a side of the decagon, verify that r = sa. [This 
occurrence of a was observed, among others, in the manuscript De Divina 
Proportione, which was written in Milan between 1496 and 1498 by Fra 
Luca Bartolomeo de Pacioli (1445-1517) and published in Venicein 1509. 
Fra Luca Pacioli was a Franciscan friar and Italian mathematician who 
collaborated with Leonardo da Vinci (1452-1519) and is often regarded as 
the “Father of A ccounting.”] 

(c) Determine the area of the decagon in part (b). 


Me CHAPTER 12 


Examples from Graph Theory: An 
Introduction to the Lucas Numbers 


Let us start with some basic ideas from graph theory. 


An undirected graph G is made up of a nonempty set V of vertices and a set E 
(possibly empty) of edges between the vertices in V. For example, in Fig. 12.1(a), we 
have V = {u, v, w} and E = {uv, vw, vv}, where it is understood, for example, that 
uv = vu. Here we say that v, w are neighbors and uw, v are also neighbors— but uv, w 
are not neighbors. A Iso, the edge vu shown in the figure is an example of aloop (at v). 


(a) (b) 
FIGURE 12.1 


In Fig. 12.1(b), we have a second undirected graph— this time V = {u, v, w, x, y} 
and E = {uv, vw, ux, xy, yu}. Here the edges ux, xy, and yu constitute a cycle. Since 
this cycle contains three edges, we say that it has length 3. 

N ow let us turn our attention to the vertices w and x. Notice that we can get from 
w to x by going from w to v, then from v to u, and then from u to x. We can also travel 
from w to x by going from w to v, then from v to wu, then from u to y, then from y (back) 
to u, and finally from u to x. These two ways of traveling from w to x are examples of 


Fibonacci and Catalan Numbers: An Introduction, First Edition. Ralph P. Grimaldi. 
© 2012 J ohn Wiley & Sons, Inc. Published 2012 by J ohn Wiley & Sons, Inc. 
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w-x walks. In general, a w-x walk in G is asequence of vertices in V, beginning with 
w and ending with x, such that consecutive vertices in the sequence are neighbors. 
When no edge is repeated in a w-x walk, then it is called a w-x trail. However, in 
a trail a vertex may be repeated. When no vertex is repeated (and, consequently, no 
edge), the result is called a w-x path. Consequently, our first w-x walk— namely, 


W, V,U, xX 
—isa path (of length 3). Our second w-x walk— that is, 
W,U,U, y,u,Xx 


— is neither a trail, nor a path, from w to x. This walk has length 5. 
The following example deals with the notion of walks in an undirected graph. 


Example 12.1: After returning home from a hard day at work, Ernest and Brenda 
like to jog to maintain their healthy lifestyles (not to mention the nice deduction they 
receive on their health insurance premiums). They have a lovely home at vertex u, 
as shown in Fig. 12.2, where they can jog around the one-mile circular drive. If they 
wish to jog two miles, they can either (i) jog around the one-mile circular drive twice 
or (ii) jog from u to v (a distance of one mile), where they wave to their friend Flo 
who owns her home at that vertex, and then jog back home (to u) from v. Should 
they wish to jog three miles on these roads, it turns out that they have three possible 
routes. For four miles, there are five possibilities. 

At this point, if we want to know how many different possibilities Ernest and 
Brenda have, if they want to jog n miles on these roads, then we need to determine 
the number of walks from wu to u of length n, for the graph shown in Fig. 12.2. (Since 
these walks start and end at the same vertex, they are called closed walks.) So let w,, 
count the number of closed u-u walks of length n in the graph. We know that w; = 1 
and w2 = 2. To determine w, for n > 3, consider the last edge in the walk. 


(i) If the last edge is the loop ww, then the n — 1 edges in any of the w,_1 walks 
could have been used before this final one-mile jog around the circular drive. 


ce 


FIGURE 12.2 
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(ii) If the last edge is not the loop ww, then it is the edge from v to u. This means 
that the preceding edge is the one from u to v. But prior to these two edges, 
any of the w,—2 walks could have been traveled before this final two-mile jog 
to and from where Flo’s home is situated (at v). 


Since these two cases have nothing in common and cover all the possibilities we 
have 


Wp = Wal + Wp_2, n>3, wi =1, w2 =2, 
0) 
Wn = Fayi, n=l. 


[If we change the vocabulary a bit, we may recognize that what we are also counting 
is the number of compositions of n, where the only permissible summands are 1's 
(for the one-mile jogs around the loop wuz) and 2's (for the two-mile jogs from u to 
v, followed by the return from v to wu). This is exactly what we did in Example 6.2, 
where we learned that c,,, the number of compositions of n, where the only summands 
are 1's and 2’s, is likewise F,,+1, forn > 1.] 


Our next example introduces us to the idea of a perfect matching in an undirected 
graph. 


Example 12.2: Let G =(V, E) be an undirected graph, where |V|, the number of 
verticesin V,isan even number— say 2n. A subset M of Fiscalledaperfect matching 
for the graph if ||, the number of edges in M, isn and the edges in M cover all the 
vertices in V— that is, for every vertex ve V, there is one edge e in M such that vis 
a vertex on edge e. 

For example, in the graph of Fig. 12.3(i), we find two perfect matchings: (1) 
{ab, cd}; and (2) {ad, bc}. The graph in Fig. 12.3 (ii) has six edges and four vertices— 


(i) (ii) (iii) 
FIGURE 12.3 
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not five. A vertex does not occur just because two edges happen to cross in a particular 
depiction of a graph. N ote that one could redraw the graph in part (ii) so that it would 
appear as in part (iii). No matter, both graphs have vertex set V = {w, x, y, z} and 
edge set E = {wx, wy, wz, xy, xz, yz}. Furthermore, both graphs have three perfect 


matchings: (1) {wx, yz}; (2) {wz, xy}; and, (3) {wy, xz}. 


Now consider the graphs in Fig. 12.4. 


(e) 


wn ¥ §3 Ynl Yn YY. ¥B Ynt Yn 
Ty 2 T3 In Tn Ty 2 13 Trl Ty 
(a) (b) 
Y Y1 Y2 Yo 2 YB 
Y Y2 ¥3 Yn2 Yn-2 Yn N 
Ly Ly x2 ry x2 3 
Ty oy) v3 M2 M1 Th 
m=1 mM 7=2 m3=3 
(c) Gp (d) Gy GG 
YW Y2 ¥3 Yn2 Yn-l Yn 
Ty v) Bac) Tn 2 Ly] Ty, 


FIGURE 12.4 
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The graph in Fig. 12.4(a) has only one perfect matching: {x1y1, x22, ..-, Xn Yn}. 
Likewise, there is only one perfect matching for the graph in Fig. 12.4(b). Not so, 
for the graph in Fig. 12.4(c). In Fig. 12.4(d) we have the cases for when n = 1, 2, 3 
for the graph in Fig. 12.4(c). We see that when n = 1, there is one perfect matching: 
{x1y1}. For n = 2, we find two perfect matchings: {x191, x2y2} and {x1y2, x2y1}. 
When n = 3, three perfect matchings are present— namely, (1) {x11, x2y2, x33}; 
(2) {x1y2, x21, x33}; and, (3) {x1y1, x2 y3,x3 y2}. Should we consider the graph G4, 
we would find five, not four, perfect matchings. Can we determine the number of 
perfect matchings for the general case? 

If we let m, count the number of perfect matchings for the graph G, in 
Fig. 12.4(c), there are two considerations: 


1. One way we can account for vertex x, is to use the edge x, y,. But then we 
cannot use the edges xn Yn—1, Xn—1 Yn, ANd yp—1 Yn. SO to havea perfect matching 
for the other 2n — 2 vertices, we examine the resulting graph after we delete 
the vertices x,,y, and the edges xn—-1¥n, XnYn—1, Yn—1Yn, ANd Xp yn. For the 
resulting graph— namely, G,,_1— there are m,,_1 possible perfect matchings. 

2. The only other way to account for vertex x, is to use the edge x, y,_1. Then, 
to continue developing our perfect matching, we must use the edge x,_1y, in 
order to account for the vertex y,. Atthis point, we have accounted for the four 
vertiCeS X,-1, Xn, Yn—1, and yy, and have the two edges x, yn—1 aNd xp-1Yn aS 
part of a perfect matching. If we remove these four vertices and two edges from 
the graph, along with the edges xn yn, Ya—1Yns Xn—1Yn—1> Xn—2Yn—1s Xn—1Yn—2; 
and y,—2¥,—1, which we can no longer use, then the resulting graph— in this 
case, G,-2— provides m,—2 possible perfect matchings. 


Consequently, since the considerations in (1) and (2) cover all possibilities and 
have nothing in common, it follows that 


My =Mn-1 + mp2, n>3, m1 =1, m2 =2, 
SO 
My = Foi, n>. 


W hat about the graph in Fig. 12.4(e)? This graph is called the ladder graph onn 
rungs. If we let /,, count the number of perfect matchings for this graph (on » rungs), 
again we have two considerations: 


1. If we use edge x,y, to account for vertex x, (and vertex y,,), then we cannot 
use edges x,—1x, and y,—1y,. S0 to account for the other 2n — 2 vertices, we 
need a perfect matching for the resulting ladder graph on n — 1 rungs. There 
are /,_1 perfect matchings in this case. 
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2. If we do not use the edge x,y, then the only way left to account for the vertex 
Xy and the vertex y, is to use the edges x,-1X7 and yn—1yn. Then we cannot use 
any of the edges x,—2%n—1, Xn—1Yn—1) Yn—2Yn—1, ANd Xn Yn. Upon removing all 
four vertices and all six edges mentioned above, we arrive at the ladder graph 
on n — 2 rungs, which has /,_2 perfect matchings. With 4; = 1 and /) = 2, we 
once again arrive at a familiar sight— namely, 


Ln = In-1 + In-2, n = 3, ly = L; lp = 2, 
and 
In = Fay, n= 1. 


Thereader interested in graph theory should, hopefully, find these examples dealing 
with perfect matchings worthwhile. B ut suppose we want to see if there is some place, 
beyond graph theory, where this idea of a perfect matching arises. To this end, we 
present the following example developed in Reference [23]. Further material on this 
idea is given in References [29, 55]. 


Example 12.3: Start by considering the graph H,, consisting of azigzag arrangement 
made up of n regular hexagons— as shown in Fig. 12.5, for the cases of n = 1, 2, and 
3. We see that the graph Hy has 6 (= 4 + 2) vertices and 6 (= 5 + 1) edges. The 
graph H> can be obtained from that of Hy by adding on five new edges and four 
new vertices, as shown in Fig. 12.5(b). Thus H2 has 6 + 4(=10 = 4-2 + 2) vertices 
and 6 + 5(=11=5-2 +1) edges. Following suit, the graph H3 has 14 (=4 - 3 + 2) 
vertices and 16 (= 5 - 3+ 1) edges. In general, the graph H,, has 4n + 2 vertices and 
5n + 1 edges, and it represents the molecular graph of a catafusene (more formally, a 
cata-condensed benzenoid polycyclic hydrocarbon whose molecular formulais given 
by Cani2H2,44, where C is for carbon and H is for hydrogen). When n = 1, the 
catafusene C¢H¢ is called benzene and appears as in Fig. 12.6 (a). Note how in Fig. 
12.6 (b) we have a second drawing of benzene— different according to where we 
have located the double bonds for the carbon atoms. If we are not permitted to rotate 
one figure so that it looks like the other, then we would consider these configurations 


> 


Hy H H3 
(a) (b) (c) 
FIGURE 12.5 
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H H 
I I 
He alse Jo H.-C SH 
I Il " l 
Tae ora H7 NCO NH 
I I 
H H 
(a) (b) 
The Two K ekulé Structures for Benzene 


FIGURE 12.6 


as distinct. From Reference [44, Pp. 187-188], we learn that these configurations 
(the two Kekulé structures for benzene) are the most stable valence-bond structures 
that can be written for this known hexagonal planar configuration. (M odern quantum 
mechanical theory suggests that the two distinct structures of benzene arein resonance 
and the actual structure of benzene is a hybrid of the proposed K ekulé structures.) 
Now we shall extend what we have learned about benzene and look into the K ekulé 
structures of the larger catafusenes. We let &,, count the number of K ekulé structures 
for the catafusene C4,,42H2,44. And now it is time to recognize that k,, is also the 
number of perfect matchings for the graph H,,— each such perfect matching made up 
of (1/2)(4n + 2) = 2n + 1 edges. We know that k; = 2. For n = 2, the catafusene 
CioHg is called naphthalene. It has three K ekulé structures, for there are three perfect 
matchings for the graph H2, as shown in Fig. 12.7. Consequently, k2 = 3. 


Perfect M atchings: 

1) {aj, be, de, fg, hi} 
2) {aj, bg, ed, ef, hi} 
3) {ab, ed, ef, gh, ij} 


(H>) 


FIGURE 12.7 


For the general formula, consider the zigzag arrangement of n regular hexagons 
as shown in Fig. 12.8 on p.86. (Here the arrangement is for the case where nz is odd. 
However, the same argument follows for when n is even.) As we have seen throughout 
many of our other examples, there are two cases to consider: 


Case 1: If we do not use the edge vw, then we are forced into using the edge wv 
(to account for the vertex v) and the edge xw (to account for the vertex w). 
Upon removing the five edges tu, uv, vw, wx, and xy, along with the four 
vertices wu, v, w, and x, weno longer have the hexagon marked with («)— but 
we still have the edge ry, along with the vertices ¢ and y. So at this point we 
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FIGURE 12.8 


have reduced the problem to finding a perfect matching in the graph H,,_1. 
Consequently, there are k,1 perfect matchings in this case. 

Case 2: This time we will use the edge vw. Now we are faced with having to use 
the edge tu (to account for the vertex u) and the edge yx (to account for the 
vertex x). Furthermore, at this point, the edge ry cannot be used. So the only 
way we can account for the vertex s is to use the edge rs. Starting with the 
graph H,,, after we remove the 10 edges qr, rs, st, tu, uv, vw, wx, xy, yz, and 
yt, along with the eight vertices r,s, t, u, v, w, x, and y, westill have the edge 
qz, along with the vertices g and z. At this point the two hexagons marked 
with (x) and (::«) have been removed. To complete the perfect matching we 
have developed up to this point, we must now determine a perfect matching 
for H,-2. There are k,_2 perfect matchings available in this case. 


Since the situations in these two cases cover all possibilities and have nothing in 
common, it follows that 


kn =, kn-1 + kn-2, n = 3, ky = 2, k2 =. By 
SO 
kn = Fny2, n= 1. 

[In particular, the catafusene phenanthrene C 14H 9 (where n = 3) has Fj =5 
K ekulé structures, the catafusene chrysene C 1gH 12 (wheren = 4) has Fg = 8 Kekulé 
structures, and the catafusene picene C22Hi4 (where n=5) has F7=13 
K ekulé structures. ] 

Our next example deals with a special type of undirected graph called a tree. 
Example 12.4: Up to this point, all of the undirected graphs we have studied, have 
been made up of one piece. In Fig. 12.9 (i) we have an example of an undirected graph 


that is made up of two pieces, which are called components. The undirected graph in 
Fig. 12.9 (ii) has three components. T hus we say that the undirected graphs in Fig. 12.9 
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Uv 


(i) (ii) 
FIGURE 12.9 


are disconnected. On the other hand, when an undirected graph G is connected, then 
for any vertices v and w in G, there is a path from v to w (as well as a path from 
w to v). 

Each of the graphs in Fig. 12.10 is connected. The graph in Fig. 12.10 (i) has a 
loop at vertex f and a cycle of length 4, made up from the edges be, ed, dc, and cb. 
Meanwhile, the graphs in parts (ii) and (iii) of Fig. 12.10 are connected and have no 
loops or cycles. Under these circumstances, we call these two graphs trees. The tree 
in Fig. 12.10 (iii) is also a path. Note that the tree in Fig. 12.10 (ii) has six vertices 
and five edges, while the tree in Fig. 12.10 (iii) has four vertices and three edges. In 
general, if the undirected graph G is a tree with vertex set V and edge set £, then 
[V| =|E£/ +1. 


(i) (ii) (iii) 
FIGURE 12.10 
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(T ) 


FIGURE 12.11 


At times we want to have some extra structure in a tree. The tree 7 shown in 
Fig. 12.11 is called a rooted binary tree with the circled vertex r as the root. We call 
vertex a the left child of r and vertex b the right child. Likewise, vertex c is the left 
child of vertex a, while vertex / is the right child of vertex f. The graph made up of 
the vertices a, c, and d and the edges ac and ad forma subgraph of 7 thatis atree. This 
subgraph is called the left subtree of T (rooted at a). The vertices f, g, and A together 
with the edges fg and fh constitute the right subtree of b. Also, the vertex e by itself 
constitutes the left subtree of b. So a tree can consist of just one vertex (and no edges). 
Each of the vertices c, d, e, g, and h is incident with just one edge and is called a leaf 
of T. The other vertices— namely, r, a, b, and f—are called the internal vertices of 
T. The adjective binary tells us that each internal vertex has at most two children. 


Now we shall examine a special collection of rooted binary trees. 
The rooted Fibonacci trees 7;,, n > 1, are defined recursively as follows: 


(1) 7, is the rooted tree consisting of only the root. 
(2) 7 is the same as 7,— it too is a rooted tree that consists of only one vertex. 


(3) Forn > 3, T, is the rooted binary tree with 7;,_1 as its left subtree and 7;,_2 as 
its right subtree. 


The first six rooted Fibonacci trees are shown in Fig. 12.12. For n > 1, we want 
to determine the following: 

(1) Z,, the number of leaves in 7;,; (2) v,, the (total) number of vertices in 7;,; 
(3) i,, the number of internal vertices in 7;,; and, (4) e,, the number of edges 
in Ty. 


(1) To determine /,,, we see from part (3) of the recursive definition of 7, that the 
number of leaves in 7;, is the sum of the number of leaves in its left subtree 7;,_1 and 
the number of leaves in its right subtree 7;,_2. Consequently, we find that 


ln =In-tthh2, n>3, H=1, 2 = 1, 
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FIGURE 12.12 
and 
ly = Fh. 


(2) The number of vertices in 7,,, however, is not quite the sum of the numbers of 
vertices in its left subtree 7;,_1 and its right subtree 7;,,_2. For we must also account 
for the root of 7;,. Consequently, this leads to 


eH ya tye, pe 3.0 we 


Thisis an example of alinear nonhomogeneous recurrence relation (with initial condi- 
tions). M ethods for solving such recurrence relations are given in References [11, 25, 
47]. However, here we shall take a different approach. Examining the six Fibonacci 
trees in Fig. 12.12, we find the following: 


vy =1l=2-1-1=2F,-1 
v2=1=2-1-1=2F2-1 
v3=3=2-2-1=2F3-1 
v4=5=2-3-1=2F,-1 
ve =9=2-5-1=2F5-1 
ve =15=2-8-1=2F,-1. 


These results lead us to conjecture that for all n > 1, v, = 2F, — 1. To establish 
this conjecture, we shall use the Alternative, or Strong, form of the Principle of 
M athematical Induction. 


Proof: From the results we listed, we can see that the conjecture is certainly true for 
n=1andn =2 (aS well asn = 3, 4, 5, and 6). This will establish the basis step for 
our inductive proof. N ext we assume the result true for all positive integers n = 1, 2, 
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wk —1,k (> 2). Now forn =k + 1, we have 


Un = Uk4+1 
=vp+up-1+1 
= (2F, —1) + (2Fy_1 — 1) + 1 (By the induction hypothesis.) 
= 2(Fy + Fe_-1)-1 
= 2Fy41-1. 


Consequently, by the Alternative, or Strong, form of the Principle of M athematical 
Induction, it follows that 


VU, =2F,—-1, n2>1. 


(3) Since vp = In + in, forn > 1, we find that 


in = Up —lp =(2F, -1)—-Fp =F, -1, n=. 


(4) Finally, as we mentioned earlier, the number of vertices in any tree is one 
more than the number of edges, so 


€n = Vn —1=(2F, —1)-1=2F,-2, n>. 


M ore on rooted Fibonacci trees can be found in References [7, 27]. Reference [36] 
includes a proof that the edges of a rooted Fibonacci tree can be partitioned into two 
subsets which result in isomorphic graphs. 


Example 12.5: In this example we introduce one of the many properties that arise 
in the study of graph theory. Let us start with the graph G in Fig. 12.13. Here the 
vertex set V = {a, b, c, d, e}. |f we now restrict our attention to only the vertices in 
W = {a, b, d}, we see that there is no edge in G1 connecting any two of the vertices 
in W—that is, none of the possible edges ab, ad, or bd appear in the graph. This 
observation leads us to the following: 


Definition 12.1; Let G be an undirected graph with vertex set V. A subset W of V 
is called independent if there is no edge in G with its vertices in W. 


Consequently, when dealing with an independent set of vertices, no two of the 
vertices in the set can be neighbors. 
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FIGURE 12.13 


For the path graph G2 of Fig. 12.13, we find the following independent sets of 
vertices. 


Size of Independent Set Independent Set(s) 


0 @ 
1 {wh, {x}, {y}, {2} 
2 {w, y}, {w, zh (x, z. 


SO G2 has eight independent subsets of vertices—including @. Finally, we shall 
consider the path on n vertices shown in Fig. 12.14 and let i,, count the number of 
independent sets of vertices that exist for this graph. We find that i; = 2, for @ and 
{vz}, while iz = 3, for @, {vz}, and {v2}. Forn > 3, if wetry to select an independent 
subset of {v1, v2, ..., U;—2) Un—1, Un}, there are two cases for us to examine: 


(1) If we do not use the vertex v,,, then we can use any of the i,_1 independent 
subsets of {v, v2, «+, Un—2, Un—1}. 

(2) If wedo use the vertex v,,, then we cannot use the vertex v,_1. But, in addition, 
we can then use any of the i, 2 independent subsets of {v1, v2, ..., Un—2}. 


FIGURE 12.14 
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Since the subsets in these two cases cover all the possibilities and have nothing in 
common, it follows that 


in =in-1+in-2, n>3, i, =2, i2 =3, 
SO 
in = Fn42 n= 1. 


This result should not be very surprising! After all, except for a change in vocab- 
ulary, we have already come upon this result in two earlier situations: 


(1) In Example 5.1, where we counted the number of subsets of {1, 2, 3, ..., n} 
where there are no consecutive integers. 

(2) In Example 8.1, where we determined the number of ways to place nontaking 
kings on a1 x n chessboard. 


Should the reader feel cheated by these three examples that are really just one, 
let us consider something definitely new. Start by taking the path in Fig. 12.14 and 
adding the edge v,,v1. The resulting undirected graph is the cycle on n vertices shown 
in Fig. 12.15 (a). Now weshall let c,, count the number of independent sets of vertices 
for V = {v1, v2, V3, +) Un—2, Un—1, Un} in this cycle. A gain we consider two cases: 


(i) Suppose we do not use the vertex v,. Then we remove from the cycle the 
vertex v, along with the edges v,_1v, and vzv,. Left behind is a path on the 
n — 1 vertices: v1, v2, V3, «) Un—2, Un—1. From our prior work with paths, we 
know that this undirected graph has i,-1 = F(n—1)+2 = Fn+1 independent sets 
of vertices. 

On the other hand, if we do use the vertex v,, then we cannot use either of the 
vertices v1 OF vz_1. Upon removing the three vertices v1, v,»-1, and vy, along 
with the four edges v1v2, v1Un, Vp—2Un—1, ANA Vyz_1Upn, from the given cycle, 
this time we arrive at the path on the n — 3 vertices: v2, v3, ..., U,—2. This path 
determines i,-3 = F(n—3)42 = Fn—1 independent sets of vertices for the cycle. 


(ii 


— 


Cases (i) and (ii) cover all the possibilities and have nothing in common, so 


Cn = in-1 t+ in 3= Fruit Ff 1, n> 4, 


Consequently, we can write 


Cn-1 = Fy + Fn-2 
Cn—-2 = Fy-1 + Fy-3. 
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From this it follows that 


FIGURE 12.15 


Cn-1 + Cp—2 = (Fr + Fy-2) + (Fai Sm F,-3) 


ntl + Frn-1 


= Cie 


ami (Fr + F,-1) oe (F,-2 a F,_3) 
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So we now have the recurrence relation cy = cn—1 + cn—2, which is exactly like 
the recurrence relation for the Fibonacci numbers. Consequently, we get the same 
characteristic equation— namely, r2 — r — 1 = 0— and the same characteristic roots: 
(1+ /5)/2 =a and (1 — /5)/2 = B. Therefore, cy = kia” + k2B", where ky and 
k2 are constants. B ut what about the initial conditions? It should not be surprising that 


the initial conditions here will be different from those for the Fibonacci numbers. 


Although cycles are generally defined when there are at least three edges, here 
we Shall allow the cases for when there is only one edge (for a loop) or two edges 
(for acircuitin a multigraph). When m = 1, we see from Fig. 12.15 (b) that for this 
loop there is only one independent set— namely, @— since vj is a neighbor of itself. 
So c1 = 1. For n = 2, consider the circuit on the vertices v1, v2 in Fig. 12.15 (c). 
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Here there are three independent sets: @, {v1}, and {v2}. So cz = 3. Consequently, 
we arrive at 


Ch =Cn-1 ten-2, n>3, c1=1, c2 =3. 
From 
l=c=hat+kB and 3=c= ko? + k2B?, 
it follows that 
a=kho+kop=ko? —k, sinceap=—l. 
Subtracting a = kya? — k from 3 = kya? + kp 62, we arrive at 


3-a=hp +k =(62+1ko =(B+2)k2, because 62 = B+1. 


So 
3-—a=(3-a)k2, asa+f=1, 
and 
kg =1, since3-a 40. 
And now 


l=ka+hQBoala=kha+poha=1-B=a5kh=1, asa. 
Hence, 
Ch =a" + 6", n=l. 

W hat we have here is the number sequence known as the Lucas (pronounced, L ucah) 
numbers— sort of the first cousin of the Fibonacci numbers. Here “Lucas” refers to 
the same renowned French number theorist Francois Edouard Anatole Lucas, who 
was mentioned in Chapter 2. We denote these numbers by L,,, for n > 0, and define 
them recursively by 


Ly =Lp-1+Ly-2, n>2, Lo =2, Li =1. 


(Here we have extended this number sequence to include the case for n = 0.) 
The formula 


L, =a" +p", n=O, 
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is called the Binet form for L,. These numbers arise in other examples and possess 
a great number of interesting properties. In the next chapter, we shall look into some 
of these examples and properties. In the meantime, we provide a list of the first 25 
Lucas numbers in Table 12.1. 


TABLE 12.1 


Lo =2 L5=11 Lip = 123 Lis = 1364 L279 = 15,127 
L,=1 Le = 18 Ly, = 199 Lig = 2207 Ly, = 24, 476 
L,=3 L7=29 Ly = 322 Ly = 3571 Ly = 39, 603 
L3=4 Lg =47 L133 = 521 Lig = 5778 L23 = 64,079 
Ly=7 Lo = 76 Lig = 843 Lig = 9349 Ly4 = 103, 682 


FIGURE 12.16 


Example 12.6: Consider the undirected graph in Fig. 12.16, where V = {a, b, c, d, 
e, f,g, h} and E = {ab, bc, bd, be, cd, ef , eg, eh}. \n this graph the subsets Vy = {a, 
d, f} and V2 = {b, f, g, h} are both independent sets of vertices. However, there is 
an important difference between these two independent sets. Notice that we could 
enlarge V; to the subset {a, d, f, g} which is still independent. For V2, however, 
any attempt to add another vertex to V2 results in a subset of V that is no longer 
independent. This example leads us now to the following idea. 


Definition 12.2: Let G bean undirected graph with vertex set V and edge set E and 
no loops. An independent subset W of V is called maximal independent if for each 
ve V where v ¢ W, the vertex set W U {v} is not independent. 
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When W is a maximal independent subset of V, then for each vertex u « V we see 
that (i) if w « W, then u has no neighbor in W; and, (ii) if w ¢ W, then u has a neighbor 
in W. 


U2 
ae ej 
Uy U3 U4 


FIGURE 12.17 


Now we shall consider a special type of tree called a caterpillar. The tree in Fig. 
12.17 is an example of a caterpillar. The vertices v1, v2, v3, and vq together with the 
edges vj v2, v2v3, and v3uq constitute a path that forms the spine of the caterpillar. 
Every other vertex of the caterpillar is a neighbor of one (and only one) of the vertices 
on the spine. Note that the vertices a and j, and the edges av, and vq j, are not part of 
the spine. Each of the edges of the caterpillar that is not part of the spine is called a 
hair of the caterpillar. In Table 12.2, we have listed some of the maximal independent 
sets of vertices for the caterpillar in Fig. 12.17, along with the vertices (if any) on the 
spine that occur in the maximal independent set. 


TABLE 12.2 

Maximal Independent Subsets W Spine Vertices in W 
{v1, d, e, Ei; v4} V1, U4 

{a, b, c, v2, e, f, va} V2, U4 
{v1,d,e, f, g,h,i, j} V1 

{a, b,c, d, e, f, va} U4 

{a, b, c,d, e, f, g,h, i, J} There are none. 


Werealize from the results in Table 12.2 that we cannot select vertices on the spine 
that are neighbors. Furthermore, if we do not select a vertex v on the spine, then we 
must select all the vertices, not on the spine, that are neighbors of v. Consequently, a 
maximal independent set of vertices for this caterpillar is determined by a subset of 
vertices on the spine with no consecutive subscripts. As we learned in Example 5.1, 
thisis8 = Fe. 

In general, for n > 1, let us consider a caterpillar whose spine is a path made up 
of n vertices (and n — 1 edges). We label the vertices along the spine as v1, v2, v3, ..., 
Un—1, Un, SO that the edges of the spine are v1 v2, v2V3, ..., U;—1Un. Furthermore, we 
assume that there is at least one hair for each vertex on the spine. (So there are no bald 
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spots.) Then the number of maximal independent sets of vertices for this caterpillar 
is the number of subsets of {1, 2, 3, ..., 2 — 1, n} with no consecutive integers. From 
Example 5.1 this number is F,,42. 
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1. 


woo ~ 


Consider the ladder graph in Fig. 12.4 (e). Form = 10, the ladder has 10 rungs. 
(a) How many perfect matchings are there for the ladder graph with 10 rungs? 
(b) How many of the perfect matchings in part (a) contain the edge x4 y4? 


. Let be an even integer with n > 4. 


(a) How many perfect matchings are there for the path with vertex set 
{U1, V2, U3, «.-, Un—1, Un} and edge set {v1 v2, v2U3, ..., Un—1Un}? 

(b) How many perfect matchings are there for the cycle with vertex set 
{v1, V2, U3, «.., Un—1, Un} and edge set {v1 v2, v2V3, ..., Un—1Up, Unt}? 


. Thegraph in Fig. 12.4 (a) is often referred to as the comb graph with x teeth. Set 


up and solve a recurrence relation with initial condition(s) to count the number 
of independent sets of vertices for this graph. 


. Consider the graph in Fig. 12.18. Set up and solve a recurrence relation with 


initial condition(s) to count the number of perfect matchings for this graph. 


. Set up and solve a recurrence relation with initial condition(s) to count the 


number of independent sets of vertices for the graph in Fig. 12.18. 


Y1 Y2 ¥3 Yn-1 Yn 
Ty 2 3 En Tn 
FIGURE 12.18 


. For the caterpillar in Fig. 12.19 on p. 98, why is {a, b, c, v2, v6, g, A, i} nota 


maximal independent set of vertices? Does this contradict the resultin Example 
12.6? 


. Forn > 0, prove that gcd(L,,, Ln41) = 1. (This is comparable to Property 4.1.) 
. Forn = 0, provethat gcd(Z,, Ln+2) = 1. (This is comparable to Property 4.2.) 
. Provide an example to show that gcd(L,,, Ln4+3) # 1 for somen = 0. 

. Forn = 0, provethat )) Ly = Lyy2—1. Whatis 7 L,? (Thisis com- 


parable to Property 4.5.) 
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11. 


12. 


13. 


14. 


15. 


16. 
ive 


18. 
19. 
20. 
21. 
22. 
23. 
24. 
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FIGURE 12.19 


For n > 0, prove that ae L? = LyLny1 +2. What is as L?? (This is 
comparable to Property 4.6.) 

Forn > 1, provethat ae L2-—1 = L2n — 2. (This is comparable to Property 
4.7.) - 

For n > 0, prove that YS Lz, = L2n41 + 1. What is en L2,? (This is 
comparable to Property 4.8.) 

For n > 1, prove that Ly_1Ln41 — L2 = 5(—1)"-+. (This is comparable to 
Cassini's identity in Property 4.9.) 

Use the Principle of M athematical Induction to prove that for n > 1, 


n 
Son Er = La + 2L2 t+ 303 + + nb, = nba — Lny3 +4 


(This formula is an example of a weighted sum involving the Lucas numbers. ) 
For n > 0, prove that S~Z_9 (7) Le = Lan. 
For n => 0, prove that 


se (aera: = 2"L, +2. 


Determine liMn—oo( Fn/Ln). 

Determine lim, 00(Ln41/Ln). 

For k (> 1) fixed, determine limy_so0(Fn4x/Ln). (T. P. Dence, 1968) [18]. 
For k(> 1) fixed, determine liMn—oo(Ln+x/ Fn). (T. Koshy, 1998) [37]. 
For n > 0, prove that S~?_o(—1)"* (2) Lax = Ln. 

Forn > 0, provethat L2 + 12.) = Lan + L2n42. (T. Koshy, 1999) 

For n => 0, prove that 


ae one 8 


25. 


26. 


27. 
28. 
29. 


30. 
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For n > 0, prove that 
2 
4 4 4 
(e + Lisl aa Lis2) = 2(L, + Lay + Ly42). 
For n > 0, prove that 
L3n = Dalia "r (—1)"]. 


For n > 0, prove that L3, is even. 
For n > 1, prove that L, — 3L,—1 Is divisible by 5. 
For n > 0, m (> 0) fixed, prove that 


ae (") Lmilimn—mi = 2) Lwin + 2L. 


For n > 0, prove that 
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Ms CHAPTER 13 


The Lucas Numbers: Further 
Properties and Examples 


At this point we have seen many examples where the Fibonacci numbers arise— and 
there are still more to come. In addition, in the text and, especially, in the exercises, 
we found that there are numerous properties that this number sequence exhibits. T he 
Lucas numbers likewise exhibit many interesting properties. In fact, now that we are 
aware of both of these number sequences, we find that there are some properties inter- 
relating the two sequences. Our next example will provide some of these properties. 
M any more appear in the exercises for this chapter. 


Example 13.1: Previously, in Example 12.5, weleti,, count the number of indepen- 
dent sets of vertices for a path on n vertices and c, the number of independent sets of 
vertices for a cycle on n vertices. In that example we learned that 


Cn =in-1 tin-3, n> 4. 


Since c, turned out to be the Lucas number L,, and i, = F,+2, this result translates 
into the following: 


Property 13.1: 
Ln = Foti t Fr-1, ned, 


And from this the next property follows. 


Property 13.2: 
Ln = Fanti t Fh-1 
= (Fyi2 — Fn) + (Fa — Fr-2) 
= Fy42— Fn-2, Woe ds 


This second property can be used to provide additional examples where the Lucas 
numbers arise: 


Fibonacci and Catalan Numbers: An Introduction, First Edition. Ralph P. Grimaldi. 
© 2012 J ohn Wiley & Sons, Inc. Published 2012 by J ohn Wiley & Sons, Inc. 
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(i) In Example 6.2 we learned that the number of compositions of n, where the 


(ili 


— 


— 


— 


only summands allowed are 1’s and 2’s, is F,41. Of these F;,+1 compositions 
of n, the number that start and end with the summand 2 equals the number of 
compositions of n — 4, using only 1’s and 2’s as summands. That number is 
F,—3. Consequently, the number of compositions of n (using only 1’s and 2’s 
as summands) that do not start and end with the summand 2 is the sameas the 
number of compositions of n (using only 1's and 2’s as summands) where 1 
is the first or last summand. This number is 


Funai — Fa 3= Fin 1)42 — Fin 1) 2 = Ly-1. 


Likewise, the number of these F;,41 compositions that do not start with “1 + 
1” and do not end with “1 + 1” is L,_1. In addition, those compositions of n 
that do not start and end with the summand 1 number Fyn41 — Fy—1 = Fr. 


In Example 6.4, the number of paths from the starting cell S to cell n was 

found to be F,,41. Here we find that 

(1) Ln—1 of these paths do not start with the horizontal move Cell S > 
Cell 2 and do not end with the horizontal move Cell (n — 2) — Cell n. 

(2) Forn even, there are L,-1 paths that do not start with Cell § \ Cell 1 7 
Cell 2 and do not end with Cell (n — 2) \ Cell (n —1) 7Call xn. 

(3) Forn odd, there are L,_1 paths that do not start with Cell S \ Cell 1 7 
Cell 2 and do not end with Cell (n — 2) 7 Cell (n —1) \ Cell n. 

(4) For n even, there are F,, paths that do not start with Cell 5 \, Cell 1 and 
end with Cell (7 — 1) 7 Cell n. 

(5) For n odd, there are F,, paths that do not start with Cell S \, Cell 1 and 
end with Cell (7 — 1) \ Cell n. 


For the tilings of the 2 x n chessboard in Example 7.1, we find the following: 

(1) The number of tilings that do not have two (horizontal) dominoes cover- 
ing the four squares in columns 1 and 2 and two (horizontal) dominoes 
covering the four squares in columns n — 1, 7 iS Fyy1 — Fy—3 = Ly-1. 

(2) The number of tilings that do not have two (vertical) dominoes cover- 
ing the four squares in columns 1 and 2 and two (vertical) dominoes 
covering the four squares in columns n — 1, nis Ly_1. 

(3) The number of tilings that do not have a (vertical) domino covering the 
two squares in each of columns 1 and nis Fy. 


Comparable results take place for the tilings of the 1 x n chessboard in 

Example 7.2: 

(1) The number of tilings of the 1 x m chessboard that do not lead off and 
end with al x 2 rectangular tile is L,,-1. 

(2) The number of tilings that do not lead off and end with two 1 x 1 square 
tiles is Lj,—1. 
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(3) Thenumber of tilings that do notlead off with and end withal x lsquare 
tile is Fy. 

(v) Finally, let us examine the perfect matchings for the ladder graph in 

Fig. 12.4 (e) of Example 12.2. Here we find that 

(1) The number of perfect matchings that exclude the pair of edges x1y1, 
x2y2 and exclude the pair of edges x,—1yn—1, Xn Yn |S Ly-1. 

(2) The number of perfect matchings for the ladder graph with n rungs that 
exclude the pair of edges x12, y1y2 and exclude the pair of edges x,1x), 
Yn—1Yn is Ly-1: 

(3) Thenumber of perfect matchings that exclude both of the edges x11 and 
Xn Yn is Fy. 


In Examples 13.3 and 13.4 weshall examine two special types of partially ordered 
sets (also called posets)— namely, the fence and the closed fence, or corral. Before 
doing so, however, we review the following background material. 


Definition 13.1: For aset A, preferably not empty, any subset of A x A is called 
a (binary) relation on A. If R is a relation on a set A— that is, R C A x A—then 
if (x, y) € R, we may also write xRy, and in either case say that “x is related to y” 
(under R). Furthermore, we say that 


(i) Ris reflexive if (a, a) e R (or aRa) forallae A. 
(ii) 7 is antisymmetric if for all a, be A, [(a,b) « Rand (b,a)eR] Sa=b. 
(iii) Ris transitive if for all a, b,c € A, [(a, b) e Rand (b,c) e R] > (a,c) eR. 


Definition 13.2: If R is arelation on A, then F is called a partial order if R is 
reflexive, antisymmetric, and transitive. In this case, we say that (A, 7)— the set A 
with the partial order R—is a partially ordered set or poset. 


Example 13.2: Consider the set A of all positive (integer) divisors of 12. This 
is often denoted by D(12), where D(12) = {1, 2, 3, 4, 6, 12}. We define the 
relation R on D(12) by (x, y) e« R, or xRy, when x (exactly) divides y. So 
R = {(1,1), (1,2), (1,3), (1,4), (1,6), (1,12), (2,2), (2,4), (2,6), (2,12), 
(3,3), (3,6), (3,12), (4,4), (4,12), (6,6), (6,12), (12, 12)}. We see that R isa 
poset and realize that the antisymmetric property follows because we have restricted 
ourselves to positive integer divisors. 


We can represent a relation R on a set A by means of a directed graph. The 
elements of A provide the vertices of the graph. For x, y« A, if (x, y) « R— that is, 
xRy— then we draw the directed edge x¥ from the vertex x to the vertex y. For the 
poset D(12) with its partial order R, as given above, when c, d¢ D(12) and c (exactly) 
divides d, then cRd and we draw the directed edge ca. The resulting directed graph 
for this partial order is shown in Fig. 13.1(a). Since a partial order is reflexive, there 
is a loop at each vertex. Next, due to the antisymmetric property, for (vertices) x, 
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12 


(a) (b) 
FIGURE 13.1 


y € D(12), if x # y, then the directed graph cannot contain both the directed edge 
xy and the directed edge yx. Finally, this directed graph demonstrates the transitive 
property: for (vertices) x, y « D(12), if there is a directed path from x to y, then the 
directed edge x¥ also occurs in the graph. 

Unfortunately, this directed graph is somewhat cluttered. To simplify the situation, 
we introduce the concept of the Hasse diagram for a (finite) partial order. In Fig. 
13.1(b) we find the Hasse diagram for the partial order in part (a) of the figure. How 
did we arrive at this result? Since we know that a partial order is reflexive, we do 
not bother to place a loop at each of the vertices in D(12). Also, whenever we have 
a directed path from x to y in a Hasse diagram, the transitive property for a partial 
order tells us that we must also have the directed edge x¥ in our directed graph. For 
the Hasse diagram, however, we simply acknowledge that the edge exists but do not 
bother to include it in the diagram. Finally, we adopt the convention that the edges 
are all directed upward, but do not bother to direct the edges in the diagram. Asa 
result, the Hasse diagram in Fig. 13.1(b) is certainly a simpler and less cluttered 
counterpart to the directed graph in Fig. 13.1(a). 


At this point we need to introduce one final idea. 


Definition 13.3: If (A, 7) is apartial order, a subset J of A is called an order ideal 
(or semiorder) of (A, R), if for all x, ye A, when x € J and yRx, then ye J. 


Now for a new instance where the L ucas numbers arise! 
Example 13.3: We shall start with the Hasse diagrams for the three partial orders in 


Fig. 13.2 on p. 104. These partial orders are examples of fences or zigzags. We shall 
denote them by (Z,,, 7), where n is the number of vertices in the Hasse diagram. 
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x2 x2 x x2 x4 
XY x3 XY X3 XY X3 x5 
x1 Rxr2 xyRr2 13Rxr4 x1Rx2 x3Rx4 
x3Rx2 x3Rx2 x3Rx2 x5Rx4 
(a) 23 | (b) Za | (C) Zs 
FIGURE 13.2 


The relation 72 is determined as follows: If x, and xg41 arein Z,, then (1) x,Rxp41 
when k is odd; and (2) xz417ex, when k is even. For (Z3, R) and (Z4, R), we find 
the following order ideals: 


Partial Order Order Ideals 
(Z3, R) ©, {xi}, {x3}, {x1, x3}, {1, X2, x3} 
(Za, R) ©, {xi}, {x3}, {x1, x3}, {x1, X2, x3} 


{x3, Xa}, {x1, x3, Xa}, {x1, X2, X3, xa} 


To determine the number of order ideals for (Zs, R), we have two options: 


(1) We use x5: Here we simply take any order ideal for (Z4, 7) and add in xs. 


(2) We do not use x5: Now we cannot use x4, because for any order ideal J of 
(Z5, R), 


[xq eT and x5Rx4q] > x5 € I. 
So in this case, we are left with any of the order ideals for (Z3, R). 


Consequently, the partial order (Z5,R) has 8 (= Fe) + 5 (= Fs) = 13 (= FH) 
order ideals. 


Before we try to immediately generalize this result, a little more caution is needed. 
So let us consider the partial order (Z¢, R), as shown in Fig. 13.3. As wetry to count 
the number of order ideals for this partial order, once again there are two cases to 
consider. There is, however, a difference. 


(1) Suppose that 7 is an order ideal of (Zs, R) and that xg « 7. Then x5 « J and we 
can add these two elements to any of the order ideals of (Za, 7). 
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v2 v4 XG 
Ly X3 xs 
r1Rx2 r3Rx4 r5Rx6 
x3Rx2 rRaq 
4 
FIGURE 13.3 


(2) On the other hand, suppose that / is an order ideal of (Z¢, 72) and that xg ¢ J. 
Then J can be any of the order ideals of (Zs, 7). 


Therefore, the partial order (Z¢, 7) has 8 (= Fe) + 13 (= Fy) = 21 (= Fe) order 
ideals. 


N ote how the results in (1) and (2) for (Z5, R) are the opposite of those in (1) and 
(2) for (Ze, 2). However, we now see that the following is true whether n is even or 
odd. If we let o,, count the number of order ideals for the partial order (Z,,, R), then 


On = On-1 + On-2, n>3, 1 =2, 02 =3, 
and 
On = Fn42, N= 1. 


Turning our attention to the partially ordered fences in Fig. 13.4 on p. 106, we find 
the following: 


Order Ideals 
Figure 13.4 (a) @, {yi}, {¥o, yuh 
Figure 13.4 (b) ©, {yi}, {yo, yi}, {¥1, yas, {yo, Yi, ya} 
Figure 13.4 (c) ©, {yi}, {yo. yi}, 


{y3}, {y1. v3}, (Yo. Yi. v3}. (915 y2, V3}, {Yo V1, Y25 3} 


Here we see that the number of order ideals for the partial order in Fig. 13.4 (c) is 
8 (= Fg), the sum of the numbers of order ideals for the partial orders in Fig. 13.4 (a) 
and Fig. 13.4 (b). Comparable to our preceding result for {x1, x2, ...,X,}, here one 
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Yo Yo Y2 Yo Y2 
M1 
Y M1 43 
nyo yiRyo mRyo y3Ryo 
yrilyp yrkyp 
(a) (b) (c) 
FIGURE 13.4 
finds that the number of order ideals for {yo, v1, y2, ---, Yn}, with the relation R as 


shown in Fig. 13.4, is F,43, forn > 1. 


Our new examples have provided more places where the Fibonacci numbers arise. 
But where are the Lucas numbers? To answer this we introduce a new type of partial 
order called the closed fence or corral. 


Example 13.4: In Fig. 13.5 we find the closed fences for 2 and 4 elements, respec- 
tively. For this type of partial order, the underlying set has an even number of elements 
and, for n > 4, we see that the difference between the closed fence and the fence on 
n vertices is that for the closed fence we also have x1Rx,. The two closed fences 
shown in Fig. 13.5 have the following order ideals. 


Order Ideals 
Fig. 13.5 (a) SD, {xi}, (x1, x2} 
Fig. 13.5 (b) SD, {xr}, {x3}, (x1, x3}, 


{x1, %2,.%3}, {X1, x3, Xa}, (x1, X2, 3, Xa} 


So the first closed fence has 3 (= L2) order ideals, while the second closed fence has 
7 (= La) order ideals. To determine the number of order ideals for the closed fence 
when n = 6, we use the results in Fig. 13.6 to lead the way. For the closed fence in 
Fig. 13.6 (a) there are two considerations: 


(1) If we place x¢ in the order ideal, then we must include x1 and xs, since x1R.x6¢ 
and x5?x¢. Upon removing x1, x5, and x6 from the Hasse diagram in Fig. 
13.6 (a), we arrive at the Hasse diagram in Fig. 13.6 (b). So here we will add 
x1, x5, and xg to any order ideal for the fence in Fig. 13.6 (b). From our earlier 
result for Fig. 13.4 (b) we know that there are 5 (= Fs) such order ideals. 
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2 x2 v4 
Ly ry X3 
2,Rxz 2,Rxz r3R2Xz 
x1Rx4 x3Rx4 
(a) (b) 
FIGURE 13.5 


(2) If xg is not placed in the order ideal, upon removing x¢ from the H asse diagram 
in Fig. 13.6 (a), we obtain the Hasse diagram in Fig. 13.6 (c). Our previous 
work with Fig. 13.2 (c) indicates that this case provides 13 (= F7) order ideals. 


So, in total, this closed fence (on six vertices) has5 +13 = FR + F7=18 =L¢ 


order ideals. 


The preceding argument can be generalized to show that the closed fence on n 


vertices, where 7 is even, has 


Fn—-1 + Fr4i = Ln 


order ideals, for n > 2. This follows from Property 13.1. 
(M ore on partial orders, fences, and closed fences can be found in R eference [48].) 


v2 


aa 


x,Rxz 


x,Rx65 


(a) 


v4 
X3 xs 
@3R2  xt5Rxy 
x3Rr%4, =r, Rae 


X% 


v2 


r3 


x3Rxz 


x3Rx4 


(b) 


va 


x2 ry 
Ly 23 x5 
x,Rxz x3RxL4 
x3Rxz as5Rry4 
(c) 


FIGURE 13.6 
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In Theorem 13.1 we shall come upon another recursive formula to determine the 
Fibonacci numbers. This time, however, we shall determine F,,41 by using only its 
immediate predecessor F,,. Consequently, we cannot expect this result to be linear. 

This formula, along with a comparable one for the L ucas numbers, was discovered 
in 1963 by S. L. Basin, while at the Sylvania Electronic Systems at M ountain View, 
California. To derive these formulas, we need the following new properties, which 
the reader will be asked to verify in the exercises for this chapter. 


Property 13.3: 

Fy + Ly =2Faui, forn >= 0. 
Property 13.4: 

2Ln41—Lyn=5Fn, forn>0. 
Property 13.5: 


L?—5F* =A(-1)", forn>0. 
Theorem 13.1: Forn > 0, 


Fy + /5 F2 +4(-1)" 


(a) Foy = 5 ,and 
La + J/SIL2 — 4-1") 
(b) Ln41 = 5 ; 


We shall prove part (a) and leave the proof of part (b) for the Exercises. 


Proof: From Property 13.3 we know that F, + Ly = 2Fy41, $0 2Fn41 — Fn = Ln. 
Substituting this into Property 13.5 we find that 


(2Fn41 — Fn)? — 5? = 4(-1)" 
(2Fy41 — Fy)? = 5F2 + 4(-1)" 


2Fn41 — Fy = +\/5F2 + 4(-1)" 
F,t VJ 5F2 + 4(-1)" 


F, = 
n+1 2 


Since F,, > 0, it follows that 


Fy + /5 F2+4(-1)" 


2 


Fri = 


Our last theorem for this chapter provides a generalization of the Cassini identity 
of Property 4.9. It uses a result that readily follows from Property 13.5. This gen- 
eralization was established in 1879 by the Belgian mathematician Eugene Charles 
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Catalan (1814-1894). We will meet with this mathematician once again in the second 
part of this book. 


Example 13.5: Before we state the generalization of Cassini's identity, let us con- 
sider the following: 
For n > 0, using the Binet form for the Lucas numbers, we see that 


ie = (a + pr")? a qt 4 pr she 2(ap)” 
= L2,+2(—1)",  sinceap = —1. 


Then Property 13.5 leads us to 5F% = L2 — 4(—1)" = [Ln + 2(—1)"] — 4(-1)" = 
L2n — 2(—1)" or 


5 F? + 2(-1)" = Lan. 
This will now help us to establish the following: 
Theorem 13.2: (Catalan’sG eneralization of theC assini Identity): Forn > r > 0, 
jane ee cides as aay ce 


Proof: Using the Binet form for the Fibonacci numbers, we see that 


FntrFn—r — Fe 
gtr — gntr nr gn-r a” — B” 2 
a— Bp a— Bp ao 
a2" — gtr gn r gn rpntr 4 gin a2” — 2(aB)" + p2" 
5 5 


because (a — 6)* = (/5)* = 5. SinceaB = —1, wehavea~! = —Band p-! = -a, 
and this takes us to 


—(oB)" a" B~" — (oB)" a7" B+ 2(—1)" 
—(-1)"a"(6-!) “aleve Pane 
(=) heer | 1) Be eel)? 

(—1)"(-1)'a?" Cay 1)"p*" + 2(—1)" 
(-1p for + ere Al? 
5 
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(—1)"" 1b, + 2(-1)" 
5 
(—1)y 5 F? + 2(-1)77] + 2(-1)" 


= 5 , from Example 13.5 


= (-1ynrtlp2 4 (5) [(—aystett 4 (1) 


= (Sayeer tee au (5) [(—1)"+! is (—1)"] = (Sire 


EXERCISES FOR CHAPTER 13 


1. 


(a) Cinda and Katelyn have a 1 x 25 circular chessboard made up of 
25 curved squares, numbered 1, 2, ..., 25— with curved square 1 fol- 
lowing curved square 25. In how many ways can they tile this chessboard 
with curved 1 x 1 square tiles and curved 1 x 2 rectangular tiles? 

(b) In how many ways can they place nontaking kings on their 1 x 25 circular 
chessboard? 


. Let A be the set of all positive and negative (integer) divisors of 6. Define the 


relation R on A by xRy if x (exactly) divides y. Is R a partial order for A? 
Why? 


3. Forn > 0, prove that Fo, = FyLn. 


& 


14. 
15. 


. Use the Binet forms for the Fibonacci and Lucas numbers to prove that for 


n>1, Fy—-1 + Fat = Ln. 


. Forn = 1, prove that L,-1 + Lny1 =5 Fh. 
. Forn = 0, prove that 27,41 = Fy + Ly. 

. Forn = 0, prove that 2L,41 =5F, + Ly. 
. Forn > 0, prove that L2 — 5F? = 4(-1)". 


For m>n > 0, provethat Lz ,L2, = L*,, +5F? 


m+n m—n* 


. Forn = 0, prove that Sto (7) Fa Fn—« = (1/5) (2"L, — 2). 
. Forn > 0, prove that yl —l 2A = 5". (J. L. Brown, Jr, 1967) 


[10]. 


. Forn = 0, prove that Ln41 = (Zi + 5 [Lz - 4(-1)"]) 2. 
. Forn = 0, prove that 


n 


- (*) gn as 


k=0 


For m,n > 0, prove that 22 nin = 5Fin Fy + LinLn. 
For n > 2, prove that 5 Fon43 Fan—3 = Lan +18. (Blazej, 1975) [4]. 


16. 
17. 
18. 
19. 
20. 


21. 


22. 


23. 
24. 


25. 


26. 


27. 


28. 


29. 
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For m,n > 0, prove that Fi,Ln + Film = 2Fintn. (Blazej, 1975) [5]. 

For m,n > 0, prove that Lain —(—1)"Ly = 5 Fin Fin tn: 

For m,n > 0, prove that Fomtn + (—-1)”" Fn = FintnLm- 

For m,n > 0, prove that Fomtn —(—1)”" Fr = FinLintn- 

Form > 0,n > 1, prove that Lintn = FinttLn + FinLn-1. (This is compa- 

rable to Property 7.1.) 

(a) Forall n => 1, prove that 232 L, +144 L,-1 = (Fi3 — Lyn + Fizkn-1 
is divisible by 10. 

(b) In Exercise 15 of Chapter 7, we learned that the sequence of units digits of 
the Fibonacci numbers has period 60. Determine, with proof, the period 
for the sequence of units digits of the Lucas numbers. 


(a) Forn > 0, prove that 22, + Lys. =5Fy41. 

(b) For n > 0, prove that 4nL,41 —2F, is a multiple of 10. [An equiva- 
lent way to express this result is as follows: forn > 0, 4nLy,41 —2F, = 
0 (mod 10).] 

Forn > 1, prove that 3”—-1 — L,, is divisible by 5. 

The generalized Fibonacci numbers are defined by 


Go =(b-—a), Gi=a, and Grz=Gnr-14+Gnr_2, forn>2. 
(a) Prove that forn > 2, Gp = aFy_-2 + bFy-1. 


(b) Which sequence arises when a = 1 and b = 3? 
For n > 0, prove that 


n 
So Gr = Gny2 — 4. 
r=0 
For n > 1, prove that 
n 
SC G2r-1 = Gan +a — b. 
r=1 
For n > 0, prove that 
n 
ee G2 = G2n+1 +b—2a. 
For n > 0, prove that 
n 2 2 2 
Ie Gy = GnGn41 + 2a° — 3ab + b’. 


Fix m > 2. Forn = 0, prove that 


n 
ae Gtr = Gmtnt2 — Gm+1- 
r=0 
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30. When dealing with the generalized Fibonacci numbers, let 
c=at+(a—b)p and d=a+(a—b)a. 
For n > 0, prove that 


cat” — dB” 
a-p - 


(This is called the Binet form for G,.) 


Gn = 


31. Determine (a) liMn—+o0(Gn/ Fn) and (b) liMy+00(Gn/Ln). 
32. Forn > 1, provethat Gn41Gn_1 — G2 = (—1)"(a? + ab — b*). (Thisisanal- 
ogous to the Cassini identity for the Fibonacci numbers.) 
33. (a) (i) Writea, a, a, and a4 in the form (a + b/5)/2, where a and b are 
integers. (ii) Form > 1, how is a” related to F, and L,? 
(b) (i) Write B, 62, 63, and A* in the form (a — b/5)/2, where a and b are 
integers. (ii) For n > 1, how is 6” related to F, and L,? 


Me CHAPTER 14 


Matrices, The Inverse Tangent 
Function, and an Infinite Sum 


Now the time has come to introduce some fundamental ideas from linear algebra 


into our discussion. 
11 
ae F | | 


Properties of this matrix were investigated in 1960 by Charles H. King in his M aster’s 
thesis at what was, at that time, the San J ose State College in California. 
Computing Q” forn = 2, 3, 4, and 5, wearrive at the following: 


oR 

eae [IE 2 
eae IEE 
eae [EIB E 


It appears that the entries in these matrices are Fibonacci numbers, since 


Let us start with the matrix 


Q = Fp Fy i. F3 F Q?= Fy P3 
~ | Fy Fo | Fy Fy | F3 
Fy Fy Fe Fs 
Q! = Q5 = 
Fy F3 Fy F4 


Fibonacci and Catalan Numbers: An Introduction, First Edition. Ralph P. Grimaldi. 
© 2012 J ohn Wiley & Sons, Inc. Published 2012 by John Wiley & Sons, Inc. 
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and these results suggest the following. 


Theorem 14.1: 


ForQ = ol and n>1, 


Q’ = Fit Fn 
Fy Fn-1 


This theorem can be established by the Principle of Mathematical Induction. We 
leave this for the exercises at the end of this chapter. 


Our next results will follow from the following properties of determinants. 
For any square matrix A, we let det( A) denote the determinant of A. Then if A and 
Bare two k x k matrices, we have 


ae 


1) det(AB) = det(A) det( B) 
(2) det(A”) = [det(A)]” 
(3) det(A™*”) = det(A” A”) = det( A”) det( A”) 


With these properties in hand, start by observing that det(Q), the determinant of 
our matrix Q, is 


11 
10 


F) Fy 
Fi Fo 


=1-0-1-1=-1. 


Consequently, from (2) we see that for n > 1, 


Raa F 11/\" 
ee n+l n = ny n_ 
|e ee ee F, Fal> det(Q”) = [det(Q)]” = ( 10 
= (—1)’, 


or 
Fay Fn-1 — Fe =(-1)”. (Cassini’s identity, seen earlier in Property 4.9.) 


This is now the third time that we have obtained Cassini's identity. (The first 
time was in Property 4.9, where the method of proof suggested was the Principle of 
Mathematical Induction. Then again, following the introduction of the Binet form 
for F,,— just prior to Property 10.1.) So we have obtained Cassini’s identity by three 
different approaches. 
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When n is odd, say n = 2m + 1, Cassini's identity takes the form 


Fomt2Fim — Fn = (1)! = -1 
or 
_ pe 
F2m42F2m => Fyn 41 ae 1. 


Now at this point— and rightfully so— the reader may be wondering where would 
one use Cassini’s identity, in one form or another. To answer this, we introduce a 
new identity involving the Fibonacci numbers. This time the inverse tangent function 
comes into play, as we discover in the next example. 


Example 14.1: We want to verify the identity 


1 1 1 
arctan( ) + arctan( ) = arctan( ) » mai. 
Pont Fym +42 F2m 


To do so, we need to use the trigonometric identity 


tanx + tan y 


tan = 
&+y) 1 —tanx tany 


We shall start by taking the tangents of the angles on the two sides of the identity we 
want to establish. So we have 


1 1 1 
tan( arctan( ) + arctan( )) = tan(arctan( =~) ) : 
Fym+1 Fym+2 Frm 


Substituting arctan(z+-) for x and arctan(;,4,) for yintheidentity for tan(x + y), 
since tan(arctan @) = 6, we now find that 


(1/Fam+1) + (1/Fam42) 


1— (1/Fom+41) (1/F2m+42) = (1/Fam). 


From this it follows that 


(Gan) * (a) > Gs) - Gee) 
Fom41 Fym+2 > Frm Frm Fym+1 Fom42 


F2m F2m42 + Fim Fom41 = Fam41F2m+2 — 1. 


and so 
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But this implies that 


Fam Fom42 = F2m41(Fom42 — Fam) —1 
= Fom41F2m41 — 1 
2 
= Fomn4d — 1, 


the result obtained when we replaced n by 2m +1 in Cassini's identity. Working 
backward from this identity, as all of our steps are reversible, we obtain the identity 


1 1 1 
arctan( ) + arctan( ) = arctan( ) m>i. 
Fym41 F2m+2 F2m 


Using the identity established in Example 14.1, now itis time to determine 


S> actan( : ). 


oa Fom41 


Example 14.2: The following result was discovered by the American mathemati- 
cian Derrick H. Lehmer (1905-1991) in 1936, when he was a professor at Lehigh 
University. For any fixed positive integer K, 


K 1 K 1 1 
arctan — arctan{| —— } — arctan 
pam, (=—) Digs | (=) Cer )| 
1 1 1 1 
= |arctan| — } — arctan| — }| + |arctan( — } — arctan; — 
Fy F4 F4 Fe 
+ |}arctan : arctan : + 
Fe Fg 
+ arctan( : ) arctan( : )| 
Fox F2K+2 
1 1 
= arctan| — } — arctan ; 
F) F2K42 


Consequently, 


Fom41 


: 1 1 
= lim arctan( ) arctan( )| 
K-00 Fp F2K42 
= arctan : arctan 0 = arctan } 0 
i. F2 ~ 1 


= arctanl = 7/4. 


= 1 K 1 
5 arctan = lim 5 arctan 
m=1 oe net F2m+1 
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Now we shall use Q once again to derive another property for the Fibonacci 
numbers. Turn your attention to property (3) for determinants, as given previousl y— 
following Theorem 14.1. 

Upon replacing A by Q, from Qt” = Q’"Q” we see that 


Fmtnt1 Fim+n = det(Q”’*”) = det(Q’”’Q”) = det(Q’””) det(Q”) 


Fin+n Fin+n-1 


Fin+1 Fin 
Fm Fin-1 


Fn4i Fy 
Fy Fn-1 


W hen these determinants are expanded, we obtain one more property satisfied by the 
Fibonacci numbers. 


Property 14.1: Form>1,>1, 
F, F, — Fe, =(Fn41Fm—-1 — F2)(Fa41Fn-1 — F2) 
m+n+1£m+n-1 mtn — \f'm+14£m-1 mNfn4t 1’ n-1 nis 


In closing this chapter, we want to make one more observation about Q. In so 
doing, we shall find ourselves confronted with numbers we have seen several times 
before. So let us compute what are called the eigenvalues of Q. These are the values 
of 4 such that 


det(Q—Al) = 0, 
10 ma oh Bette ; 
where I = |e x 2 multiplicative identity. We find that 


01 
11 10 
octa-at ae (2) -a[39)) 


(l= I) = ha Se, 


—(-1) + V(-1)? — 4(1)(-1) 14.5 
2(1) Oe =" 


Consequently, the eigenvalues of Q are the familiar constants a and f. 
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EXERCISES FOR CHAPTER 14 


1. If 


prove that forn > 1, 


n_ Fn4i Fh 
: = Fi, ah 
; 9 10 
2. For Q as in Exercise 1, prove that Q°— Q —I = Z, wherel = 01 _ the 


00 
2 x 2 multiplicative identity, and Z = 00 . [This shows that Q satisfies its 


characteristic equation— namely, det(Q — al) = a2 — A —1=0. In general, 
any square matrix satisfies its characteristic equation. This is the celebrated 
Cayley-Hamilton theorem of matrix theory, named after the English math- 
ematician Arthur Cayley (1821-1895) and the Irish mathematician William 
Rowan Hamilton (1805-1865).] 

3. For Q asin Exercise 1, determine 


4, ForQ andI asin Exercise 2, prove that 
Q’= nQ + Frail, n>. 


(This result is comparable to those given in Exercise 18 for Chapter 10.) 
5. Prove that arctan 2 = 2 arctan ||. 
6. Prove that 

(a) arcsin |B] = arccos (1/./a) = arccos ./—B = arccos ./|B] 

(b) arccos || = arcsin (1//a) = arcsin./—B = arcsin VB]. 


7. Comparable to the matrix Q in Exercise 1, we have the matrix 


uw [2). 


(This matrix was investigated in 1983 by Sam Moore of the Community 
College of Allegheny County in Pennsylvania.) 


10. 
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(a) Compute M2, M3, M*, and M°. 

(b) Conjecture a general formula for M@”, where n > 1, and establish your 
conjecture by the Principle of M athematical Induction. 

(c) Determine 


n 
lim : 
A>00 Fn—1 


. For M as in Exercise 7, determine the eigenvalues of the matrix M-— that is, 


1 
determine the values of 4 such that det(v — Al) = 0, wherel = F | _ the 


2 x 2 multiplicative identity. 


. (a) Determine the value of 


Fy Fo F3 
Fy F3 F4|. 
F3 Fg Fs 


(b) Determine the value of 


F, Fo F3 Fs 
F) F3 Fy Fs 
F3 F4 Fy Fe ; 
Fa Fs Fe F7 


(c) Generalize the results from parts (a) and (b). 
For n > 1, prove that the value of then x n determinant 


3 i 0 0 0 0 
ili 0 0 0 
Oi li 0 0 
00:1 0 0 
000 0 1 i 
000 0 il 


isthe Lucas number L,+1. Herei = /—1. (P. F. Byrd, 1963) [13]. 
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11. Forn > 1, let A, be then x n matrix 


3-10 00... 00 
-13 -100..00 
0-13 -10.. 00 


00 0 0 0...-13 
(a) Evaluate the determinants for Ai, Az, A3, and Aq. 


(b) Conjecture a formula for the determinant of A,,n > 1. Prove your con- 
jecture. 


Me CHAPTER 15 


The gcd Property for the Fibonacci 
Numbers 


First and foremost, the reader may be puzzling over what we mean by the 
gcd Property. Instead of simply stating it, as if it comes out of nowhere, let us present 
some motivation for this amazing property. So consider the following two examples: 


(i) ged( Fg, Fiz) = gcd(21, 144) = gcd(3- 7,24. 3?) = 3 = Fa = Facais.12) 
(ii) ged( Fiz, Fis) = ged(144, 2584) = ged(2*. 3%, 23 17-19) = 23 
= 8 = FE = Fgcd(12,18) 


These results suggest the following: 
Property 15.1: Form>n>1, 
gcd( Fin, Fn) = Fgcd(m,n)- 
To establish this property, we return to the matrix Q of Chapter 14. 


Form, n > 1,weknow thatQ”*” = QQ”. Previously we learned from Theorem 


F, F, 
14.1 that Q* = de « | fork >1. S0Q”+”" = QQ" now becomes 
Fy FR-1 
Fim+n+1 Fintn Fm+1 Fin Fn4i Fy or 
Fin+n Fin+n-1 Fin Fin-1 Fy Fn-1 


Fim-+n+1 Fin 


Fin4t Frnt + Fin Fa era 


Finn Fin+n-1 Fin Fn4 + Fm-1Fn Fin Fn + Fn-1Fn-1 
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When two matrices are equal, their corresponding entries must be equal. Conse- 
quently, we arrive at the following four results. Form, n > 1, 


(Ll) Fanaa = Fing1 Fao + Fin Fn 
(2) Fintan = Fintt Fa + Fin Fn-1 
(3) Fintn = Fin Fn41+ Fin-1F a 
(4) Fintn—1 = Fin Fn + Fm—1Fn-1: 


Result (3) is precisely Property 7.1 of Example 7.3, which we established by a 
combinatorial argument involving the tiling of a 1 x (n+m-—J1)_ chessboard. 
Results (1), (2), and (4) are simply variations of Property 7.1. The matrix Q has now 
provided another way to obtain Property 7.1, as well as these three other related results. 


In order to establish the gcd Property for the Fibonacci numbers, we need the 
following four lemmas: 


Lemma 15.1: Form>1,n>1, F, divides Fiyn. 


Proof: This result was given earlier as Property 7.2, where the Principle of M athe- 
matical Induction was suggested as a method of proof. For the sake of completeness 
in deriving the gcd Property, at this point we shall leave no stone unturned and provide 
a complete proof for this first lemma. 

We keep m fixed but arbitrary. When n = 1, the result certainly follows since Fi, 
divides itself. This establishes the basis step for our inductive proof. Next we assume 
the result true for some n = k (>1)—that is, we assume that F,,, divides Fiz. Now 
forn =k+1(=2), wehave 


Fin(k+1) = Fink+m = mk lin+1 + Fink-1F im, 
by result (3) from above (or Property 7.1). Since F,,, divides itself and F,,, divides Fing 


(by the induction hypothesis), it follows that F,,, divides Fin(x41). SO by the Principle 
of M athematical Induction, for m >1,n>1, 


F,, divides Finn. 


This first lemma will immediately help us with the following. 
Lemma 15.2: Forg>1,n > 1, gcd(Fon-1, Fr) = 1. 


Proof: Let d = gcd(Fgn—1, Fn). Then d divides Fyn—1 and d divides F,. Since d 
divides F;,, it follows from Lemma 15.1 that d divides F,,. Consequently, d divides 
the consecutive Fibonacci numbers Fj,—1 and F,,. But from Property 4.1 we know 
that the greatest common divisor of any two consecutive Fibonacci numbers is 1. 
Consequently, gcd( Fgn—1, Fn) =d =1. 
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Thenext lemma establishes avery useful property about greatest common divisors. 
Its proof uses the following important property of the greatest common divisor. 

For positive integers a and b, the greatest common divisor d of a and b is the 
smallest positive integer that can be expressed as a linear combination of a and b— 
thatis, there existintegers x and y so thatd = ax + by, and no positive integer smaller 
than d can be expressed, in terms of a and 5, in this way. Now let us see how this 
comes into play! 


Lemma 15.3: Let a, b, and c be positive integers with gcd(a,c) = 1. Then 
gcd(ab, c) = gcd(d, c). 


Proof: Let d; = gcd(b, c) and dz = gcd(ab, c). Now dy = gcd(b, c) >[(d; divides 
b) and (d, divides c)]. Consequently, d; divides ab, and so it follows that ad) 
divides d2. 

With gcd(a,c) =1, there exist integers x and y so that ax+cy=1. There 
fore, abx + bey = b. Now d2 = gcd(ab, c) > [(d2 divides ab) and (dz divides c)], 
SO d2 divides (ab)x + b(c)y = b. Then [(d2 divides b) and (dz divides c)] = [dz 
divides dj]. 

Finally, since d; divides dz, and dz divides dy, and dj, d2 are positive, we have 
dy = dy— or gcd(ab, c) = gcd(d, c). 


Lemma 15.4: Let m,n be positive integers with m >n. Suppose that m = qn +r, 
where q is apositive integer and 0 <r <n.Thengcd(F,,, F,) = gcd( Fy, F;). 


Proof: First we see that 
gcd( Fin, Fy) = gcd( Fantr Fy) = Qcd( Fon Fy+1 + Fon-1F;,; Fy), 


from result (3) prior to Lemma 15.1 (or Property 7.1). Let h = gcd( Fon F+1+ 
Fon—1F,, Fy) and k = 9cd( Fon—1F, Fn). Then h divides Fon Fp+41 + Fon—1F, and h 
divides F,,. Since h divides F,, by Lemma 15.1 h divides F,,. Consequently, h di- 
vides Fy, F,41. Then, as h divides both Fy, F.41 and Fon F,41 + Fon—1F,, it follows 
that h divides Fgn—1F,-. S0 h divides k. 

Likewise, k divides Fyn—1F, and k divides F,,. Since [k divides F,,] = [k divides 
Fon] = [k divides Fon F,+1], we see that k divides Fon F-41 + Fgn—1F,-. S0 k divides 
h. Since h, k are positive, it follows that A = k. 

Consequently, gcd(Fin, Fr) = 9CU(Fon F414 Fon-1F, Fy) =h =k = 
gcd(Fyn—1F;, Fn). From Lemma 15.3 (with a= Fyn_1, b= F,, and c= F,), it 
follows that gcd( Fyn—1F,, Fr) = 9cd(F,, Fr) = gcd( Fy, F,). $0 gcd( Fin, Fn) = 
gcd( Fn, F;). 


And now it is time to establish the gcd Property. Before we do so, however, it 
should be pointed out that the results in Lemmas 15.1-15.4 are general results that 
one encounters in studying number theory and abstract algebra. These lemmas are 
not just used to help us prove the following theorem. 
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Theorem 15.1: Letm, n be positive integers, with m >n. Then 
gcd( Fin, Fy) = Fycd(m,n): 


Proof: Once again we use the Euclidean algorithm and find that 


m=qntni, 0<rn<n 
n=agor tro, 0<n<n 
TL = 93r2 +73, 0<73<1r7 


Tk-2 = gerk-1+re O<re < rei 


Pk-1 = k+1lk- 


SO rg = gcd(m, n). 
From Lemma 15.4 we learn that 


gcd( Fin, Fn) = gcd 


( 

( 

(Fagritra> Fi.) 
= gcd(F,,, F,,) 

( 

( 


= CU Fggry a+r Fy) 
= gcd(F,,_,, F,): 


Since rg divides rg_1, it follows from Lemma 15.1 (or Property 7.2) that F,, divides 
F,,_,. Consequently, 


gcd( Fin, F,) = gcd( F,,_,, F,,) = Fi, = Fgcd(m,n): 


Now we shall close this chapter by illustrating how the gcd Property for the 
Fibonacci numbers can reduce the amount of computation needed to determine the 
greatest common divisor of two Fibonacci numbers. 


Example 15.1: Consider the following Fibonacci numbers along with their prime 
factorizations: 


F39 = 832,040 = 23?-5-11-31-61 and 
Fy = 190, 392, 490, 709, 135 = 5-11-13-29-71-911- 141961 
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Having invested the time to determine these prime factorizations, we can then readily 
write 


gcd( F390, F790) = 5-11 = 55. 


But we can bypass the effort needed to find the prime factorizations because from 
Theorem 15.1 we now know that 


gcd( F30, F70) = Fycd(30,70) = Fio = 55. 


EXERCISES FOR CHAPTER 15 


1. Find gcd(Fs7, F¥s). 

2. If p and q are relatively prime integers— that is, gcd(p, g) = 1— what is 
gcd( Fp, Fy)? 

3. Does the gcd Property hold for the Lucas numbers? Why? 


4. For positive integers m, n, the least common multiple of m and n is the 
smallest positive integer that is a multiple of both m and n. It is de 


noted by Icm(m, n). If m 7 DY PP P3---Pr! and n = pip? p2...pi", where 
Pl, P2; P3, +, Pr are distinct primes, and e;>0, f; > 0, forl<i<r, 


then Icm(m, n) = pips p®...p*, where k; = max{e;, fi}, for l<i<r. 
For example, if m = 440 = 235111! and n = 525 = 31527!, then 


Icm(440, 525) = Icm(225211!, 345271) 
= Iem(22395!79111, 29315271119) 
— 2331527111! — 46, 200. 
(a) Is there an Icm Property for the Fibonacci numbers, comparable to the 


gcd Property? Thatis, isit true that forall m,n > 0,ICM( Fin, Fn) = Ficmim, n)? 
Why? 


Ms CHAPTER 16 


Alternate Fibonacci Numbers 


In this chapter, we shall provide a variety of examples that are counted by alternate 
Fibonacci numbers— that is, subsequences of the Fibonacci numbers, such as 
1 =F) 2 A= 73), 3 (= Fe) BAF) 3h. LS ), 3 (= Fah 8 (=F); 
21 (= F),.... 


Example 16.1: Our first example deals with the undirected graph G,, shown in 
Fig. 16.1. This graph has the n + 1 vertices: vo, v1, v2, V3,..., Un—2, Un—1; Un, and 
then + (n — 1) = 2n — 1 edges: 


VOV1, VOVZ, VONV3, ---, VUOUn—2, VOUn—-1, VOUn, V1U2, V2U3, .--, Un—2Un—1, Vn—1Un- 


It is called the fan on n vertices. 


2) 


U1 U2 U3 Un2 Un-l Un 


(Gp) 


FIGURE 16.1 


For n = 2, the undirected graph Gz is shown in Fig. 16.2 (a). In Fig. 16.2 (b) 
there are three subgraphs of G2. Note that each of these subgraphs contains all three 
vertices of G2, contains no loops or cycles, and is connected. These are the three 
spanning trees of G2. 
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The fan for n = 3 is shown in Fig. 16.3 (a) on p. 128. In Fig. 16.3 (b) we have 
three of the eight spanning trees for G3. Note how these three spanning trees can 
be obtained from the three spanning trees in Fig. 16.2 (b) by adding the edge vov3. 
Part (c) of Fig. 16.3 provides three more of the spanning trees for G3. These can be 
obtained from thetrees in Fig. 16.2 (b) by adding the edge v213. Finally, the remaining 
two spanning trees for G3 are shown in Fig. 16.3 (d). These can be obtained from the 
first two spanning trees in Fig. 16.2 (b) by removing the edge vou2 and then adding 
the edges vov3 and v2 v3, so that in either case no cycle is created. 

We shall let z,, count the number of spanning trees that exist for the fan G,,, where 
n => 1. To determine t,, we realize that we want to consider spanning trees of smaller 
fans and somehow account for the various ways in which we can include the vertex 
vp. Consequently, we find that 


th = tr-1+tn 1+(th 1—Ttn rap 
where 


(1) the first summand of ¢,-1 accounts for when we add the edge vou, to a 
spanning tree for G,_1 (but not the edge v,_1v,); 

(2) the second summand of z,1 accounts for when we add the edge v,_1v, to a 
spanning tree for G,_1 (but not the edge vov,,); and, 

(3) the summand (t,—1 — t,-2) accounts for the remaining spanning trees. For 
here we are asking ourselves for the number of spanning trees of G,,_1 that 
do not contain the edge vov,—1. That would be the total number (namely, 
tn—1) Minus the t,_2 spanning trees of G,,_2 (to which we would add the edge 
Un—2Un—1). But now we remove the edge v,_2u,—1 and add the edges vou, 
and v,—1v, to get the remaining spanning trees for G,,. 


v0 


V1 V2 


(a) (G2) 


VY U2 VY U2 V1 v2 


(b) 


FIGURE 16.2 
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Cy) 
Cal U2 U3 
(a) (G3) 
Uo i) Vo 
V1 U2 U3 V1 U2 U3 V1 v2 U3 
(b) 
i) 2) Cy) 
© e °@ * @ 
Vy v2 V3 «UY U2 V3 Vy v2 U3 
(c) 
) Uo 
VY v2 V3 V1 U2 V3 
(d) 


FIGURE 16.3 


To solve the initial value problem 
ty =3tm-1-—t-2, n>3, n=l, hn =3, 


we return to the method we developed in Chapter 10. Substituting Ar” for z,, where 
A #0 andr + 0, we obtain the equation 


Ar” = 3Ar"7} = ar’™?, 
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Dividing through by Ar”~? leads us to the characteristic equation 
r—3r+1=0. 


Upon solving this equation, we learn that the characteristic roots are 


Pe —(—3) x= (—3)2 — 4(1)(1) = 3475 


2(1) 2 


We learned that a? = ((1+ /5)/2)* = (3+ V75)/2 and p? = ((1— V5)/2)* = 
(3 — 5) /2 in Exercise 33 of Chapter 13. Consequently, the solution of the recurrence 
relation for z, has the form 


tn = cr(a*)” + c2(B2)". 


From1 =f = cia? + c2f? and3 = #3 =c1a* + c2B4, welearn thatc, = 1//5 and 
cz = —1/V75. Recall that a— 6 = V5, soforn > 1, 


2n 2n 
eee ale P , the Binet form for Fon. 
a—p 

Example 16.2: In Example 6.1, we learned that a positive integer n has 2”—1 
compositions. However, if one can use only 1’s and 2’s as summands, in Example 
6.2 we then found that n has only F,,41 compositions. Now suppose there are no 
restrictions on the positive integers we can use in forming our compositions, and, in 
addition, two different kinds of ones are available— say 1 and 1’. This was proposed 
in Reference [19]. 

(One can also think of this in terms of tiling a1 x nm chessboard using 1 x & tiles, 
forl <k <n.Herethel x 1tilescomein two colors, whilefor2 <k <n,thel xk 
tiles come in only one color.) 

If we let a, count the number of compositions of n, where we have two different 
kinds of ones, we find that 


(1) a, = 2, for the compositions 1 and 1’, and 
(2) az =5, for the compositions 2,1+1,14+1/,1'+1, andl’+V’. 


To determine the general formula for a,,, we consider the recurrence relation 
an = 2an—-1 ae (an—1 = dn—2). 
Here the first summand accounts for the fact that we can obtain the compositions 
of n that end in 1 or 1’ from the compositions of n — 1 by simply appending “+1” or 


“+1/" to the end of each of these compositions (of n — 1). For the other summand, 
we take the compositions of n — 1 and increase the last summand in the composition 
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by 1. Unfortunately, this means that if the last summand in a composition of n — Lis 
either al ora 1’, then the last summand in the composition of n is a2 in both cases. 
To account for this overcounting, we remove the a,_2 compositions of n — 1 that end 
with 1’. 

Asin the previous example, we find that 


(34) (54) 
an = Cl 5 + c2 5 : 


But here, with aj = 2 and az = 5, it follows that 


_5+V5 ong 5H 
~ ~19 — 


a 


Cl 


so forn > 1, we have 
_ [545 \ (345) , (5-v5 \ (3-v5) 
eet eT amas Man eT 2 
LP ASV SY aN IS ie 
= (=) 2 2 (zz) 2 2 
a 145 2n+1 2) egg 
= 5 2 5 2 


g2ntl _ pert 


= —___ =F : 
a—B 2n+1 


(This result gives us those Fibonacci numbers where the subscripts are odd. The result 
in Example 16.1 had the subscripts even.) 


Example 16.3: This example will provide us with an opportunity to use one of the 
properties of the Fibonacci numbers that we established earlier— namely, Property 
4.7. The example was proposed in 1970 by Reuben C. Drake of the North Carolina 
A & T University at Greensboro. The solution given here is based on the one given 
by Leonard Carlitz of Duke University. 

For n > 0, we shall let p, count the number of paths from (0, 0) to (n, 0), using 
the following four types of steps: 


CL) tx, 0) ftp) 

(2) (x,0) > (x+1, 0) 
(3) (x, 1) > (x + 1,1) 
(4) (x, 1) \ (x +1, 0) 
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1 e le e 1 e 

e s—_+2 IS 

0 0 1 0 1 
n=0; pp =1 n=1; p,=2 

(a) (b) 

le e e 1 e e 1. e 1 e 1 e 
begeae, eee, cele. UNI ICS 
0 1 2 0 1 2 0 1 2 0 1 2 0 1 2 
n=2;p,=5 


(c) 
le e e e le e e oe tie ee 1 ece of Per 
2-3 0 Id 2 3 0 1 2-3 0 1 2 3 0 12 3 


0 1 


1% e e 1 e oe 16 e 1 e 1 e 
01 2 3 0 1 2 3 0 1 2 3 0 1 2 3 0 1 2 3 
Te e le e i [ e 
e e ao e 
0 1 2 3 0 1 2 3 0 1 2 3 


n =3; p3=13 


(d) 


FIGURE 16.4 


Part (a) of Fig. 16.4 shows us that when n = 0, we stay put. Since there is only one 
way to do this, we assign po the value 1 (= F1). There are two ways to go from (0, 0) 
to (1, 0), as shown in Fig. 16.4 (b). Consequently, we have p; = 2 (= Fs). Part (c) of 
Fig. 16.4 reveals that there are five ways to go from (0, 0) to (2, 0), So pp = 5(= Fs). 
Now let us consider the paths from (0, 0) to (3, 0), as shown in Fig. 16.4 (d). Note 
how we can obtain the first five of these paths from those for n = 2 by appending the 
move (2, 0) — (3, 0). Likewise, the second set of five paths result when we append 
the moves (2, 0) * (2, 1) \, (3, 0) to each of the paths for n = 2. The remaining three 
paths are determined by the last occurrence of a move of the type (x, 0) + (x, 1). 


(1) For x =0, we have one (= po) path. From here—namely, (0, 0)— there 
is only one move: (0,0) t (0,1). Following this, we have the two moves: 
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(0,1) — (1,1) and (1, 1) — (2,1). Finally, the move (2,1) \, (3, 0) com- 
pletes the path. 

(2) When x = 1, there are two (= pz) paths from (0, 0) to (1,0). This is then 
followed by the move (1, 0) t (1, 1). From (1, 1), we get to (3, 0) by (1, 1) > 
(2,1) \, (3, 0). This accounts for the other two paths in the third row of paths 
for n = 3. Consequently, we see that 


p3 = p2 + p2 + (pot pi). 


To generalize this result, consider n > 1 and how p,+1 is related to p,. Of the 
Pn+1 paths from (0, 0) to (n +1, 0), we know that p, of these paths have the final 
move (n,0) > (n+ 1,0). Another p, paths (among the p,41 paths) end with the 
moves (n, 0) t (n, 1) \ (2 +1, 0). Finally, to determine the remaining paths from 
(0, 0) to (n +1, 0), consider the paths where (k, 0) t (k, 1) is the last move of this 
type, for 0 < k <n —1. Now there are p; paths from (0, 0) to (k, 0). Each of these 
paths is then followed by the move: (k, 0) + (k, 1), and then by the n — k moves: 
(k,1)  (k+1,1) — --- > (n, 1). Thefinal move— namely, (7, 1) \ (n +1, 0)— 
then completes the path [from (0, 0) to (7 + 1, 0)]. So now we have the recurrence 
relation 


Pntl = Pat Pn t+(po+ pi t--: + Pn-1)- 


This is quite different from any other recurrence relation we have encountered. To 
solvethis for p,,, letus review what we know about the values of p, form = 0,1, 2,and 
3. We have 


Palais DiS 2H. pr] sH is; DSB ae: 
These results suggest the pattern 


Pn = Fon41: 


To show that this is true in general, we shall use the A ternative, or Strong, form of the 
Principle of Mathematical Induction. We know that the result is true for n = 0 and 
n = 1(aswell asform = 2 andn = 3). This establishes the basis step for our inductive 
proof. So now we assume the result true for n = 0,1, 2,...,k (=1)— that is, we 
assume that p, = Fon+1, for all 0 < n < k. Then for the case wheren = k + 1(>2), 
we have 


Pett = Pe+ pe+ (pot pr +--+ + pe-1) 
= Fopgit Porsit (Fit F3t-++ + Fae-1)41) 
= Fysi t(Fit Pat: ++ t+ Foe-1t+ Foe+). 


But Property 4.7 tells us that 


k 
Fu + P34 +++ + Fo-1 + Farsi = er Poin. = F2e42- 
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So 


Pk = Pops + Fog2 = Foe43 = F2(k41)41) 


and the result is true for all n > 0, by the A Iternative, or Strong, form of the Principle 
of Mathematical Induction. 


The next example is different in that it came out of a study dealing with the location 
of sewage treatment plants. 


Example 16.4: The following was studied in 1974 in Reference [17] by Rolf A. 
Deininger at the University of Michigan in Ann Arbor. 

Suppose that there are n cities along a river and that these cities pollute this river 
by discharging untreated sewage directly into the water. To stop this environmental 
problem, the city managers of these n cities have met to discuss plans to build one 
or more treatment plants to deal with the sewage. The objective is for each city to 
have a treatment plant of its own or to be upstream or downstream from a city that 
has such a plant. However, there is one restriction. If a city transports its untreated 
sewage (through a connecting sewer) to a neighboring city, it must transport all of the 
sewage to that one city. It cannot split the sewage and transport part of it upstream 
and part of it downstream. These considerations will then place an upper bound on 
the number of feasible plans to be investigated— but the city managers will still have 
to determine the most economical plan, or plans, by also considering such costs as 
labor, materials, and the allocation of materials. 

To determine this upper bound, let us start with the case of n = 2 cities. In Fig. 16.5, 
we see the three feasible plans. 


(1) Treatment plants (T) are built at each city. The “0” at the bottom of Fig. 16.5 (a) 
indicates that no sewage is transported from either of these two cities. 

(2) Here a treatment plant (T) is built at city 2. Then the sewage from city 1 is 
transported to city 2 to be processed. The “1” at the bottom of Fig. 16.5 (b) 
indicates the transport is upstream. 


Q © O-®@ O—® 
vy vy Yv 
["] [T] [*] 
v Vv 
eae Gees x” ee ae aa er ae car ae 
0 1 2 
(a) (b) (c) 


FIGURE 16.5 
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(3) In this last feasible solution, a treatment plant (T) is built at city 1. Now the 
sewage from city 2 is transported downstream to city 1. The “2” at the bottom 
of Fig. 16.5 (c) indicates the downstream transport. 


For the case of n = 3 cities, we find that there are eight feasible solutions to 
consider. In Fig. 16.6 (a) we find the feasible solution where treatment plants are built 
at cities 1 and 3, and sewage is transported downstream from city 2. This is represented 
by the ternary string “20,” as shown at the bottom of Fig. 16.6 (a). The plan for 
Fig. 16.6 (b) calls for a plant at city 2 with city 1 transporting its sewage upstream 
and city 3 doing so downstream. Here, the ternary string “12” represents the situation. 
The other six feasible solutions are represented in Fig. 16.6 (c). Although there are 
3-3 =9 ternary strings of length 2, we only have eight of them here, because the 
string “21” indicates sewage being transported from city 2 downstream to city 1 and 
upstream to city 3. But no city is allowed to split the transport of its sewage. 

If there are four such cities along this river, the feasible solutions can be represented 
by ternary strings of length 3 that avoid the substring “21.” For example, the ternary 
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string for the feasible solution in Fig. 16.7 (a) is “220.” The feasible solution in 
Fig. 16.7 (b) is represented by the ternary string “122.” Now thereare 3? = 27 possible 
ternary strings of length 3, but each of the strings 


210, 211, 212, 021, 121, and 221 


contain the substring “21.” Consequently, the 27 — 6 = 21 feasible solutions for four 
cities can be represented by the 21 ternary strings shown in Table 16.1. 


TABLE 16.1 


000 010 020 101 4111 #122 = 202 
001 011 022 102 112 200 = 220 
002. 012 «#100 110 120 201 = 222 


In order to determine an upper bound on the number of feasible solutions for n 
cities, let s, count the number of such feasible solutions. At the same time, let a, 
count the number of ternary strings of length n that do not contain the substring 
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“21.” Then we find that 


Ss. =l=ao 
s2=3= 
s3 =8=a) 
sq = 21 = a3. 


To determine a,, we consider the recurrence relation 
Gn = 3an-1-—4n-2, 1 >3, 1 =3, a=8B. 


Upon appending any of the symbols 0, 1,or 2 to the right of each of the a,_1strings of 
length n — 1, the only resulting strings of length n that contain the substring “21” are 
the ternary strings of length n that have “21” in positions n — 1 and n, respectively. 
There are a,_2 such ternary strings of length n. Consequently, arguing as we did in 
Example 16.1, we find that 


An = Fyny2, n= 0, 
and so 
Sn = 4n—-1 = F(n-1)42 = Fa_n, n= 1. 


(More on ternary strings that do not contain the substring “21” can be found in 
Reference [28].) 


N ow for one final example! 
Example 16.5: Letus return to the compositions in Example 6.2. There we learned 
that the number of compositions of n, where the only summands allowed are 1’s and 
2's, iS F,+1, Before we state the result we are seeking here, let us examine two specific 
examples to illustrate how one might conjecture the general result. 


(i) Consider all four compositions of 3 as shown in Table 16.2. 


TABLE 16.2 

Composition of 3 Product of Summands in the Composition 
3 3 

2+1 2-1=2 

142 1.2=2 

14141 1-1-1=1. 


The sum of these four products is 


34+24+2+41=8(=F) 
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or 


S- a1+++Am = 8 (= Fe). 


(ii) Now examine the eight compositions of 4 as shown in Table 16.3. 


TABLE 16.3 

Composition of 4 Product of Summands in the Composition 
4 4 

3+1 3-1=3 

24+2 2-2=4 

2+1+41 2-1-1=2 

14+3 1-3=3 

14241 1-2-1=2 

14142 1-1-2=2 
1414141 1-1-1-l=1 


Here the sum of the eight products is 
44+3444243424241=21(= k) 
or 


S- a1 +++Am = 21 (= Fe). 


ay te +am =4 
a> lie, 7m 


With these two examples to lead the way, let us now consider a composition of a 
slightly larger integer like 12. So consider 


34+74+2=12. 


The following idea, developed by Ira Gessel, will help us to set up a correspondence 
between all compositions of 12 and the compositions of 23 [= 2(12) — 1], where only 
1’s and 2’s are allowed as summands. 

Place 12 dots in a line as shown in Fig. 16.8 on p. 138, then insert at most one 
(separating) bar between any two adjacent dots. Here we have inserted two such 
separating bars. N ow select and circle one of the three dots that appear before the first 
bar, then one dot between the first and second bars, and finally one dot following the 
second bar. 

Having made the above selection, at this point we generate a composition of 23, 
using only 1’s and 2’s as summands, by doing the following: (i) Replace each circled 
dot with a1. (ii) Replace each bar with a 1. (iii) Replace each uncircled dot with a 2. 
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FIGURE 16.8 
The result is the following composition of 23. 
24+1424142424242414242414241= 23 = 2(12)-1. 


Note that in this example there were three choices for circling the first dot, seven 
choices for circling the second dot, and two choices for circling the third dot. So from 
this one composition, 3+ 7+ 2 = 12, we get3- 7-2 (= 42) of the compositions of 
23 where the only summands allowed are 1's and 2’s. 

If we do the same thing with the composition 3+ 3+4-+ 2 = 12, as shown in 
Fig. 16.9, we obtain another composition of 23, using only 1’s and 2’s as summands— 
namely, 


24+142414142424142414242414241= 23 =2(12)-1. 


Note how adding another bar brings about another circled dot. The uncircled dot that 
was originally replaced by a 2 is now replaced by a1, but the additional bar provides 
another 1, so the sum is still 23. Also note that this one composition of 12 provides 
us with 3. 3-4-2 (= 72) more of the compositions of 23, using only 1’s and 2’s as 
summands. 


FIGURE 16.9 


Wealso realize that this process is reversible. For example, given the composition 


1414141424242414241424242414141= 23 = 2(12)-1, 


we determine the corresponding string of dots, circled dots, and bars that generate it, 
as follows: (i) Replace each 2 with an uncircled dot. (ii) Scanning the composition 
from left to right, replace the kth 1 by a circled dot, when & is odd, and by a bar, when 
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FIGURE 16.10 


k is even. This gives us the result in Fig. 16.10, which shows us that this composition 
of 23 (where the only summands are 1’s and 2's) comes about from the composition 


1414+54+44+1=12. 


This composition of 12 accounts for 1-1-5-4-1= 20 compositions of 23 using 
only 1’s and 2’s as summands. Consequently, we see that the total number of compo- 
sitions of 23, using only 1’s and 2’s as summands, equals 


S- aja? --+-Am. 


ayt+agt+-+am = a 
G21, 7=41,. 


In Example 6.2, we learned that the number of compositions of n using only 1’s and 
2's as summands is F;,,1. Therefore, it now follows that 


Ss? @142 ++ ° Am = F(2(12)-1)41 = F24 = F2(12). 


ay+a2+-- ee 
@2lei=l,. 


The above argument generalizes to tell us that for n > 1, 


S- aa? +++ Am = F(2n-1)41 = Fan. 


aj+az2+---+am =n 
a;>1, i=1,...,m 


EXERCISE FOR CHAPTER 16 


1. Forn > 1, let a, count the number of ternary strings of length n that avoid the 
substring “21” and also avoid the initial symbol “0.” For example, a1 = 2 for 
the ternary strings 1 and 2 and a2 = 5 for the ternary strings 10, 20, 11, 22, 
and 12. Set up and solve a recurrence relation for apy. 


Ma CHAPTER 17 


One Final Example? 


W hy the question mark at the end of this chapter title. Is ita misprint? L et us see. 


At this point, we want to make sure that the reader understands and appreciates 
the pains we have gone through in always setting up the somewhat repetitious recur- 
rence relation that arose in the examples where the solution was F,, (Or Fy—1, Fn+1, 
Fy+2, Fan, OF Fon4i). When we are proving a theorem, we cannot draw any general 
conclusions from a few (or even, perhaps, many) particular instances where the result 
stated in the theorem happens to be true. The same is true here, and the following 
example should serve to drive this point home! 


Example 17.1: We start with n identical circles and let a, count the number of 
ways we can arrange these circles— contiguous in each row— with each circle above 
the bottom row tangent to two circles in the row below it. In Fig. 17.1, we see the 
possible ways to so arrange the n circles for 1 < n < 6. It follows from this that 


a=1 a=1 a3=2 


a4=3 as=5 ag=8. 


These results definitely suggest that we have encountered another instance where 
the Fibonacci numbers arise. But before we write a, = Fy, for all n > 1, remember 
that we have not presented a general argument or set up a recurrence relation. 

Unfortunately, wehavebeen led astray in thisinstance. H ere one finds, for example, 
that 


a7=12413=Fy 
ag=18421= Fe 
ag = 264 34= Fo. 


The sequence of numbers a1, a2, a3, ... was studied in Reference [2]. Other such 
counterexamples can be found in Reference [30]. 
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FIGURE 17.1 


EXERCISE FOR CHAPTER 17 


1. Consider Example 17.1 where we arranged n circles. This time, however, we 
specify the following conditions for the arrangements, where the second and 
fourth conditions are new: (1) The circles in the bottom row must still be 
contiguous. (2) Now at most two rows are allowed. (3) Each circle in the upper 
row must still rest on two circles below it. (4) The circles in the upper row need 
not be contiguous. For 1 < n < 5, the ways to so arrange n circles in this way 
are precisely as shown in Fig. 17.1. 

(a) Set up and solve a recurrence relation with initial conditions to show that 
the pattern continues in this case. 

(b) If »=10, how many arrangements have (i) no circles in the upper 
row; (ii) one circle in the upper row; (iii) two circles in the upper 
row; (iv) three circles in the upper row; and, (v) four circles in the 
upper row. 

(c) Determine the sum of the results in parts (i)-(v) of part (b). 

(d) Generalize the results in parts (b) and (c). 

(This exercise is due to Gary Stevens of Hartwick College.) 
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Me PART TWO 


THE CATALAN NUMBERS 


Ms CHAPTER 18 


Histoncal Background 


In 1751, in a letter to the Prussian mathematician Christian Goldbach (1670-1764), 
the prolific Swiss mathematician L eonard Euler (1707-1783) conjectured a method 
for counting the following geometric situations. 

Start with a polygon of n (> 3) sides. Such a polygon is called convex if whenever 
P and Q are two points in the interior of the polygon, then all points on the segment 
PQ are also in the interior of the polygon— as shown, for example, for the convex 
hexagon in Fig. 18.1(a) on p. 148. In Fig. 18.1(b), the pentagon shown is not convex, 
for some of the points on the segment PQ are in the exterior of the pentagon. 

Now consider the convex pentagon in Fig. 18.1(c). Here we have triangulated the 
interior of the pentagon by drawing the two diagonals AC and CE, which do not 
intersect within the interior of the pentagon. Part (d) of Fig. 18.1 provides a second 
such triangulation of the interior of the convex pentagon, this time by the diagonals 
AD and BD. 

Euler was concerned with determining 7,,, the total number of ways one can draw 
n — 3 diagonals within the interior of a convex polygon of n sides (for n > 3) so that 
no two of the diagonals intersect within the interior of the polygon, and the interior 
of the polygon is triangulated into n — 2 triangles. He calculated 7;, for the first few 
small values of n and considered the ratio 7,41/ Th. 

In alater correspondence with the Hungarian mathematician, physicist, and physi- 
cian Johann Andreas von Segner (1704-1777), Euler suggested this problem. Von 
Segner obtained a recurrence relation for 7;,, calculating the results for n < 20. How- 
ever, his solution did not prove, or disprove, the method suggested. Von Segner sent 
his results to Euler in 1756, not realizing that his answers were incorrect in the 
cases of n = 15 and n = 20— these errors due to mistakes in his arithmetic calcu- 
lations. Euler, in turn, essentially solved the recurrence but without the details of 
a proof. 

The French mathematician, physicist, and engineer Gabriel Lamé (1795-1870) 
was among the first to provide an elegant combinatorial proof for the Euler-von 
Segner result, in 1838, in aletter to the French mathematician J oseph Liouville (1809- 
1882). His proof was further developed and discussed in articles published in 1838 
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HISTORICAL BACKGROUND 


(a) n=6 (b) n=5 
C C 
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B B 
A A 
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FIGURE 181 


and 1839 by the Belgian mathematician Eugene Charles Catalan (1814-1894). (M ore 
about counting the triangulations of a convex polygon is covered in Example 23.1 
and Example 30.1.) 

Catalan wrote other articles dealing with this number sequence, including one in 
1838 where he determined the number of ways a chain of n +1 symbols can be 
parenthesized with n pairs of parentheses so that each pair surrounds two symbols, 
a parenthesized expression and a symbol, or two parenthesized expressions. (This is 
examined in Example 20.3.) In Reference [30], the German mathematician Eugen 
Otto Erwin Netto (1848-1919) attributed the solutions of the aforementioned paren- 
thesization problem and the triangulation of aconvex polygon to Catalan and the term 
“Catalan number” seems to have arisen from these citations. 

Catalan also did research in such areas as continued fractions, infinite products, 
multiple integrals, differential equations, and geometry. In addition, he wrote the texts 
Elements de Geometrié, published in 1843, and Notions d astronomie, published in 
1860. Another interesting historical discussion about the Catalan numbers is found 
in Reference [3]. 

A little known historical fact about the Catalan numbers is that they were discov- 
ered independently in China by the M ongolian mathematician Antu M ing (c. 1692- 
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1763). In the 1730’s he derived several recurrences for the Catalan numbers and 
started a book titled Efficient M ethods for the Precise Values of Circular F unctions, 
wherein his knowledge of this sequence of numbers is clearly demonstrated. The 
book was finished by his student Chen Jixin in 1774, but it was not published until 


1839. 


Ms CHAPTER 19 


A First Example: A Formula for the 
Catalan Numbers 


In this chapter, we shall find an example where the Catalan numbers arise. This 
example will deal with lattice paths in the Cartesian plane and it will provide us with 
the means to determine a formula for the Catalan numbers. In addition, we shall learn 
how the Catalan numbers are related to certain entries in Pascal's triangle. 


Example19.1: Let us start at the point (0, 0) in the xy-plane and consider two types 
of steps: 


R: (x, y) > (x +1, y) U: (x, y) t (x, y+ 1). 


We want to count the number of ways we can travel from (0, 0) to (4, 4) using such 
steps— one unit to the right or one unit up. Consequently, any such path will be made 
up of four R’s and four U's. Since we can arrange four R's and four U’s in 


a! (8 
a= (1) =70 


ways, this tells us that there are 70 such paths from (0, 0) to (4, 4). These paths are 
often referred to as lattice paths. In parts (a), (b), (c), and (e) of Fig. 19.1 we find four 
of these 70 possible lattice paths. 


Now suppose that we once again start at the point (0, 0) in the xy-plane and travel 
to the point (4, 4) using the same types of steps— namely, four R’s and four U’s. 
But this time there is a catch! As we progress from (0, 0) to (4, 4), we can never 
travel above the line y = x. We will touch the line at (0, 0) and (4, 4), and perhaps at 
(1,1), (2, 2), or (3, 3), but we will not touch it at any other point on the line y = x, 
nor will we ever venture above the line. Consequently, the paths shown in parts (c) 
and (e) of Fig. 19.1 are not among the paths we are interested in counting here. The 
paths shown in Fig. 19.1(a), (b) are, however, two of the paths we want to consider. 
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> 
Z 1 2 3 4 «#)7 1 2 3 4 «|? 1 2 3 4 
R,R,U,U,R,U,R,U R,R,U,R,U,R,U,U R,R,U,U,U,R,R,U 


(a) (b) (c) 


> 
x 


> 
Le 226 23. a? 
R,R,U,U,U,U,U,R U,R,R,U,U,R,U,R U,U,U,R,R,U,R,U 


(d) (e) (f) 
FIGURE 19.1 


Itis evident that each such arrangement of four R's and four U's must start with an 
R and end with aU. Then for each such arrangement of four R’s and four U’s, going 
from left to right, the number of R’s at any point must always equal or exceed the 
number of U’s. This happens in parts (a), (b) of Fig. 19.1, but not in parts (c) and (e). 
Consequently, if we can count the number of paths from (0, 0) to (4, 4) where the 
path rises above the line y = x [asin Fig. 19.1(c), (e)], then we can solve the problem 
at hand. All we have to do is subtract the number of paths that rise above the line 
y =x from the total number of 70 |= (§)] paths. 

Look again at the path in Fig. 19.1(c). W here does the situation there break down 
for the first time— that is, at what point do the number of U’s first exceed the number 
of R’s, as we examine the arrangement of four R’s and four U's, going from left to 
right? A fter all, we start with the required R— then follow it by another R. So far, so 
good! Then we follow these first two R steps with two U’s, and everything is still fine. 
But then there is a third U and, at this (first) time, the number of U’s (namely, three) 
exceeds the number of R’s (namely, two). 

At this point, let us introduce the following transformation: 


R,R,U,U,U,:R,R,U = R,R,U,U,U,:U,U,R. 
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W hat have we cone here? For the path on the left side of the transformation, we 
found the first step (the third U) where the path rose above the line y = x for the 
first time. The moves up to and including this step (the third U) remain as is, but the 
steps that follow are interchanged— each R is replaced by aU and each U by anR. 
The result is the path on the right-hand side of the transformation— an arrangement of 
threeR’sand fiveU’s, asshownin Fig. 19.1(d). Part (e) of Fig. 19.1 provides a second 
path we want to avoid; part (f ) shows us what occurs when this path is transformed 
by the method given above. 

Now suppose that we start with an arrangement of three R's and five U's, say 


R,U,U,:R,U,U,R,U. 


These eight steps provide us with apath from (0, 0) to (3, 5). Focus on thefirst place 
where the number of U's exceeds the number of R's. This occurs in the third position, 
the location of the second U. This arrangement is now transformed as follows: The 
steps up to and including the second U remain as they appear; the last five moves are 
interchanged as before— each R is replaced by aU, each U by an R. This gives us 
the arrangement 


R,U,U,:U,R,R,U,R 


—one of the bad arrangements (of four R’s and four U's) that we want to avoid as 
we travel from (0, 0) to (4, 4). The correspondence provided by these transformations 
gives us a way to count all of the bad arrangements. We alternatively count the 
number of ways to arrange three R’s and five U’s. This number is 8!/(3!5!) = (8). 
Consequently, the number of paths from (0, 0) to (4, 4), which do not rise above the 
line y = x, is 


8 8\ 8! 8! _ 5(8!)—4(8!) 8! 
()-@)-aa 31514 SCS 


-() (8) (ea) 0) (eh) Cd)» 


If, instead of going from (0, 0) to (4, 4), wewould like to go from (0, 0) to (nv, »), for 
n >= 0, then we find that the result for n = 4 generalizes as follows. For each integer 
n = 0, the number of lattice paths, made up of n R's and n U's, going from (0, 0) to 
(n,n) and never rising above the line y = x, is the nth Catalan number, given by 


-@)-(2)) sanen 
n n—1l 


or 
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[The reader will be asked to verify that (2") — (2",) = (1/(n + 1) (2), forn > 1, 
in the exercises for this chapter. ] 


FIGURE 19.2 


Forn = 3, we have 


1 /2-3 1/6 1 
om saal’s) = als) = (a) ams 
The five lattice paths from (0, 0) to (3, 3) that never rise above the line y = x are 


exhibited in Fig. 19.2. As we shall see shortly, these paths will provide a source of 
comparison with other situations counted by the Catalan numbers. 


Using either of the above formulas, we find that the first 20 Catalan numbers are 
as given in Table 19.1. 


TABLE 19.1 

Co =1 Cs = 42 Cio = 16, 796 Cis = 9, 694, 845 
C,=1 Ceo = 132 Ci, = 58, 786 Cig = 35, 357, 670 
C2, =2 C7 = 429 Cy = 208, 012 C17 = 129, 644, 790 
C3=5 Cz = 1430 C13 = 742, 900 Cig = 477, 638, 700 


Cy = 14 Co = 4862 Cig = 2, 674, 440 Cig = 1, 767, 263, 190. 
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Since binomial coefficients appear in both of our formulas for the Catalan num- 
bers, let us close this chapter by examining how one can obtain these numbers from 
Pascal's triangle. In Fig. 19.3 we have the rows forn=0 to n =8 in Pascal’s 
triangle. 


1 21 
1 3 3 1 
1464 1 


1 5 10 10 5 1 


1 7 21 35 35 21 7 1 


1 8 28 56 70 56 28 8 1 
FIGURE 19.3 


The central binomial coefficients— namely, 1 = (%."), 2= (4), 6= (47), 20= 
(2;°), and 70 = (*;")— appear down the center of the array in Fig. 19.3. When each 
such term of the form @) is divided by n + 1, we find that 


m=O saq(*y)=7(g) =pM=1=4 
m=0 pa(*y)=3() -3@=1-4 
m=2 555(*) )=3() =3O=2- 
(n = 3) sails )=9(3) = 720-5 = 


1 2-4 1/8 1 
(n = 4) waa) = 3 (4) = 570 = 14 = ce 


Alternatively, for each n > 1, consider the entry in the center of the row for 2n (in 
Pascal's triangle). This is the term (i From this, subtract the entry to its left in the 


n 
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triangle— namely, the term ( eae When this is done, we find that 


n—- 


w= C)-G3)=Q)-Qerasten 
H-9 (2)-G2)-()- (ee tetes 

n= (2)-G3)=Q)-Q)- ete 
w-9 C2) =0)-Q em sane 
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1. Forn > 1, prove that 

2n 2n _ 1 2n 

n n-1) \n+1 nj 
2. Forn > 1, prove that 
3. Forn > 1, prove that 


4, Forn = 0, prove that 


5. Forn > 1, prove that 
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10. 


11. 


12. 


13. 


14. 
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. (a) Forn > 1, prove that 


(b) Determine 


. Forn = 0, prove that 


. Forn = 1, prove that 


. Forn = 0, prove that 


For n > 5, prove that 


n\n—2)' 


For n > 1, prove that 
Oo. = An 4n 
scramath tye Mn ea 
For n > 1, prove that 


c, 2:6: 10-14 (dn —2) 
ee 12 OSD 


.(C. D. Olds, 1947) [31]. 


15. 


16. 


17. 


18. 
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The gamma function I was developed by the French mathematician A drien- 
M arie Legendre (1752-1833) as an extension of the factorial function. For a 
real number r > 0, we have 


+00 
rr) = ih ro le-tde. 
0 


For r > 1 this function satisfies the recurrence relation 
T(r) = (r—1)T(r —1). 
If r is aninteger and r > 1, then 


T(r) =(r—J)!. 


Also, F (3) = Jn. 


(a) Prove that, for a positive integer n, 


oD) DODD CMO 


4n!| 


(b) For a positive integer, prove that 


é mee eer 
"Ma ) P(nt2) 


Consider the moves 
R: (x, y) > (x +1, y) U: (x, y) t (x, y+), 


as in Example 19.1. In how many ways can one travel in the xy-plane from 
(0, 0) to (4, 4) if the path taken may touch but never fall below the line y = x? 
In how many ways from (0, 0) to (7, 7)? 

For the same types of moves as in Example 19.1 and the previous exercise, in 
how many ways can one travel from 

(a) (3, 2) to (8, 7) and not rise above the line y = x — 1? 

(b) (3, 8) to (11, 16) and not rise above the line y = x + 5? 

In how many ways can onetravel from (0, 0) to (8, 8) using the steps R: (x, y) > 
(x +1, y) and U: (x, y) * (x, y+ 1), So that the path taken never rises above 
the line y = x but touches the line at the point (3, 3)? 
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20. 


21. 


22. 


23. 
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(a) In how many ways can one go from (0, 0) to (12, 7) if the only moves 
permitted are R: (x, y) > (x +1, y) and U: (x, y) t (x, y+1), and the 
number of U's may never exceed the number of R’s along the path taken? 

(b) Let m and n be positive integers with m > n. Answer the question posed 
in part (a), upon replacing 12 by m and 7 by n. 

Cori’s theatre group is putting on a production of Shakespeare’s The C omedy 

of Errors. To help with the project, M eg has volunteered to sell tickets at the 

entrance to the theatre on the night of the play’s premier. When she arrives at 
the box office, 22 patrons, 11 each with a $10 bill and the other 11 each with 

a $20 bill, are the first to arrive at the theatre, where the price of admission is 

$10. In how many ways can these 22 individuals (all loners) line up so that the 

number with a $10 bill is never exceeded by the number with a $20 bill (and, as 

a result, M eg is always able to make any necessary change from the bills taken 

in from the first 21 of these 22 patrons)? 


Church 
? (5,5) 


(0,0) 
Home 


FIGURE 19.4 


The church that M ary Lou attends is five blocks east and five blocks north of 
where she lives. (See Fig. 19.4.) Unless the weather is bad, every Sunday M ary 
Lou enjoys walking the ten blocks from her home to the church. How many 
different routes can M ary Lou travel if 

(a) shenever crosses (but may touch) the diagonal from her home to the church? 
(b) she never crosses or touches the diagonal from her home to the church? 

A particle starts from the origin and moves a total of seven unit steps to the 
right and seven unit steps to the left, along the x-axis one unit step at a time. 
Following these 14 moves, the particle has returned to the origin. In how many 
ways could this have happened so that the path taken by the particle was left of 
the origin at some point? 

For n > 0, prove that 


= 1 n n\2 
C.= eae pare ie 


Me CHAPTER 20 


Some Further Initial Examples 


Although we now have a formula for C,,, the nth Catalan number, things here will 
prove to be somewhat different from what we did when we first encountered the 
Fibonacci numbers. Unlike what we saw in Part One, at this point we do not have any 
type of recurrence relation for the Catalan numbers. 

W hen we questioned whether a new problem was another example of the Fibonacci 
numbers (sometimes shifted one or two subscripts), we always made an effort to count 
the structures in our new situation by means of the second-order linear recurrence 
relation satisfied by the Fibonacci numbers. However, for the Catalan numbers, at 
least at the start, we shall have to take a different approach. This will be accomplished 
by setting up a one-to-one correspondence (or bijection) between the elements in our 
new example and those of an example whose elements we already know are counted 
by the Catalan numbers. Although we presently know only one example where the 
Catalan numbers arise, we shall soon find several others. 


Example 20.1: Let us start by counting all balanced strings made up of n left 
parentheses and n right parentheses, where the number of right parentheses never 
exceeds the number of left parentheses, as the string is read from left to right. For 
example, if n = 3, we are interested in counting strings like ()()() and (())() but not 
(()))( or ())((). The five balanced strings made up from three left parentheses and three 
right parentheses are shown in Fig. 20.1. 


(a) (Q)) =) (OO) =) 00) @)— Oo) O00 
FIGURE 20.1 


To show that such balanced strings of n left parentheses and n right parentheses 
are counted by the Catalan numbers, consider the paths in Fig. 19.2. For the path in 
Fig. 19.2 (a) replace each R with a“(” and each U with a“)”. As aresult, the path R, 
R,R,U,U,U is transformed into the balanced string ((())) in Fig. 20.1 (a). In the same 
way, the paths in parts (b) through (e) in Fig. 19.2 are transformed into the respective 
balanced strings in parts (b) through (e) in Fig. 20.1. Furthermore, this transformation 
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can be reversed so that each balanced string in Fig. 20.1 determines a corresponding 
pathin Fig. 19.2. Consequently, form > 1, this one-to-one correspondence tells us that 
there are C,, balanced strings made up of n left parentheses and n right parentheses. 
Furthermore, in the case of n = 0, we even have 1(= Co) way where we can arrange 
no left parentheses and no right parentheses to obtain the unique blank balanced 
string. 


Example 20.2: Another somewhat immediate example deals with binary strings. 
Given three 0’s and three 1's, there are 5 (= C3) ways to list these six symbols so 
that, for each list, the number of 0’s never exceeds the number of 1’s (as alistis read 
from left to right). These five binary strings are given in Fig. 20.2. 


(a) 111000 (b) 110100 (c) 101100 (d) 110010 (ec) 101010 
FIGURE 20.2 


Comparing the results in Figs. 20.1 and 20.2, we can readily set up a one-to-one 
correspondence. Consider, for example, the balanced string of three left parentheses 
followed by three right parentheses in Fig. 20.1 (a). Replace each “(” with al and each 
“)" witha 0. The resultis the binary string in Fig. 20.2 (a). Continuing in this way, each 
balanced string in parts (b) through (e) in Fig. 20.1 is transformed into the respective 
binary string in parts (b) through (e) in Fig. 20.2. This one-to-one correspondence 
indicates that for n > 0, there are C,, binary strings made up of n 0’s and n 1's, where 
the number of 0’s never exceeds the number of 1’s, as the string is read from left to 
right. [For n = 0, we have the 1 (= Co) blank binary string.] 

For the case of n = 4, the 14 possible binary strings are shown in Table 20.1. 


TABLE 20.1 

10101010 11001010 11100010 
10101100 11001100 11100100 
10110010 11010010 11101000 
10110100 11010100 

10111000 11011000 11110000 


Before we progress to our next example, we should realize that there is nothing 
really special about the symbols 0 and 1, as used in this example. Nor is there any 
significance about the fact that the number of 0’s may not exceed the number of 1's. 
If, instead, we wanted the binary strings made up of n 0’s and n 1's, where the number 
of 1’s never exceeds the number of 0’s, as the binary string is read from left to right, 
we would get the same number, C,,, of binary strings. Consequently, the number of 
ways we can list four x’s and four y’s as a string of eight symbols, where the number 
of x’s never exceeds the number of y’s, as the string is read from left to right, is 
14 (= C4). Should we prefer to have the number of y's never exceed the number of 
x's, the resulting number of such strings is still 14 (= Ca). 
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Example 20.3: Herewe shall modify Example 20.1 so that we can examine another 
situation where the Catalan numbers arise. T his example is the one that was solved by 
Eugene Charles Catalan in 1838, when he was exploring the Towers of Hanoi puzzle. 
It seems to be one of the reasons his name is attached to the sequence. 

This time we shall count the number of ways we can parenthesize the product 
X9X1X2 ++ -X, Of the n+ 1symbols xo, x1, x2,..., X, USING n pairs of parentheses 
under the following condition: Within each pair of parentheses, there are (i) two 
symbols; (ii) a symbol and a parenthesized expression; or (iii) two parenthesized 
expressions. 


TABLE 20.2 

(((x0x1)x2)x3) (((xox1x2 111000 
((xo(x1%2))x3) ((xo(x1x2 110100 
(xo((x1%2)x3)) (x0((x1x2 101100 
((x0x1)(2%3)) ((xox1(x2 110010 
(xo(x1(x2x3))) (xo(x1(x2 101010 


In the first column of Table 20.2, we find the five ways that the product x9.x1x2.x3 
can be parenthesized under these conditions. The first of these is (((xox1)x2)x3). 
Reading from left to right, we list the three occurrences of the left parenthesis “(” and 
the symbols x9, x1, x2— maintaining the order in which these six symbols occur. 
This results in (((x9x1xz, the first expression in the second column of Table 20.2. 
Likewise, the second expression ((xo(x1x2))x3) in column 1 is transformed into the 
corresponding expression ((xo(x1x2 in column 2— and so on, for the other three pairs 
of corresponding expressions in columns 1 and 2. 

Now we want to go in the opposite direction. So take any expression in column 
2 and append “x3)” to its right end. For example, the fourth expression in column 
2— namely, ((xox1(x2— becomes ((x9.x1(x2x3). AS we read this new expression from 
left to right, we now insert a right parenthesis “)” whenever a product of two results 
arises. Consequently, the expression ((x9x1(x2x3) is transformed into 


((%9 #1)(223)) 


For the product For the product 
of vg and x, of (ag 21) and (#923) 


A one-to-one correspondence between the expressions in columns 2 and 3 readily 
follows. Foran expression in column 2, simply replace each left parenthesis “(" witha 
“1” and each symbol with a “0.” To go in the opposite direction, we now replace each 
“1” with a left parenthesis “(”, the first 0 with xo, the second 0 with x1, and the third 
with x2. In this way we transform the expressions in column 3 into the corresponding 
expressions in column 2. 
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Now that we have a one-to-one correspondence between the expressions in 
columns 1 and 2 and another between the expressions in columns 2 and 3, we can 
put these one-to-one correspondences together (using the composition of functions) 
to get a one-to-one correspondence between the expressions in columns 1 and 3. It 
now follows from Example 20.2 that for n > 1, there are C,, ways to parenthesize the 
product xgx1x2 - - - x,, under the conditions specified at the beginning of this example. 
[For = 0, we consider (xo) asthe 1 (= Co) way we can parenthesize the one factor 
product made up of just xo.] 


Example 20.4: (a) Consider the following scenario. J ames and Colin are the final 
candidates running for the position of president of their high school’s mathematics 
club. If they each receive 20 votes, then the number of ways the votes can be read, 
one at atime, so that J ames’ count is never smaller than Colin’s count is the number 
of ways wecan arrange 20 |’s and 20 C’sinarow, so that as the letters are read from 
left to right, the number of C’s never exceeds the number of J's. The idea presented 
in Example 20.2 tells us that tallying the votes in this way can be accomplished in 
C29 (= 6, 564, 120, 420) ways. 

(b) A comparable situation arises as follows. Suppose that Desiree flips a fair coin 
20 times and gets 10 heads and 10 tails. In how many ways could she have done this 
so that, as the flips occurred, the number of heads was never exceeded by the number 
of tails? Once again the idea in Example 20.2 tells us that there are Cio (= 16, 796) 
ways in which the resulting flips could have occurred in the manner prescribed. 


Example 20.5: (a) Terri has three identical manila folders. In how many ways can 
she place these folders in her attaché case— upright, and perhaps nested within one 
another? 

Referring to Fig. 20.3, consider the dotted line through each of the five configura- 
tions of three manila folders. For the configuration in Fig. 20.3 (a) writea 1 whena 


vy 


111000 110100 101100 
(a) (b) (c) 
(d) (e) 


FIGURE 20.3 
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folder is encountered for the first time (on the left side) and a 0 for when that folder 
is encountered for the second time (on the right side). This results in the binary string 
111000. In like manner, the other four configurations in Fig. 20.3 correspond, respec- 
tively, with the remaining binary strings in parts (b)-(e) of Fig. 20.2. This establishes 
a one-to-one correspondence between the binary strings of Example 20.2 and the 
configurations of identical manila folders given here. Consequently, Terri can place 
the three folders in her attaché case in C3 (= 5) ways. If she had four such folders 
she could place them in her case in C4 (= 14) ways. 

(b) Now suppose that after chairing a meeting on the finances of three departments, 
Terri places asummary sheet for each department into a separate manila folder. U nder 
these circumstances, she can place the (no longer identical) folders into her attaché 
case in (3!)C3 = (6)(5) = 30 different ways. 


Example 20.6: A slight changein wording takes us from the 0’s and 1's of Examples 
20.2 and 20.3 to the following situation. 

Suppose we want to arrange three 1’s and three —1’s so that all six resulting partial 
sums (starting with the first summand) are nonnegative. For instance, one possibility 
is 


1, 1, -1, -1, 1, -1, 


where the partial sums are 


1=12>0 

1+1=220 
1+1-1=120 
1+1-1-1=020 
14+1-1-141=1+2:0 
14+1-1-1+4+1-1=020. 


We see that for such an arrangement to have all partial sums (starting with the first 
summand) nonnegative, the first summand must be 1, and as we examine the sum- 
mands (from left to right) the number of —1’s may never exceed the number of 1’s. 
Consequently, if we do not change the 1's but replace the —1’s with 0’s, we can set up 
a one-to-one correspondence between the arrangements here and those in Example 
20.2 for n = 3. The five arrangements in Fig. 20.2 now lead us to the five corre- 
sponding arrangements in Fig. 20.4, where all the partial sums (starting with the first 
summand) are nonnegative: 


(ae Diets) (6) aia). ey asia att 
GQ) Bhatia ed.) eh sta tet 


FIGURE 20.4 
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In general, for n > 1, there are C,, such arrangements of n 1’s and n —1's where 
all the partial sums (starting with the first summand) are nonnegative. For n = 0, we 
accept 1 (= Co) such arrangement (of nothing) made up of no 1’s and no —1’s and 
having the one partial nonnegative sum of 0. 


Example 20.7: Consider arranging the positive integers 1, 2, 3, 4, 5, and 6, 
subject to the following conditions: (i) 1 appears before 3, which appears before 5; 
(ii) 2 appears before 4, which appears before 6; and, (iii) 1 appears before 2, 3 appears 
before 4, and 5 appears before 6. In Fig. 20.5, we find the five possible arrangements 
satisfying these three conditions. 


(a) 135246 (b) 132546 (c) 123546 (d) 132456 (e) 123456 
FIGURE 20.5 


For each of these arrangements, replace each odd integer with a 1 and each even 
integer with a —1. Then, for instance, the arrangement in Fig. 20.5 (c)— namely, 
123546— would correspond with the sequence 1, —1, 1, 1, —1, —Lin Fig 20.4 (c). In 
this way, a one-to-one correspondence is established between the arrangements given 
here in parts (a)-(e) of Fig. 20.5 and the sequences in parts (a)-(e), respectively, of 
Fig. 20.4 (in Example 20.6). 

When this correspondence is generalized, we learn that, for n > 1, C,, counts the 
numbers of ways one can arrange the positive integers 1, 2,3, ..., 2n — 1, 2n so that 
(i) the odd integers occur in increasing order; (ii) the even integers occur in increasing 
order; and, (iii) 2k — 1 appears before 2k, for alll <k <n. 


Example 20.8: [n closing this chapter, we shall investigate lattice paths once again. 
This time, however, we shall consider them in pairs. 

(a) Forn > 0, each path will be made up of m + 1 steps, where each step is of type 
R: (x, y) > (x +1, y) or U: (x, y) * (x, y +1). Both paths start at (0, 0). The first 
path starts with an R, while the second path starts with aU. Each path then continues 
for n additional steps, and after a total of n + 1 steps, they arrive at the same point 
for the first time. Hence these paths have only their starting and finishing points in 
common. One such pair of paths, for the case of n = 10, is shown in Fig. 20.6. The 
region enclosed by this pair of paths is an example of a parallelogram polyomino. 
The paths both start at (0, 0) and terminate at (4, 7), and they do not meet at any 
other point. The interior of this figure is made up of 12 unit squares arranged in four 
columns and seven rows. We designate the columns as Cy, C2, C3, and Ca. 

At this point, our objective is to associate a sequence of 1’s and —1's with this 
configuration. To this end, we shall let a; count the number of squares in column C,, 
foreach1 <i <4.So 


a=3, a=4, aza=4, a=. 
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Cy Cy Cg Cy 


ay 3, ag 4, a3 4, a4 1 
b;=2, bo=2, b3=1 


FIGURE 20.6 


Then for 1 <i < 3(=4-—1), we let b; count the number of rows where squares 
appear in both columns C; and C;+1. (So a; > b; for 1 < i < 3.) Consequently, here 


Now we shall consider a sequence of 1’s and —1’s that we generate as follows: 


We start with a 1's, 

which are followed by aj — bj +1 —1's, 
which are followed by az—bi +1 1's, 
which are followed by az—b2+1 —1's, 
which are followed by a3 —b2+1 1's, 
which are followed by a3 —b3+1 —1's, 
which are followed by ag4—b34+1 1's, 
and weend with ag —l’s. 
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Consequently, this sequence contains a, + az + a3 + a4 — (bj + bz + b3) +3 1's 
and the same number of —1’s. But how do we know that a1 > a1 — bi +1? If not, 
then a1 <a, — b, +1, from which it follows that b; < 1, and this means that b; = 0. 
But if this happens, then the two paths meet at the point (1, 3), contradicting their 
first meeting point as (4, 7). Likewise, if ay > a, — b) + 1 but ay + (a2 — b1 +1) < 
(a, — bj +1) + (az — b2 +1), then bz < 150 bz = 0 and now the paths meet for 
the first time at (2, 5), not (4, 7). Continuing this type of argument, we see that the 
sequence of 1’s and —1’s we obtain is such that the number of 1’s is never exceeded 
by the number of —1's, as the string is read from left to right. 

[Also note that if we are given such a sequence, the value of a; is the number of 1’s 
at the start of the sequence. The values of az and a, — b; + 1 (the number of —1's 
in the first subsequence of —1’s) provide the value of b;. Continuing in this way, 


(1, 3) (2, 2) (2, 2) 
(0,0) (0,0) 
(0,0) 
a4=. a=2, a2=2 ay=1, ap=2 
b= by=2 by=1 
a1=3 (1's) a1=2 (1's) a,=1 (1) 
ay=. (- 1's) ay-by+1=1 (- 1) ay- by+1=1 (- 1) 
ap-b,+1=1 (1) az- b, +1=2 (1's) 
a7=2 (-1's) a7=2 (-1's) 
LULL -L-1 LL-L0-1,-1 L-LUL-L-1 
(a) (b) (c) 
on 3,1) 
(0,0) 
(0,0) a,=1, aj=1, a3=1 
= { by=1, b2=1 
oe ay=1 (1) 
ae (1's) ay-b, +1=1 (-1) 
ob #1=2 (-1's) az-b, +1=1 (1) 
oa 5 #121 (1) ay-by+1=1 (-1) 
vials C1) a3- by t1=1 (1) 
2 a3=1 (-1) 
LL-L-LL-1 L-LL-Lb-1 
(d) (e) 


FIGURE 20.7 
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the values of a2, bz, a3, b3, and aq are determined and from the values of the seven 
terms a;, 1 <i <4, and b;, 1 < j < 3, the given parallelogram polyomino can be 
reconstructed. ] 

The sequence of 1’s and —1’s for the parallelogram polyomino in Fig. 20.6 is 


1,1, 1, -1, -1, 1, 1,1, —1, —1, -1,1, 1,1, -1, -1, -1, -1,1,-1. 


With this idea in hand, we now turn to the pairs of lattice paths in Fig. 20.7. These 
configurations are for the case wheren = 3, So each of the two lattice paths (in a given 
configuration) is made up of 4 (= 3 + 1) steps. In each of parts (a)-(e) of the figure, 
we determine the sequence of 1’s and —1's that corresponds to the parallelogram 
polyomino in that part. This provides us with a one-to-one correspondence between 
the configurations given here in parts (a)-(e) and the respective arrangements in 
parts (a)-(e) of Fig. 20.4 in Example 20.6. Since this type of correspondence can be 
developed for each n > 0, it follows that the number of parallelogram polyominoes 
(for pairs of paths with n + 1 steps) is the nth Catalan number C,,. 

(b) Finally, look back at the configurations in Fig. 20.7. In each case, remove the 
first and last steps from each path in a given pair, then coalesce the new starting 
and terminating points, so that the lower path never rises above the higher one. This 
variation of the result in part (a) is demonstrated in Fig. 20.8 and provides another 
situation that is counted by the Catalan numbers. (This variation is due to Louis 
W. Shapiro.) 


TT) J] 7 


(a) (b) (c) (d) (e) 


FIGURE 20.8 
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1. In how many ways can one parenthesize the product abcde fgh? 
2. There are 42 ways in which the product wvwxyz can be parenthesized. 


(a) Determine, as in Example 20.4, the list of five 1’s and five 0’s that corre- 
sponds to each of the following. 


168 


SOME FURTHER INITIAL EXAMPLES 


(b) Find, asin Example 20.4, the way to parenthesize wuwxyz that corresponds 
to each given list of five 1’s and five 0’s. 


(i) 1110010100 
(ii) 1011100100 
(iii) 1100110010 


. Inthe fall of next year, Samuel will start his college education. He plans to major 


in computer science but also wants to earn a minor in engineering management. 
To earn this minor, Samuel must take four courses s1, 52, 53, sq in statistics and 
four courses e1, e2, e3, ea inengineering. His plan is to take one of these courses 
each semester during his eight semesters of college. The statistics courses are 
such that s; isa prerequisite for s;41, fori = 1, 2, 3, and the engineering courses 
likewise require e; to be completed before e;+1, fori = 1, 2, 3. 1n addition, for 
i= 1,2, 3, 4, the statistics course s; must be completed before the engineering 
course e;. In how many ways can Samuel order these eight courses so that 
he can satisfy all of the prerequisites and complete the minor in engineering 
management in eight semesters? 


Me CHAPTER 21 


Dyck Paths, Peaks, and Valleys 


This chapter will provide us with examples that modify and extend what we learned 
about lattice paths in Chapter 19. 


Example 21.1: Let us start by returning to the lattice paths in Example 19.1. This 
time, however, we shall introduce the following diagonal steps. Replace each 


R: (x,y) > (x+1,y) with D: (x,y) Z(x«+1,y+1) 


and each 
U: (x,y) t (x, y+1) with D*: (x,y) X\ (x +1, y—1). 
ad AY AY 
3 3 3 
2 2 2 
1 1 1 
> 
12345 62 12345 62 12345 6-2 
D,D,D,D*,D*,D* ,D, oa : * * * 
(a) (b) D,D,D*,D,D*,D (c) _0,D*,D,D,D*,D* 
3 3 
2 2 
1 1 
> > 
1234562 1234562 
(dq) 0,D,D*,D*,D,D* (e) D,D*,D,D*,D,D* 


FIGURE 21.1 


Fibonacci and Catalan Numbers: An Introduction, First Edition. Ralph P. Grimaldi. 
© 2012 J ohn Wiley & Sons, Inc. Published 2012 by J ohn Wiley & Sons, Inc. 
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The resulting paths in Fig. 21.1 are called Dyck (pronounced “Dike”) paths, after 
the German mathematician Walther Franz Anton von Dyck (1856-1934). In general, 
for n > 0, there are C,, Dyck paths of length 2n, made up of n D’s and n D*'s. 
W hen these paths start at (0, 0) and end at (27, 0), they never fall below the x-axis. 
Considering their shape, one also finds the configurations in Fig. 21.1 referred to as 
mountain ranges. 


Example 21.2: Figure 21.2 provides us with what are called the left factors of the 
Dyck paths in Fig. 21.1. As seen in the figure, the left factor of each Dyck path is 
made up of all the diagonal steps that precede the last D step. Consequently, each left 
factor is seen to have the same number of diagonal steps D— namely, 2 (= 3 — 1). 
Weshall establish a one-to-one correspondence between these left factors with n — 1 
diagonal steps D and the Dyck paths of length 2n, for the case of n = 3. Onecan then 
generalize this construction for all n > 1. 

Take, for example, the left factor in Fig. 21.2 (a). If we append an additional 
diagonal step D at the (right) end of the factor and then add on three additional 
diagonal steps D*, we arrive at the Dyck path in Fig. 21.1 (a). This is demonstrated 
in parts (a)-(c) of Fig. 21.3. For the left factor in Fig. 21.2 (b) we once again append 
an additional D step at the (right) end of the factor, but this time we only add two 
additional D* steps in order to reach the x-axis. Parts (d)-(f) of Fig. 21.3 show how 
this left factor evolves into the Dyck path in Fig. 21.3 (f) [and Fig. 21.1 (b)]. So, in 
general, given a left factor with n — 1 D steps, we append aD step to the (right) end 
of the factor and then add on the additional (from 1 to n) D* steps needed to return 


AY AY AY 
3 : F 
4 EN 2 
1 1 
1-24 6 ! | YNZ > 
1234562 123 45 6¢ 
(3)DsDGD,DD4D* «| apj DjD.D%10,0%)D* * |), 2B/D*)D;;0,D*D* 
AY AY 
3 3 
2 2 
i 
> > 
Nay ak tie Oe 12345 62 
(d) 0,D,D*,D*:D,D* (a) D,D*,D,D*:D, D* 


FIGURE 21.2 
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AY y AY 
3 3 3 
2 2 2 
1 1 1 
> 
1234562 1234562 123 456¢f2 
(a) D,D (b) D,D,D (c) D,D,D,D*,D*, D* 
AY Ay Ay 
3 3 3 
2 2 2 
1 1 1 
> > > 
1234562 1234562 1234562 
(d) D,D,D* (e) D,D,D*,D (f) D,D,D*,D, D*,D* 
FIGURE 21.3 


us to the x-axis. In this way, we establish a one-to-one correspondence between the 
structures in Fig. 21.1 and Fig. 21.2. 


Example 21.3: (a) Now we shall investigate paths where the following four types 
of steps are available: 


(1) D: (x,y) A(x+1,y4+1) (2) D¥: (x,y) XN (e+ 1 y—-2) 
(3) Ry: (x, y) red (x +1, y) (4) Ro: (x, y) blue (x + 1, y). 


For n > 2, we want to count the number of paths from (0,0) to (n — 1, 0) using 
these four types of steps— and, in addition, we never allow the paths to dip below 
the x-axis. These paths are known as the two-colored Motzkin paths, named for the 
(German-born) American mathematician Theodore Samuel M otzkin (1908-1970). 


i y i \” 
1 1 1 


blue} blue blue] red red | red 
1 2% 1 2% 1 2% 1 2 
(a) D,D* (b) Rz,R2 (c) Ry Re (d) RyRy fle) RyRi 


FIGURE 21.4 
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When n=3, we find the five two-colored Motzkin paths given in 
Fig. 21.4. To set up a one-to-one correspondence between these paths and the ones 
shown in Fig. 21.1, we first observe that each path in Fig. 21.1 starts with aD from 
(0, 0) to (1,1) and ends with a D* from (5, 1) to (6, 0). In between there are four 
steps— two of type D and two of type D*. Now we examine these remaining four 
steps in pairs and replace each (consecutive) pair in a Dyck path with a single step 
in a two-colored M otzkin path according to the correspondence shown in Fig. 21.5. 
In this way, we arrive at a one-to-one correspondence between the five Dyck paths in 
parts (a)-(e) of Fig. 21.1 and the five respective two-colored M otzkin paths in parts 
(a)-(e) of Fig. 21.4. [When we start with a two-colored M otzkin path we notice, for 
example, from part (a) of Fig. 21.4 and Fig. 21.5, that the low point of aD, D Dyck 
path is at the same level as the top point of aD M otzkin path. From the two-colored 
M otzkin path in part (c) of Fig. 21.4 and 21.5, we realize that the M otzkin R 2 step is 
at the same level as the endpoints of a Dyck D, D* path. These observations, along 
with similar ones for the M otzkin steps in parts (b) and (d) of Fig. 21.5, show us why 
the resulting Dyck paths never fall below the x-axis.] 

Forthegeneral case, ifn > 2,thenforl <i <n — 1,wereplacesteps 2: and2i +1 
of a given Dyck path [from (0, 0) to (2n, 0)] with the ith step of the corresponding 
two-colored M otzkin path, according to the transformations shown in parts (a)- (d) of 
Fig. 21.5. 


Dyck M otzkin Dyck M otzkin 

D,D D D*, D* D* 
(a) (b) 
ras <>  Dlue WwW red 
Dyck Motzkin Dyck M otzkin 
D,D* Ro D*,D Ry 
(c) (d) 

FIGURE 21.5 


(b) Our next result is related to that given in part (a) and was discovered by 
David Callan. First, however, let us recall that for & > 2, a collection $1, So, 
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.. Sx Of subsets of a set S is called pairwise disjoint if 5; 5S; = for all 
l<i<j<k. 

Now for n > 1, we want to count the number of triples (A, B, C) of pair- 
wise disjoint subsets of {1, 2, ..., n—1} where (i) A={a1, a2, ..., ay}, 
B={bi, b2, ..., b,}, with 0 < 2r <n—1; (ii) a; < ajz1 and b; < bj41 for 
all 1 <i <r-—1,; and, (iii) a; < b; for all 1 < i < r. Considering the two-colored 
M otzkin paths above in part (a), label the steps in each path with 1, 2, ..., n—1, 
as the path is traversed from left to right. Place (i) the labels for all D steps in the 
path in set A; (ii) the labels for all D* steps in the path in set B; and, (iii) the labels 
for all the (red) R1 steps in set C. For the case where n = 3, the following triples 
of pairwise disjoint subsets of {1, 2} are in a one-to-one correspondence with parts 
(a)-(e), respectively, of Fig. 21.4: (a) ({1}, {2}, 2); (b) (2, @, @); (c) (2, @, {1}); (d) 
(S, ©, {2}); (e) (S, ©, {1, 2}). 


Example 21.4: This example is also due to David Callan and deals with Dyck paths 
of length 2n + 2 where the first occurrence of a D* (\,) step is followed by another 
step of this type—or, alternatively, the first occurrence of a D (/7) step cannot be 
followed by aD* (\,) step, since Dyck paths cannot dip below the x-axis. 

For n = 3, the five possible paths of length 8 [= 2(3) + 2] that satisfy the given 
condition are shown in Fig. 21.6. To set up a one-to-one correspondence between 
these Dyck paths and those of length 6 in Fig. 21.1, we proceed as follows. Consider 
the Dyck path of length 8 in Fig. 21.6 (a). Remove the first occurrence of the two 
consecutive steps D and D*—in this case, these are steps 4 and 5. Now coalesce 


AY AY Ay 
4 4 4 
3 3 3 
2 2 2 
1 i 1 
1234567 8a Teh Se sioee | ae Sd ee 
(a) (b) (c) 
AY AY 
4 
3 
2 
1 
> 
i 0-3 4 5G a Bie 
(d) (e) 


FIGURE 21.6 
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AY y AY 
4 4 
3 3 
2 2 
1 1 
* > 
1234567 82 1234567 82 12345 62 
(a) (b) (c) 
‘i : AY 
4 4 
3 
3 3 : 
2 2 
1 1 1 
> 
1234567 82 1234567 82 12345 6 2 
(d) (e) (f) 


FIGURE 21.7 


the right endpoint of the left part of the resulting structure with the left endpoint of 
the right part of the structure. This is demonstrated in parts (a)-(c) of Fig. 21.7. The 
result is the Dyck path of length 6 [= 2(3)] in Fig. 21.1 (a). Parts (d)-(f) of Fig. 21.7 
demonstrate the correspondence between the Dyck path of length 8 in Fig. 21.6 (c) 
with the Dyck path of length 6 in Fig. 21.1 (c). When this procedure is applied to the 
five paths in parts (a)-(e) of Fig. 21.6 we obtain the corresponding respective paths 
in parts (a)-(e) of Fig. 21.1. 

The preceding can be adapted for the general case wheren > 1 and so we find that 
there are C,, Dyck paths of length 2n + 2 satisfying the stated condition. 


Example 21.5: In Fig. 21.8, wehave the two (= C2) Dyck paths from (0, 0) to (4, 0) 
(that do not dip below the x-axis). We see that these paths determine five (= C3) points 
on the x-axis. There are two such points for the path in part (a) of the figure and three 
in part (b). If we examine the five (= C3) Dyck paths in Fig. 21.1, we find a total of 
14 (= C4) points where these paths meet the x-axis. 

These observations suggest our next result— due to Robert A. Sulanke. 

For n > 1, the number of points where the C,,_1 Dyck paths [of length 2(n — 1)] 
from (0, 0) to (2(n — 1), 0) meet the x-axis equals C,,. To verify this claim, we shall 
set up a one-to-one correspondence between the points where the C,,-1 Dyck paths 
of length 2(m — 1) meet the x-axis and the C,, Dyck paths of length 2n. 

We demonstrate with the case for n = 3. Consider the two Dyck paths of length 
4 in Fig. 21.8. If (p, 0) is a point of contact with the x-axis, we place aD (7) step 
there and then add a D* (\,) step at the end of the path. This is demonstrated for the 


DYCK PATHS, PEAKS, AND VALLEYS 175 


1203 4 ‘i a oa ae ces 


(0, 0) (4, 0) (0, 0) (2, 0) (4, 0) 


FIGURE 21.8 


second contact point at (4, 0) for the Dyck path in part (a) of the figure. Parts (a)-(c) 
of Fig. 21.9 show us how we obtain the corresponding Dyck path from (0, 0) to (6, 0). 
In parts (d)-(f) of Fig. 21.9 we see how the Dyck path in part (f) corresponds with 
the first contact point at (0, 0) for the Dyck path in Fig. 21.8 (b). Table 21.1 on p. 176 
provides the complete correspondence between the five contact points on the x-axis 
in Fig. 21.8 and the five Dyck paths in Fig. 21.1. 

This technique can be used for any n > 1 and so it follows that the number of 
points where the C,,-1 Dyck paths of length 2(n — 1) meet the x-axis is Cy. 


AY AY 
AY 
3 3 
2 2 2 
1 1 1 
> 
aw eae 12345 2 123456 2 
(a) D,D, D*, D* (b) D,D,D*,D*,D _|(c)_-D,D,D#*,D*,D,D* 
AY AY 
AY 3 3 
2 2 2 
YINAN 
> 
oe Se ee ‘a. oe i P3ee ee 
(d) D,D*,D,D* (e) D,D,D*,D,D* (f) D,D,D*,D,D*, D* 
FIGURE 21.9 


Example 21.6: When dealing with Dyck paths, a peak occurs as part of a path 
whenever we havea D (7) step followed by a D* (\,) step. For the five Dyck paths 
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TABLE 21.1 

Points on the x-A xis in Fig. 21.8 Corresponding Dyck Path in Fig. 21.1 
(1) (0,0) in part (a) (1) Dyck path in part (a) 

(2) (4,0) in part (a) (2) Dyck path in part (d) 

(3) (0,0) in part (b) (3) Dyck path in part (b) 

(4) (2,0) in part (b) (4) Dyck path in part (c) 

(5) (4,0) in part (b) (5) Dyck path in part (e) 


in Fig. 21.1, we find a total of ten peaks. In Fig. 21.10, we introduce an additional 
type of step, denoted R*, where 


R*: (x, y) > (x +2, y). 


The paths given here are examples of Schroder paths [from (0, 0) to (6, 0)] with no 
peaks. They are named after the G erman mathematician Friedrich Wilhelm K arl Ernst 
Schroder (1841-1902). As observed by Louis W. Shapiro, these paths are counted by 
the Catalan numbers. 

For the case where n = 3, a one-to-one correspondence is readily obtained by 
taking the Dyck paths of Fig. 21.1 and replacing each peak D (7), D* (\,) with 
an R* (—>) step. As a result, the five Dyck paths in parts (a)-(e) of Fig. 21.1 then 


AY AY AY 
3 3 3 
2 2 2 
1 1 1 
> 
1234562 1234562 1234562 
(a) D,D,R*,D*,D* (b) D,R*, R*, D* (c) R*,D,R*, D* 


AY AY 
3 3 
2 2 
1 1 
—o—__e__# 16> 
12345 62 12345 62 


(4) D,R%D*R* |e) RR 


FIGURE 21.10 
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correspond respectively with the five Schroder paths, with no peaks, in parts (a)-(e) 
of Fig. 21.10. 

Since this type of one-to-one correspondence can be defined for each n > 1, 
we learn that the number of Schroder paths from (0,0) to (27,0), with no peaks, 
iS Ch. 


AY AY AY 
2 2 2 
EN 1 1 fe 
> > 
12 3 4 12 3 4 & 12 3 4 x 
(a) D,D,D*,D* (b) D,R*, D* (c) R*,D,D* 
AY Ay 
2 2 
1 1 
123 4 x 1234 
(d) D,D*,R* (e) R*, R* 
FIGURE 21.11 


Example 21.7: Comparable to the notion of a peak (as given in the previous exam- 
ple), a valley ina Dyck path occurs when a D* (\,) step is followed by aD (7) step. 
Once again we use the D, D*, and R* steps of the previous example. This time we 
learn that there are C,, Schroder paths from (0, 0) to (2(m — 1), 0) with no valleys. For 
n = 3, the five such Schroder paths are shown in Fig. 21.11. 

A one-to-one correspondence between the Schroder paths of Fig. 21.11 and the 
Dyck paths of Fig. 21.1 can be developed as follows. Starting with a Dyck path from 
(0, 0) to (2 - 3, 0), remove the initial D (/7) step and the final D* (\\) step. For the 
remaining four steps, replace each occurrence of a D* (\,) step followed by a D 
(7) step with an R* (—) step. Now that all valleys have been deleted, start the first 
step of the new path at (0,0) and terminate the last step at (2-2, 0). The result is a 
Schroder path, with no valleys, from (0, 0) to (2-2, 0)— as demonstrated in Fig. 21.12 
on p. 178 for the Dyck path in Fig. 21.1 (b). Using the same constructive idea, the 
five Dyck paths in parts (a)-(e) of Fig. 21.1 then correspond respectively with the five 
Schroder paths, with no valleys, in parts (a)-(e) of Fig. 21.11. Furthermore, this one- 
to-one correspondence is valid for each n > 1, thereby establishing that the number 
of Schroder paths from (0, 0) to (2(m — 1), 0), with no valleys, is C,. 
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AY AY 
3 3 
2 2 
1 1 
a 2 Se a ey ee es 


(a) D,D, D*,D, D*, D* (b) D,D*,D,D* 
AY re 
3 2 
2 TN 
1 > 
1 St. x 
> 
1 2 3 4 5 6 « 
(c) D,R*,D* (d) D,R*,D* 
FIGURE 21,12 
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1. Determine the number of Dyck paths from (0, 0) to (14, 0) that include the 
point (8, 0). 


2. (a) Determine the number of Dyck paths from (0,0) to (20, 0) that never 
touch the x-axis— except at (0, 0) and (20, 0). 
(b) Generalize the result in part (a). 
3. (a) Find the left factor for each of the following Dyck paths: 


(i) D, D, D*, D,D, D, D*, D*, D*, D* 
(ii) D, D*,D,D,D*, D*, D, D, D, D*, D*, D* 


(b) Find the Dyck path for each of the following left factors: 


(i) D, D, D, D*, D* 
(ii) D, D*,D, D, D*, D* 
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6, > 
(0, 0) (10, 0) x (0, 0) (12,0) « 
(a) (b) 
FIGURE 21.13 


. Find the two-colored M otzkin paths that correspond to each of the Dyck paths 
in Fig. 21.13. 

. Find the Dyck paths that correspond to each of the two-colored M otzkin paths 
in Fig. 21.14, 

. (a) A two-colored M otzkin path starts at (0,0) and ends at (11,0). If the 

corresponding Dyck path starts at (0, 0), where does it end? 
(b) A Dyck path starts at (0, 0) and ends at (34, 0). If the corresponding two- 
colored M otzkin path starts at (0, 0), where does it end? 

. Mona and Mary Ellen are developing software to draw and count the Dyck 
paths from (0,0) to (16,0) and also determine the number of times these 
paths meet the x-axis. Since these two young women are excellent computer 
scientists, they realize the need to validate their results. To do so, they need to 
know how many Dyck paths there are from (0, 0) to (16, 0) and how many 
times these paths meet the x-axis. What are these quantities? 

. Following a successful evening at the poker tables of “Hopping Henry’s” 
Casino, a somewhat inebriated Scott takes his leave. Standing outside, with 
his back to the casino entrance (which faces south), Scott decides to turn left 
and walk east to his hotel. In so doing, he walks along a straight walkway 
made up of 4 x 4 pavement squares. At the one square directly in front of the 
casino and each square to his left, Scott decides to do one of the following: (i) 


y 
f red 


red | blue 


r |(0, 0) (5,0) a 


(b) 


FIGURE 21.14 
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take one step forward, to the east (E); (ii) take one step backward, to the west 
(W); (iii) stay on the square where he is and turn around clockwise (C); or, 
(iv) stay on the square where he is and turn around counterclockwise (C*). 


(a) In how many ways can Scott take two steps to find himself back at the 
entrance to “Hopping Henry’s”, if at no time is he to find himself on a 
square behind his starting point? 


(b) Answer part (a) upon replacing 2 by n, wheren > 0. 


A Motzkin path from (0, 0) to (m, 0) is made up of three types of steps: D: 
(x, y) ZA (x +1, y +1), D*: (x, y) \ (x +1, y — 1), and R: (x, y) —> (x+ 
1, y). There are m steps in total and the number of D steps equals the number 
of D* steps. Such a path is called peakless if there is no occurrence of a D 
step followed by a D* step. 

Consider the peakless M otzkin paths where n counts the total number of 
all R steps and all D steps (and the number of D* steps equals the number of 
D steps). The case for n = 3 is shown in Fig. 21.15. Show that these peakl ess 
Motzkin paths are counted by the Catalan numbers. (This result is due to 
Emeric Deutsch.) 


AY AY AY 
2 2 2 
1 1 5 en 
> 
123 45 @ 123 4 «g 123 4 ¢ 
(a) D,D,R,D*, D* (b) D,R,R, D* (c) R,D,R, D* 
Ay AY 
2 2 
1 1 
> 
1234 « 123 2 
(d) D,R,D*,R (e) R,R,R 
FIGURE 21.15 


10. For n = 1, consider the lattice paths from (0, 0) to (x — 1, n — 1) made up 


of three types of steps: U: (x, y) t (x, y+1), R: (x, y) > (x+1, y), and 
D: (x, y) Z(x+1, y+1), where such a path can never fall below the line 
y = x and each D step only occurs along the line y = x. The case for n = 3 
is exhibited in Fig. 21.16. Show that these lattice paths are counted by the 
Catalan numbers. 
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AY A 
(2, 2) Y (2,2) Y 122) Y 122) Y 2) 
(0, 0) x (0, 0) a (0, 0) x (0, 0) a (0, 0) x 
(a) (b) (c) (d) (e) 
FIGURE 21.16 
11. Consider the two-colored M otzkin paths of Example 21.3 (a). Now, however, 


12. 


13. 


14. 


for n > 1, focus on those paths from (0, 0) to (mn, 0) where no Rj step can 
occur on the x-axis. The case for n = 3 is shown in Fig. 21.17. Show that 
these two-colored M otzkin paths are counted by the Catalan numbers. (This 
result is due to Emeric Deutsch.) 
For n > 1, consider the Schroder paths (of Example 21.6) from (0, 0) to 
(2(n — 1), 0). In this case, however, peaks, resulting from a D step followed 
by a D* step, only occur on the x-axis. The case for n = 3 is exhibited in 
Fig. 21.18 on p. 182. Show that these Schroder paths are counted by the 
Catalan numbers. 
(a) Consider Example 21.3 (b) for the case where n = 11. In this case, how 
many triples(A, B, C) aretherewith A= B= 9? 
(b) Generalize the result in part (a). 
(a) Forn => 1,show thattheC atalan number C,, counts the number of quadru- 
ples(A, B, C, D) of pairwisedisjointsubsets of {1, 2, ..., n — 1} where 
(i) A = {a1, az, ..., ar}, B= {b1, bp, ..., b-}, withO < 2r<n—-1; 
(ii) a; < aj41 and b; < bj41 foralll <i<r—1,; (iii) a; < 5; foralll < 
i<rjand,(iv)AUBUCU D={l, 2, ..., n — 1}. (Herethe nonempty 
subsets among A, B, C, D providea partition of {1, 2, ..., n—1}.) 
For a given n > 1, how many of the quadruples in part (a) have A = 
B=@2? 


= 


y y y y y 
(0 if (0 if (0 if (0 if (0 if 


16 ax XL 


£ x x C ‘ 
(0,0) (3,0) (0,0) (3,0) (0,0) (3,0) (0,0) (3,0) (0,0) (3,0) 


D, R>, D* D, Ry, D* R2, D, D* D,D*,R, R>, Ro, Rp 


(b) (c) (d) (e) 
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(0, 1) (0, 1) (0, 1) (0, 1) (0, 1) 
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(0, 0) (4, 0) (0, 0) (4, 0) (0, 0) (4, 0) (0, 0) (4, 0) (0, 0) (4, 0) 


x x x x x 


D,R*,D* D,D*, D, D* R*,D, D* D,D*, R* R*,R* 
(b) (c) (d) (e) 


15. 


16. 


FIGURE 21.18 


Margaret and Artie each take five turns tossing a fair coin. First M argaret 
tosses the coin, then Artie, then M argaret, and so on, with A rtie’s fifth toss the 
final toss. 

(a) What is the probability that there are equal numbers of heads and tails in 
the ten tosses? 

(b) Whatis the probability that there are equal numbers of heads and tails in 
the ten tosses and that the number of heads never exceeds the number of 
tails during the ten tosses? 

Nancy and Paul each take six turns tossing a fair coin. First Nancy tosses the 

coin, then Paul, then Nancy, and so on, with Paul’s sixth toss the final toss. 

W hat is the probability that there are equal numbers of heads and tails in the 

12 tosses, that the number of heads never exceeds the number of tails during 

the 12 tosses, and that the numbers of heads and tails equal each other for the 

first time after the 12 tosses? 


Ma CHAPTER 22 


Young Tableaux, Compositions, and 
Vertices and Arcs 


N ew structures and familiar ones arise as we continue to investigate some of the many 
places where the Catalan numbers surface. 


Example 22.1: This example introduces a combinatorial structure called a 2 by n 
Young Tableaux. These structures are named for the English clergyman and mathe- 
matician Alfred Young (1873-1940) and are made up of 2n cells divided into 2 rows 
and n columns. In using such a tableau, we want to count the number of ways we can 
place the integers from 1 to 2n into the 2n cells so that the entries in each row are in 
ascending order and, for each of the n columns, the entry in row 1 is smaller than the 
entry in row 2. For n = 3, we find that there are five such 2 by 3 Young Tableaux: 


1 2 3 124 13 4 
(a) (b) (c) 
4 5 6 3.5 6 25 6 
125 135 
(d) (e) 
3.4 6 2 4 6 
FIGURE 22.1 


To set up a one-to-one correspondence between the Dyck paths in Fig. 21.1 and 
these 2 by 3 Young Tableaux, consider the Dyck path in Fig. 21.1 (a). Where are the 
D (A) steps in this path? They are the first, second, and third steps in the path— and 
so we place 1, 2, and 3 (in order) in the first row of the tableau. Likewise, we now 
consider the locations of the D* (\,) stepsin this path. Their locations, listed in order 


Fibonacci and Catalan Numbers: An Introduction, First Edition. Ralph P. Grimaldi. 
© 2012 J ohn Wiley & Sons, Inc. Published 2012 by John Wiley & Sons, Inc. 


183 


184 YOUNG TABLEAUX, COMPOSITIONS, AND VERTICES AND ARCS 


of occurrence, give us the results in the second row of the tableau— namely, 4, 5, 6. 
Applying this idea to the other Dyck paths in Fig. 21.1, we find that the Dyck paths in 
parts (a)-(e) of the figure correspond respectively to the five Young Tableaux given 
in parts (a)-(e) of Fig. 22.1. Consequently, since this correspondence can be set up 
in a similar way for any n > 1, it follows that the number of 2 by n Young Tableaux 
iS Cp. 


Example 22.2: In Chapter 6, we were introduced to the idea of compositions of an 
integer. First and foremost, we learned that the positive integer n has 2”—! compo- 
sitions. In this example, due to Astrid R eifegerste, we will be interested in pairs of 
compositions of a given positive integer n. The compositions in each pair will be of 
the form 


at+angt +++ tag and by +bo+ --+ + dg. 


Consequently, each of these compositions of n has the same number of summands 
(or parts). In addition, we require that 


ay>h, at+azz>bh+b2, a +42+ 03> 6b, +524 53, ..., 
ay +a2+a3+ +++ +ag-1 = b+ b24+ 634+ +++ + de, 


ay tag+ +++ tay = bi +bp4+ +--+ + dy. 


For n = 3, we find five such pairs in Fig. 22.2. 

Unfortunately, four of these five pairs have the same composition in both com- 
ponents, and the components of the pair (2+ 1,1+ 2) involve the same exact 
summands— except for their order. A little more variety arises for the pairs of com- 
positions of n = 4. Here we find the 14 ordered pairs in Fig. 22.3. 

Inthe case of n = 3, consider the pair (2 + 1, 1+ 2).Herewehavea, = 2,a2 = 1, 
b, = 1, and bp = 2. To set up a one-to-one correspondence with the Dyck paths in 
Fig. 21.1, weconstruct the Dyck path for this pair of compositions by drawing a, D’s, 
then b; D*’s, then az D’s, and finally bz D*’s. This is the Dyck path in Fig. 21.1 (b). 
Using this method, we find that the pairs of compositions in parts (a)-(e) of Fig. 22.2 
correspond respectively with the Dyck paths in parts (a)-(e) of Fig. 21.1. 

In Fig. 22.4 (a) we have the Dyck path that corresponds with pair (10) in Fig. 
22.3— namely, (3 +1, 2+ 2). Part (b) of Fig. 22.4 provides the Dyck path for pair 
(14) in Fig. 22.3— this time, (1+2+1,141+4 2). 


(a) (3,3) (b) (241,142) (c) (142,142) 


(d) (241,241) (e) (1+141,14+1+4+1). 
FIGURE 22.2 
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(1) (4,4) (2) (841,341) (83) (24+2,2+2) 


@) (O4eiePioipedy (Gy. Geo 3) 


(6)- CU 4-oe ito) “Oe To aT 9) 


(8) (1+14141,1414+141) 


() “@pir43) G0) -A412+0)- (0). G+2,1+3) 


(2)) (OES os Ty 8), eed a) 


(ia) Keo 2a oy: 


FIGURE 22.3 
AY AY 
4 4 
3 3 
2 2 
1 1 
> > 
12345678 » 12345678 » 
(3+1, 2+2) (14241, 14142) 
D, D, D, D*, D*, D, D*, D* D, D*, D, D, D*, D, D*, D* 
(a) (b) 
FIGURE 22.4 


This idea can be used for each n > 1 and shows that the number of pairs of 
compositions of n, which satisfy the given conditions, is C,. 


Example 22.3: In each part of Fig. 22.5 onp. 186, there are six vertices lying alonga 
horizontal line. Three arcs, each connecting two vertices, are drawn for each part, and 
these arcs satisfy the following: (i) each vertex is part of just one arc; (ii) the arcs lie 
above the vertices; and, (iii) no two of the arcs intersect. For each configuration, we 
shall travel along the horizontal (base) line— going from left to right. As wedo so, we 
write a 1 for the first time we encounter an arc. The second time we encounter that arc, 
wewritea —1. Each resulting sequence of three 1's and three —1’s (where the number 
of 1's is never exceeded by the number of —1’s or, equivalently, the partial sums are 
all nonnegative) is provided below the corresponding configuration. In this way, a 
one-to-one correspondence is established between the five configurations in parts 
(a)-(e) of Fig. 22.5 and the corresponding sequences in parts (a)-(e), respectively, of 
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YI Sa Noe Ns 


<~ 
1, 1,1, -1,-1,-1 1, 1, -1, 1,-1,-1 1, -l, L1,-L-l 


(a) (b) (c) 


OM Fey cE ae 
1, 1, -1,-1,1, -1 > > >i, 


(d) (e) 
FIGURE 22.5 


Fig. 20.4 (in Example 20.6). Consequently, there are 5 (= C3) ways in which we can 
draw the six vertices and three arcs under the given conditions. 

In general, for n > 1, we place 2n vertices along a horizontal (base) line and draw 
n arcs— each arc connecting two of the vertices. The number of ways in which these 
n arcs can be drawn, so that conditions (i), (ii), and (iii), as given above, are satisfied, 
iS Cp. 


Looking back at Fig. 20.1, we see that if we join the upper part of each pair of 
corresponding parentheses, the resulting configurations in parts (a)-(e) of that figure 
bear a marked resemblance to parts (a)-(e), respectively, of Fig. 22.5. Likewise, if we 
turn Terri's manila folders in Fig. 20.3 (in Example 20.5) upside down, then we find 
an immediate correspondence between these configurations and those in Fig. 22.5. 

Another immediate example, dealing with the Catalan numbers, arises if we make 
the arcs of Fig. 22.5 into semicircles. For now we see that C, counts the number of 
ways we can draw n semicircles, whose centers are on a horizontal (base) line and 
which satisfy the conditions that (i) all semicircles are above the horizontal (base) line; 
(ii) no two semicircles are tangent; and (iii) no two semicircles intersect. However, 
one or more semicircles may be enclosed within another semicircle. Finally, suppose 
these semicircles are reflected in the given horizontal (base) line. U pon considering 
each semicircle and its reflection, we now find that C,, counts the number of ways 
circles can be drawn so that (i) all circles are centered on agiven horizontal (base) line; 
(ii) no two circles are tangent; and (iii) no two circles intersect. Once again, however, 
one or more circles may be enclosed within another circle. These configurations are 
demonstrated in Fig. 22.6. 


Example 22.4: Let A be a nonempty set. 
A function f: A > A is called an involution if the composition of f with itself 
is the identity function on A—thatis, f* = fo f =1y. 
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(a) 1,1,1,-1,-1,-1 
(b) 1,1,-1,1,-1,-1 


(d) iss ees esa eo 
(e) 1,-1,1,-1,1,-1 
FIGURE 22.6 


A function f: A — Aiscalled a permutation if f is bijective (that is, one-to-one 
and onto). 
Finally, if f: A Aandx «A with f(x) = x, wesay that x is a fixed point for f. 


For n > 1, we want to determine the number of permutations f for the set 
{1, 2,3,...,2n— 1, 2n}, where f is an involution that has no fixed points and that 
satisfies the following noncrossing condition: 


If a,b,c,d are distinct elements from {1,2,3,...,2n —1, 2n}, 
with a <b <c <d, then wecannot have f(a) =c and f(b) =d. 


Once again we focus our attention on the case for n = 3. In Fig. 22.7 on p. 188, 
we find the five possible permutations f: {1, 2,3, 4,5, 6} — {1, 2, 3, 4, 5, 6} that are 
involutions with no fixed points and that satisfy the noncrossing condition. 

The reader who has studied permutation groups will recognize these functions as 
the elements of the symmetric group S¢ that can be represented as shown in Fig. 22.8 
on p. 188. Here each permutation is written as a product of disjoint transpositions. 

[Note, for example, that neither the permutation (13)(24)(56) nor the permutation 
(12)(35)(46) appears in Fig. 22.8. Both areinvolutions with no fixed points, but neither 
satisfies the noncrossing condition.] 


188 


Figure 22.9 provides the same arcs as in Fig. 22.5, but now we have labeled the 
points on the horizontal (base) axis. No matter if we use Fig. 22.7 or Fig. 22.8, we 
can determine these five functions from the arcs in Fig. 22.9. For example, part (c) of 
Fig. 22.9 shows that we pair 2 with 1, 6 with 3, and 5 with 4, just like f3 does. This 
correspondence between the configurations in Fig. 22.9 and the functions in Fig. 22.7 
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‘e fo 
1—6 1-6 
2-5 2-3 
3-4 3 2 
4—3 4-5 
5 2 5-4 
6— 1 6— 1 
fis (16)(25)(34) 
fa: (14)(23)(56) fs: 


fo: 


fs Sa 
1-2 1-4 
2— 1 2-3 
3— 6 37> 2 
4-5 41 
5-4 5— 6 
6— 3 6-5 
FIGURE 22.7 
(16) (23) (45) 
(12) (34) (56) 
FIGURE 22.8 


(or Fig. 22.8) shows us that there are C3 such functions. 


For the general case, when n>1, we have C, permutations of the set 
{1, 2,3,...,2n — 1, 2n}, which areinvolutions with no fixed points and which satisfy 


the noncrossing condition. 


fs: 


(12)(36) (45) 


12345 6 


123 456 123 456 
(a) (b) (©) 
fAYe-| TTR 
(@) () 


FIGURE 22.9 
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Example 22.5: For n > 2, here we start with m — 1 1's and an arbitrary number k 
(between 0 and n — 1) of —1's. These (n — 1) + k integers are then listed so that all 
partial sums (read from left to right) are nonnegative. When n = 3, for example, five 
such lists can be found— as in Fig. 22.10. 

Look back at the left factors in Fig. 21.2 (of Example 21.2). A one-to-one cor- 
respondence between the structures given there and the lists in Fig. 22.10 can be 
obtained if each D (7) step is replaced by a 1 while each D* (\,) step is replaced 
by a —1. In this way the five left factors in parts (a)-(e) of Fig. 21.2 correspond, 
respectively, with the five lists in parts (a)-(e) of Fig. 22.10. 

Since this construction can be defined for each n > 2, these lists of 1’s and —1’s 
are counted by C,,. 

Before continuing to the next example, the reader may feel that the result here 
is very similar to that in Example 20.6. In the exercises, the reader will be asked to 
determine a one-to-one correspondence between the lists given here and the lists in 
Example 20.6. 


(ab dit (B\s Site YES ah dk eet ai, 


FIGURE 22.10 


Example 22.6: Once again we have n > 2, but now we consider arcs and isolated 
vertices whose total number is n — 1. The endpoints of each arc and the isolated 
vertices lie along a horizontal (base) line, the arcs do not intersect, and the arcs lie 
above the vertices. Furthermore, no isolated vertex may be located below an arc, 
although one arc may be located below another. 

There are five such possible configurations for n = 3—as exhibited in Fig. 22.11 
on p. 190. A one-to-one correspondence between these configurations and the lists 
in Example 22.5 can be established as follows: Examining the vertices (from left to 
right) in each configuration in Fig. 22.11, write a 1 for each isolated vertex and for 
the left endpoint of each arc, and write a —1 for the right endpoint of each arc. This 
provides a one-to-one correspondence between the five configurations of isolated 
vertices and arcs in parts (a)-(e) of Fig. 22.11 and the respective lists in parts (a)-(@) 
of Fig. 22.10. Further, this type of correspondence can be defined for each n > 2 and 
exhibits another situation where the Catalan numbers arise. 


Example 22.7: This example is due to David Callan. Like Example 22.6, it also 
deals with isolated vertices and arcs that lie above them. For n > 2, we now place 
2n — 2 vertices along a horizontal (base) line and label them consecutively from 1 to 
2n — 2. As before, these arcs lie above the horizontal (base) line and cannot intersect. 
Furthermore, for each arc that appears, the left endpointis at an odd-numbered vertex, 
while the right endpoint is at an even-numbered vertex. 
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> i ir oe ti 
(a) (b) (c) 
111 1-11 -l 
(d) (e) 
FIGURE 22.11 


When n = 3, for example, we obtain the five configurations shown in Fig. 22.12. 
To set up a one-to-one correspondence between the results here and the Dyck paths 
in Fig. 21.1 (of Example 21.1), proceed as follows: (i) Start with a D (7) step. (ii) 
The left endpoint of an arc and an isolated vertex with an even label are each replaced 
with aD (A) step. (iii) The right endpoint of an arc and an isolated vertex with an odd 
label are each replaced with a D* (\,) step. (iv) Finally, add a D* (\,) step at the end. 
It then follows that the five configurations in parts (a)-(e) of Fig. 22.12 correspond, 
respectively, with the five Dyck paths in parts (a)-(e) of Fig. 21.1. 

Thepreceding correspondence for thecaseof n = 3 canjustas readily be developed 
for each n > 2. Therefore, these configurations of arcs and isolated vertices (with the 
stated conditions) on 2n — 2 vertices are counted by the Catalan number C,,. 


ra 
23 4 L 2. S334 
D, D*, D, D, D*, D* 


(c) 


123 4 1 
D, D, D*, D, D*, D* 


(b) 


D, D, D, D*, D*, D* 
(a) 


123 4 123 4 
D, D, D*, D*, D, D* D, D*, D, D*, D, D* 


(d) 


(e) 
FIGURE 22.12 


Example 22.8: This last result for Chapter 22 is due to Emeric Deutsch. Forn > 1, 
weshall consider configurations made up from arcs and labeled isolated vertices. Each 
vertex, either isolated or as the endpoint of an arc, will appear along a horizontal (base) 
axis. The total number of vertices (in a configuration) will vary— from n to 2n — 1. 
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Loz 3. acd 12-34 12 3 4 


D,D,D,D*, D*, D* D,D,D*,D, D*, D* D,D*,D,D, D*, D* 


(a) (b) (c) 
JoeEX 2 ‘e- ‘2 2 
i Sea ae ee: 
D, D, D*, D*, D, D* D, D*,D,D*, D, D* 
(d) (e) 
FIGURE 22.13 


However, the total number of arcs and isolated vertices for each configuration will 
ben. Furthermore, the arcs are drawn above the vertices, do not intersect, and do not 
have endpoints labeled with consecutive integers. The case for n = 3 is presented in 
Fig. 22.13. Note that each configuration is made up of three pieces— each piece an 
isolated vertex or an arc on nonconsecutively labeled vertices. 

To set up a one-to-one correspondence between these configurations and the Dyck 
paths in Fig. 21.1 (of Example 21.1), we replace (i) each isolated vertex with the pair 
of steps D (7), D* (\\); (ii) the left endpoint of an arc with the step D (7); and, 
(iii) the right endpoint of an arc with the step D* (\.). In this way, we find that the 
configurations in parts (a)-(e) of Fig. 22.13 correspond, respectively, with the Dyck 
paths in parts (a)-(e) of Fig. 21.1. 

Since this type of correspondence can be defined for each n > 1, it follows that 
the number of these configurations, for a fixed n, is Cy. 


EXERCISES FOR CHAPTER 22 


1. Emma and Christopher are the sponsors for the women’s fencing club at their 
university. There are 12 students involved in the club and it just so happens 
that no two of them have the same height. For a yearbook photo, Emma and 
Christopher must arrange these 12 students in two rows of six students each, so 
that, as all the students are facing forward, the heights of the students in each 
row are increasing from left to right. Furthermore, each student in the front row 
must be shorter than the student standing behind her. In how many ways can 
such arrangements be made? 

2. Determine a one-to-one correspondence between the lists in Example 20.6 and 
those in Example 22.5. 


Ms CHAPTER 23 


Tnangulating the Interior of a Convex 
Polygon 


At this point we return to the problem mentioned at the start, in Chapter 18. 


Example 23.1: For n > 1, we start with a convex polygon P of n + 2 sides. We 
want to count the number of ways n — 1 diagonals can be drawn within the interior 
of P so that 


(i) no two diagonals intersect within the interior of P; and, 


(ii) the diagonals partition the interior of P into n triangles— hence, the verb, 
triangulate. 


To show that C,, is the number of ways the interior of a convex (n + 2)-gon can 
be triangulated, we shall develop a one-to-one correspondence, for when n = 3, with 
the results in Table 20.2 (in Example 20.3). The method given here was developed 
in 1961 by Henry George Forder of the University of Auckland in New Zealand. His 
method is developed in Reference [13]. 

We replace xo, x1, x2, and x3 in Table 20.2 with a, b, c, and d, respectively. In 
Fig. 23.1, we find the five ways one can triangulate the interior of a convex pentagon 
with no intersecting diagonals. In each part, we have labeled four of the sides— with 
the letters a, b, c, d— as well as all five of the vertices. In part (a), for example, the 
labels on sides a and b are used to provide the label ab on the diagonal connecting 
vertices 2 and 4. This is due to the fact that the diagonal ab, together with the sides a 
and b, provides the leftmost interior triangle in the triangulation of the given convex 
pentagon. Then the diagonal ab and the side c provide the label (ab)c for the diagonal 
connecting vertices 2 and 5. The sides labeled ab, c, and (ab)c then determine the 
center interior triangle in this triangulation. Continuing in this way, we finally label 
the base edge connecting vertices 1 and 2 with the label ((ab)c)d. Placing this label 
within a third set of parentheses, we arrive at the expression (((ab)c)d) at the bottom 
of Fig. 23.1 (a). This is one of the five ways we can introduce parentheses in order to 
obtain the three products (of two numbers at a time) needed to compute abcd. In this 
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2 (ab)(cd) 1 2 a(b(ed)) 4 


(d) _((ab)(cd)) (e) _ (a(b(ed))) 
FIGURE 23.1 


way, we correspond the triangulation in Fig. 23.1 (a) with the entry in the first row and 
first column of Table 20.2 (in Example 20.3). Applying this idea to the triangulations 
in parts (b)-(e) of Fig. 23.1 completes the one-to-one correspondence with the entries 
in the second through fifth rows (and first column), respectively, of Table 20.2. 

Since this type of correspondence can be developed for each n > 1, it follows 
that 7;,, the number of ways one can triangulate the interior of a convex (n + 2)-gon, 
iS Cy. 


Related to the above situation, let us now consider taking a convex n-gon and 
drawing 0 or more nonintersecting (within the polygon) diagonals within the interior 
of the n-gon. If the dissection results in an even number of regions (within the n-gon), 
the dissection is called even and e(m) counts the number of all such even dissections. 
Likewise, a dissection that results in an odd number of regions is called odd, and 
o(n) counts their number. If we have a convex 3-gon— that is, a triangle— then we 
can only draw 0 diagonals, resulting in one region. So here e(3) = 0 and 0(3) = 1. 
For a convex 4-gon— that is, a convex quadrilateral— we get one region (with four 
sides), when we draw no diagonals, and two regions (with three sides) for each of 
the two (even) dissections where we draw one diagonal. Consequently, e(4) = 2 and 
o(4) = 1. Considering aconvex pentagon, we get one odd dissection when we draw no 
diagonals, five even dissections when we draw one diagonal, and five odd dissections 
when we draw two diagonals. As aresult, e(5) = 5 and o(5) = 6. 
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Now note that 


e(3) — o(3) = 0-—1=-1 =(-1) 
eAl\ao(4) a2 a (= 1)* 
e(5) — o(5) = 5 —6 = -1 = (-1)° 


This pattern continues and one finds that for all n > 3, e(n) — o(n) = (—1)". This 
was discovered by Emeric Deutsch in 2005. Two different proofs of this result are 
provided in Reference [7]. 


EXERCISES FOR CHAPTER 23 


1. Find the parenthesized product associated with the triangulated convex hexagon 
[in part (a)] and the triangulated convex octagon [in part (b)] of Fig. 23.2. 


(a) (b) 
FIGURE 23.2 


2. In how many ways can Yolanda triangulate the interior of the convex 12-sided 
polygon ABC... JKL if the triangulations must include the diagonal AH? 

3. For n > 4, prove that the number of ways one can partition the interior of a 
convex polygon of n sides into m — 4 triangles and one quadrilateral, using 
n —A4 diagonals, with no two diagonals intersecting within the polygon, is 
(2"-?). (This result is due to Christian J ones.) 


Me CHAPTER 24 


Some Examples from Graph Theory 


As the title suggests, this chapter will introduce some examples where the Catalan 
numbers arise in graph theory. 


In Chapter 12, we were introduced to the structure called an undirected graph. In 
our first example, we shall investigate a special collection of undirected graphs, which 
have no loops and are defined using closed intervals of unit length. 


Example 24.1 (U nit-Interval Graphs): Forn > 1, westart with n closed intervals of 
unit length and draw the corresponding unit-interval graphs on n vertices, as shown 
in Fig. 24.1 (for the cases where n = 1 and n = 2). In Fig 24.1 (a) we find one unit 
interval. This corresponds to the single (isolated) vertex w1. Here we can represent 
both the closed interval and the unit-interval graph by the binary string 01. When we 
consider two closed unit intervals, we can draw them so that they do not overlap, as 
in Fig. 24.1 (b), or overlapping, as in part (c) of the figure. When two closed unit 
intervals overlap, we draw an edge in the graph joining the vertices that correspond 
to the two closed unit intervals. Consequently, the unit-interval graph in Fig. 24.1 (b) 
consists of the two isolated vertices w; and w2, which correspond respectively with 
the first and second closed unit intervals that do not overlap. The closed unit intervals 
in Fig. 24.1 (c) do overlap, so the resulting graph consists of the vertices wi, w2 and 
the edge wz wz2. The vertices w; and w2 correspond, respectively, with the lower and 
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upper closed unit intervals in Fig. 24.1 (c). In both parts (b) and (c), we can represent 
the positioning of the two closed intervals and the corresponding unit-interval graphs 
by the binary string 0101 for part (b) and 0011 for part (c). 

In Fig. 24.2, we have the five unit-interval graphs for the case of n = 3. At the 
bottom of each graph, we find its corresponding binary string of three 0’s and three 1’s. 
Consequently, we have a one-to-one correspondence between the five unit-interval 
graphs for three unit intervals and the five binary strings of three 0’s and three 1's, 
where the number of 1’s never exceeds the number of 0’s. 

For an arbitrary positive integer n, the preceding result for n = 3 generalizes and 
provides a one-to-one correspondence between the unit-interval graphs for n unit 
intervals and the binary strings of n 0’s and n 1’s, where the number of 1’s never 
exceeds the number of 0's. From the discussion at the end of Example 20.2, it then 
follows that the number of such unit-interval graphs for n unit intervals is C,,. 


0 e—el 0 e—el 0 e—el 
0 e—el 0 e—el e—e ee 
0 e— el — 0 lo 1 
0 1 
v2 
; @—_e—__ e ee 
al V1 V2 U3 Uy 2) U3 
U3 
(a) 000111 (b) 001011 (c) 010011 
0 1 0 41 
e—e ee 
0 1 e ee ee e 
ee 0 1 0 1 0 1 
ee e e e e 
Uy v2 U3 Vv] V2 V3 
(d) 001101 (e) 010101 
FIGURE 24.2 


Before we can deal with our next two examples, we need to introduce some further 
material about trees. In Example 12.4, we learned about rooted binary trees. Now we 
shall extend the notion to rooted trees in general. 

Once again there will be a unique vertex with no edges coming into it. This will 
be the root r of the tree and we say that the in degree of 7 is 0. All the other vertices 
in the tree have at least one edge coming into it, so the in degree of each vertex, other 
than the root, is greater than 0. The (directed) tree in part (1) of Fig. 24.3 is rooted 
with root r. In part (2) of Fig. 24.3 we have redrawn the (directed) tree in part (1) and 
here the directions are understood to be going down. So, for instance, we understand 
that there is a directed edge ae from a to e. (This is sometimes denoted by ae.) Also, 
there is no edge from e to a. In such (directed) trees, the number of edges coming out 
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(2) (3) 
FIGURE 24,3 


from a vertex is called the out degree of the vertex. In part (2) of Fig. 24.3 the vertex 
g, for example, has in degree 1 and out degree 3. A vertex with out degree 0 is called 
aleaf. Verticesc, d, e, f, h, i, and j are the leaves of the tree in [part (1) and] part 
(2) of Fig. 24.3. All the other vertices, including the root, are called internal vertices. 

Vertex b is called the parent of the vertex f, while f is called a child of vertex b. 
Each of f and g is called a sibling of the other. Vertices h, i, and j are considered 
descendants of g, b, and r, while g, b, and r are called ancestors of h, i, and j. We 
consider the root r to be at level 0, while the vertices a and b are said to be at level 
1. Similarly, the vertices c, d, e, f, and g are at level 2, while the vertices A, i, and 
j are at level 3. Finally, in part (3) of Fig. 24.3 we have the subtree [of the given 
tree in part (2)] rooted at b. Note that this tree is made up from the vertex b and all 
of its descendents (and the edges they determine). A single vertex, such as d, with 
no descendants, as in part (2) of Fig. 24.3, is still considered as the subtree rooted at d. 


When presented with a rooted tree, we want to develop methods whereby we can 
systematically visit all of the vertices of such a tree. In the study of data structures, 
two of the most prevalent such methods are the preorder and postorder. These are 
defined recursively in the following. 


Definition 24.1: Let T be a rooted tree with root r, vertex set V, and edge set 
E. \f T has no other vertices, then the root r by itself constitutes the preorder and 
postorder traversals of 7. If |V| > 1, let 7, 7), 73, ..., T, denote the subtrees of 7 
as we go from left to right (as in Fig. 24.4 on p. 198). 


(a) The preorder traversal of 7 first visits the root r and then traverses the vertices 
of T; in preorder, then the vertices of 7> in preorder, and so on until the vertices 
of 7; are traversed in preorder. 


(b) The postorder traversal of 7 traverses in postorder the vertices of the subtrees 
Ti, T2, ..., Ty and then visits the root r. 


We shall demonstrate these traversals in the following example. 
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T Ty T3 T,, 


FIGURE 24.4 


Example 24.2: Consider the rooted tree in Fig. 24.5. 


FIGURE 24.5 


(a) Preorder. A fter visiting vertex 1, we visit the subtree 7; rooted at vertex 2. 


After we visit vertex 2, we proceed to the subtree rooted at vertex 5. This 
subtree is simply the vertex 5, so we visit vertex 5 and then return to vertex 
2 from which we visit, in succession, vertices 6 and 7. Following this, we 
backtrack (7 to 2 to 1) to the root 1 and then proceed to visit the vertices in 
the subtree 7> (rooted at vertex 3) in the preorder 3, 8, 9. Now we return to 
the root 1 for the final time and then visit the vertices in the subtree 73 (rooted 
at vertex 4) in the preorder 4, 10, 11, 12, 13, 14, 15, 16. Consequently, the 
preorder listing of the vertices in this rooted tree is 


1, 2, 5, 6, 7, 3, 8, 9, 4, 10, 11, 12, 13, 14, 15, 16. 


In this ordering, we start at the root r and build a path as far as possible. 
Ateach level, we go to the leftmost vertex (not previously visited) at the next 
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level, until we reach a leaf 7. Then we backtrack to the parent p of J and visit, 
if it exists, the sibling s (and the subtree for which it is the root) of / that is 
directly to the right of /. If no such sibling exists, we backtrack one step further 
to the parent ¢ of p— hence, the grandparent of /. Now we visit, if it exists, a 
vertex v that is a sibling of p and is directly to the right of p. As we continue, 
eventually we visit (the first time each vertex is encountered) all the vertices 
in the rooted tree. 

(b) Postorder: F or this type of traversal, we start at the root r and build the longest 
path, going to the leftmost child of each internal vertex, whenever possible. 
Upon arriving at a leaf 7, we visit 7 and then backtrack to its parent p. However, 
we do not visit p until after we have visited all of the descendants of p. The 
next vertex we visit is found by applying the same procedure, at the vertex p, 
that we originally applied at r in order to get to the leaf 7. However, now we 
first go from p to the sibling of / thatis directly to the right of 7. Throughout this 
procedure, no vertex is visited more than once or before any of its descendants. 

For the rooted tree in Fig. 24.5, the postorder traversal starts with the post- 
order traversal of the subtree 7) rooted at vertex 2. This results in the initial 
listing 5, 6, 7, 2. Proceeding to the subtree rooted at vertex 3, the postorder 
listing continues with 8, 9, 3. Then, for the subtree rooted at vertex 4, we have 
the postorder listing 10, 11, 13, 14, 15, 16, 12, 4. Finally, the root 1 is visited. 
Consequently, for this rooted tree, the postorder listing of its vertices is 


5,6, 7, 2,8, 9, 3, 10, 11, 13, 14, 15, 16, 12, 4, 1. 


Having developed the concepts of the preorder and postorder traversal of a rooted 
tree, itis time to examine two examples where these ideas come into play. 


Example 24.3: A rooted tree 7 is called binary if each internal vertex has no 
more than two children. If each internal vertex has exactly two children— 
distinguished as the left child and the right child— then we call such a rooted tree 
a complete binary tree. 

For n > 0, we consider the complete binary trees which have 2n + 1 vertices. The 
cases for 0 < n < 3 are covered in Fig. 24.6 on p. 200. 

Below each tree in the figure, we list the vertices as they are visited in a preorder 
traversal. We see that for the cases where 1 < n < 3, thereis a list of n L's andn R's 
below each preorder traversal. These lists are determined as follows. When n = 2, for 
example, the list for the second complete binary treeisL,R,L,R because, after we 
visit the root r, we go to the left (L) subtree rooted at a and visit vertex a. Backtracking 
then to r, we go to the right (R) subtree rooted at b. Now we visit vertex b and then 
go to the left (L) subtree of b rooted at c and visit vertex c. Lastly, we backtrack to 
vertex b and go to the right (R) subtree of b rooted at d. Here we visit vertex d and 
this completes the preorder traversal and accounts for the listL, R, L, R that appears 
beneath the preorder listing r, a, b, c,d. The other seven lists of L’s and R's that appear 
in the figure, for 1 < n < 3, are developed in the same way. 


200 SOME EXAMPLES FROM GRAPH THEORY 


(n=0) (n=1) (n=2) 
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(1) (2) (3) (4) (5) 
FIGURE 24.6 


As we traverse these trees in preorder, each of the lists (for the case of n = 3) 
starts with an L. There is an equal number of L’s and R’s in each list because these 
trees are complete binary trees. Also, the number of R’s never exceeds the number 
of L’s as a specific list is read from left to right— again, because we are traversing 
these trees in preorder. Comparing the lists in this example with the strings in Fig. 
20.2 in Example 20.2, a one-to-one correspondence between these complete binary 
trees and the strings of that example can readily be defined— just correspond L with 
1 and R with 0. In this way, the five complete binary trees in parts (1)-(5) [for the 
case of n = 3 in Fig. 24.6] correspond, respectively, with the binary strings in parts 
(a)-(e) of Fig. 20.2 in Example 20.2. Since this type of correspondence can be given 
for each n > 0, it follows that there are C,, complete binary trees on 2n + 1 vertices. 


Example 24.4: Forn > 0, wenow want to count the number of ordered rooted trees 
onn +1 vertices. The case for n = 3 is covered by the five trees in parts (1)-(5) of 
Fig. 24.7. [Note that the two trees in parts (6) and (7) of the figure are distinct as 
binary rooted trees, where we distinguish left from right. The tree in part (6) has a left 
subtree rooted at a, while the tree in part (7) has a right subtree rooted at a. However, 
when considered as ordered rooted trees, where the subtrees are not considered as left 
or right, but as first, second, and third, these two trees are considered the same tree 
and each is accounted for by the tree in part (2) of Fig. 24.7.] 

Here we shall perform a postorder traversal of the vertices of these trees. For 
example, for the tree in part (1), we traverse each edge twice— once going down and 
once coming back up. When we traverse an edge going down, we shall write “1” 
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(1) (2) (5) (6) (7) 
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FIGURE 24,7 


and when we traverse this edge coming back up, we shall write “—1”. So for this 
particular ordered rooted tree on 4 (=3 + 1) vertices, we have the postorder traversal 


c, b, a,r 
and the list 
1, 1,1, —1, -1, -1. 


When the tree in part (2) of Fig. 24.7 is traversed in postorder, the vertices are 
visited in the order 


b,c, a,r 
and the list this time is 
Tale, 1,—1; <1, 


Parts (3)-(5) of Fig. 24.7 provide the postorder traversals and corresponding lists 
for the other three ordered rooted trees on four vertices. These lists provide us with a 
one-to-one correspondence between the ordered rooted trees on four vertices in parts 
(1)-(5) of Fig. 24.7 and the arrangements in parts (a)-(e), respectively, of Fig. 20.4 
(in Example 20.6). This correspondence can just as readily be given for any n > 0, 
so we may conclude that the number of ordered rooted trees on n + 1 vertices is Cy. 

[Looking back at the peakless M otzkin paths in Figure 21.15 in Exercise 9, we see 
that the number of R steps in each of parts (a)-(e) in that figure equals the number of 
leaves in each of parts (1)-(5), respectively, in Fig. 24.7. Also, if an R step is & units 
above the x-axis, for k > 0, then that R step corresponds with a leave at level k + 1.] 
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1. List the vertices in the rooted tree shown in Fig. 24.8 on p. 202 when they are 
visited in a preorder traversal and in a postorder traversal. 

2. Forn > 0, let T bea rooted tree with vertex set {1, 2, 3,...,n,n +1}, where 
1 is the root. The vertices are arranged in a clockwise manner, in increasing 
order, on the circumference of a circle, and no two edges of the tree intersect 
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FIGURE 24.8 


within the interior of the circle. Finally, the vertices increase along each path 
that starts at vertex 1 (the root). Such atree T is called anoncrossing increasing 
tree on the vertex set {1,2,3,...,2,1 +1}. The trees in Fig. 24.9 exemplify 
the case for n = 3. 


FIGURE 24.9 


Show that for > 0, the number of noncrossing increasing trees on the vertex 

set {1, 2, 3,...,n,n +1} is the Catalan number C,,. 

3. In Example 12.4, we examined connected graphs and introduced the idea of 
components for graphs that are disconnected (thatis, not connected). In Fig. 24.2 
(of Example 24.1), we see that the graphs in parts (a) and (b) are connected— 
the graph in part (a) being a cycle on three vertices, while that in part (b) is a 
path on three vertices. The graphs in parts (c) and (d) are disconnected, each 
having two components. Finally, the graph in part (e) is also disconnected and 
consists of three components, each an isolated vertex. 

(a) The following binary strings correspond to unit-interval graphs like those 
shown in Example 24.1. For each string, determine whether the correspond- 
ing unit-interval graph is connected. If disconnected, determine the number 
of components for the graph. 
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(i) 01010101 (iii) 00101011 (v) 0011001101 
(ii) 00001111 (iv) 0000111011 (vi) 0100001111 


(b) Can we tell when a unitinterval graph is connected without drawing the 
graph? Can we determine the number of components of the graph by just 
looking at the binary string? 

. Let G be a unit-interval graph with at least two vertices. Prove that if G is 

connected, then the last two bits in the binary string associated with G are 11. 

Is the converse true— that is, if G is a unit-interval graph whose associated 

binary string ends in 11, then G is connected? 

. (a) Set up a one-to-one correspondence between the unit-interval graphs on n 
vertices and the Dyck paths from (0, 0) to (2n, 0) in Example 21.1. 

(b) Of the C,, unit-interval graphs on 7 vertices, how many are connected? 

. Forn = 0, arooted trivalent tree on 2n + 2 vertices is a rooted tree where each 

vertex of the tree has degree 1 or degree 3. Here the degree of a vertex is the 

number of edges incident with the vertex. This is also the sum of the in degree 
of a vertex and the out degree of that vertex. Furthermore, in such a tree, a left 
child of a vertex is distinguished from a right child of that vertex. 


(n=0) (n=1) (n=2) 


8 t 
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u 4 v v 8 


r r 


(i) (ii) 


FIGURE 24.10 


The cases for n = 0, 1, and 2 are shown in Fig. 24.10. When n = 1, thereis 
only one such tree. Here r is the root and vertex u is the only vertex of degree 
3, as there are three edges incident with vertex u— namely, ws, uz, and ru. The 
other three vertices in this tree all have degree 1. For the two rooted trivalent 
trees that arise when n = 2, we find that for either tree, there are two vertices 
of degree 3 and four of degree 1. Also, in tree (i), vertex z is the left child of 
vertex v, while it is the right child of vertex v in tree (ii). 

For the case where n = 3, one such tree is shown in part (3) of Fig. 24.11 
on p. 204. In part (1) of Fig. 24.11 we have the triangularization of the convex 
pentagon shown in part (a) of Fig. 23.1. Here we have placed a vertex at the 
center of each of the five sides and at the center of each of the two diagonals of 
the pentagon, and added a vertex r outside the pentagon, below the vertex w. 
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FIGURE 24.11 


The vertex r will serve as the root for our trivalent tree. To obtain the result 
in part (2) of Fig. 24.11, we start by drawing the edge rw. Then from w we 
draw edges to the other two vertices in the perimeter of the triangle in which w 
appears. This gives us the edges wx and wv. At this point we see that the vertex 
v is not in the perimeter of any other triangle, but vertex x is. So from vertex 
x, edges are now drawn to each of the vertices y and uw. At this point vertex u 
is no longer in the perimeter of any other triangle, but vertex y is. Finally, we 
finish by drawing the edges from y to each of the vertices s and r. The vertices 
r, 8, t, u, v, w, x, yandtheedgesrw, wv, wx, xu, xy, ys, yt provide the 
rooted trivalent tree shown in part (3) of Fig. 24.11. 

Set up aone-to-one correspondence between the other four triangularizations 
of the convex pentagon and the other four rooted trivalent trees on 2(3) + 2 = 8 
vertices. 
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Partial Orders, Total Orders, and 
Topological Sorting 


In Example 13.2, we were introduced to a special type of binary relation on a set 
A— namely, the notion of the partial order. Furthermore, when the set A is finite, we 
found that a partial order on A could be studied by means of its Hasse diagram. 

Let us recall these ideas for the set A of all (positive integer) divisors of 12. Hence 
A = {1, 2, 3, 4, 6, 12} and here the relation R is defined on A by xRy (thatis, x is 
related to y) when x divides y. (Recall that we may also write (x, y) « R in place of 
xRy.) The Hasse diagram for this partial order is shown in Fig. 25.1. 

Continuing, the following ideas will prove useful. 


Definition 25.1: Forapartial order R on aset A [often denoted by the pair (A, 72)], 
an element x €A is called maximal if for each a e A, if xRa, then x = a. 


The partial order shown in Fig. 25.1 has 12 as its unique maximal element. 


12 
y 4 
3 2 
1 
FIGURE 25.1 
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For another example, let B be the following set of subsets of {1, 2, 3}: 
B= {{1}, {2}, {1, 2}, {2, 3}}. Here the relation on B is the subset relation— that is, 
for X, Y e« B, X is related to Y when X C Y. This provides a partial order for B and 
its Hasse diagram is shown in Fig. 25.2. For this partial order we find two maximal 
elements— namely, {1, 2} and {2, 3}. 

A partial order need not have a maximal element. For example, consider the set 
N = {1, 2, 3, ...} with the relation R, where for x, y €N, xy when x < y (the “less 
than or equal to” relation). 

If we have a partial order (A, R) and A (+ @) is finite, then the partial order has 
a maximal element. Since A + @, let a1 « A. Should a, be maximal, we are done. 
If not, there exists an element a2 € A such that az # ay and ay Raz. If az is maximal, 
we are cone. Otherwise, there exists an element a3 € A such that a3 # a2, a3 # a1, 
and a2Ra3. Fortunately, this process cannot continue indefinitely because A is finite, 
so at some point we find distinct elements a1, a2, a3, ..., az with 


ajRazRa3R...Rag 


and a, maximal. 


{1,2} {2, 3} 


{1} {2} 


FIGURE 25.2 


Dual to the concept of a maximal element for a partial order is the concept of a 
minimal element. 


Definition 25.2: For a partial order (A, RR), an element y « A is called a 
minimal element if for each ae A, if aRy, thena = y. 


The element 1 is a minimal element for the Hasse diagram of the partial 
order shown in Fig. 25.1. The Hasse diagram in Fig. 25.2 has two minimal 
elements— namely, {1} and {2}. Although the partial order (N, <) has no maximal 
element, the integer 1 is the unique minimal element. If welet M = {..., -3, —2, -]} 
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with the relation < (the ordinary “less than or equal to” relation), then for this partial 
order the integer —1 is the unique maximal element but there is no minimal element. 
However, if we have a partial order (A, R) where A + @ and A is finite, then there 
isa minimal element for this partial order. (A proof for this result is requested in the 
exercises for this chapter.) 

Now let us note something about two of the previous partial orders we have dis- 
cussed above. Examining the partial order (N, <) a little closer, we see that for any 
a,b €N, either a < b or b < a—that is, a is related to b or b is related to a. For 
our initial example, where A = {1, 2, 3, 4, 6, 12} and the relation is given by xRy 
for x, ye A when x divides y, if we consider 3, 6 « A we see that 36. However, if 
instead, we consider 4, 6 « A, then we find that 4 is not related to 6 and 6is not related 
to 4. So 4 and 6 are labeled incomparable. These observations lead to the following 
idea. 


Definition 25.3: Let (A, ) bea partial order. We call (A, R) a total order if for 
all x, ye A, either xRy or yRx. 


At this point we know that a partial order (A, ), where A is a finite set, need 
not be a total order. However, we shall now provide a method whereby such a partial 
order (A, R) can be enlarged to a larger partial order (A, 7), where R € J and 
(A, J) is a total order. The way to accomplish this is via the Topological Sorting 
algorithm. 


Topological Sorting Algorithm 
(for a partial order R on aset A with |A| = n) 


Step 1: Setthe counter i = 1 andlet A; bethe Hasse diagram for the partial order 
(A, R). 

Step 2: Select amaximal element v; in H;— that is, an element for which there is 
no (implicitly directed) edge in H; starting at the vertex 1. 

Step 3: If i =n, the process terminates and we arrive at the total order (A, 7), 
where 


Uy Tvyn—1 Tvn_2 T... Tv2 Tv1 
and (A, 7) contains (A, R). 
If i <n, then remove from 4H; the vertex v; and all (implicitly directed) edges 
of H; that end at v;. Call the resulting (implicitly directed) subgraph Aj.1. Then 


increase the counter i by 1 and return to step (2). 


Before we apply this algorithm to a particular partial order, note that the selection 
in step (2) calls for “a” maximal element, not “the” maximal element. Consequently, 
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it is possible to arrive at several different total orders (A, 7) that contain the given 
partial order (A, 7). 


(i=1) Hy [(i=2) Hy (é=3) Hg [(é=4) Ha | (¢=5) Hs | (i=6) Hg |(é=7) Hy 
g 
d f e f f 
c c c 

/\ e e e 
a b a b a b va b b b 
glad eTg Td [Te cTf Te aTcTf bTaTcTf 
TgTd Tg Td TeTgTd TeTgTd 

FIGURE 25.3 


In Fig. 25.3 we find the Hasse diagrams that may come about when the Topological 
Sorting algorithm is applied to the partial order shown as Hy (for the initial case of 
i = 1). The Hasse diagrams for this given partial order and the total order resulting 
from this particular application of the Topological Sorting algorithm are shown in 
parts (1) and (2), respectively, of Fig. 25.4. Wesee from part (1), for instance, that for 
d, f « A, ithappens that (d, f) ¢R and(f d) ¢ R—thatis, disnotrelated to f, 
nor is f related to d. So the partial order (A, R) is not a total order. However, this is 
not the case in part (2) of Fig. 25.4. Here wesee that f Td. Also, we realize that every 
ordered pair in the partial order (A, 2) is contained in the total order (A, 7). Part 


ed eg 
‘a be 
$e sd 
9 f ¢ f 
te $c 
$a $b 
eb ea 

(2) (3) 


FIGURE 25.4 
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(3) of Fig. 25.4 provides another possible total order that contains the given partial 
order (A, R). 


pq (+) Ti: pq>pq>q>pe>p>l 
tt taro 


a 


:peq>pq>p2>q>p>l 
ee (= 
pq (4) BN) ttn 


N 


:peq>p2>pq>q>p>l 


w 


se ee 


:peq>pq>p2>p>q>1 


an thot 


Hd 
w 


:pq>pt>pq>p>q>1 
heeeti sy ee 


(a) (b) 
FIGURE 25.5 


At this point the reader may be wondering what the preceding material on total 
orders has to do with the Catalan numbers. The next example will provide a situation 
where the number of different total orders for the partial order in part (a) of Fig. 25.5 
is determined. (Note that the partial order in Fig. 25.1 is the special case of Fig. 25.5, 
where p = 2 andqg =3.) 


Example 25.1: Let p, g be two distinct primes. Part (a) of Fig. 25.5 provides the 
Hasse diagram for the partial order R of all positive integer divisors of p2q. (So 
A={l, p,q, p’, pq, p’g} and, for x, ye A, xRy when x divides y.) Applying the 
Topological Sorting algorithm to this Hasse diagram, in part (b) of Fig. 25.5 we list 
the five possible total orders 7,, where R C J, forl<k <5. 

N ow let us examine the Hasse diagram in part (a) of Fig. 25.5 a little closer. Here 
we have placed a plus sign at each vertex that has a g in the label for that vertex, 
and a minus sign at each vertex where the label has no occurrence of gq. This time 
we shall focus on the three plus signs and three minus signs in the figure as well as 
the list below each total order in part (b) of Fig. 25.5. When the Topological Sorting 
algorithm is applied to the H asse diagram for (A, ?), step (2) of the algorithm implies 
that the first maximal element selected will be unique— in this case, the divisor pq. 
This accounts for the first plus sign that appears for each total order %,1<k <5. 
Continuing to apply the algorithm, we get two additional plus signs and three minus 
signs. 

As the Topological Sorting algorithm is applied, is it possible that there could be 
more minus signs than plus signs at some point in any of the corresponding lists that 
arise? For instance, could alist start with +, —, —? If so, then we have failed to apply 
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step (2) of the Topological Sorting algorithm correctly—for pg (not p) should have 
been recognized as the unique maximal element after p2g and p?. M ore to the point, 
for 0 < j < 2, p/q must be selected before p/ can be selected. Consequently, for 
each list of three plus signs and three minus signs, the number of minus signs will 
never exceed the number of plus signs, as the list is read from left to right. Replacing 
each plus sign with a 1 and each minus sign with a —1, we arrive at a one-to-one 
correspondence between the total orders 7, 1 < & <5, in part (b) of Fig. 25.5 and 
the respective sequences of 1's and —1’s in Fig. 20.4 (in Example 20.6). 

Furthermore, for n > 1, the Topological Sorting algorithm can be applied to the 
partial order of all positive integer divisors of p"~1g to yield (1/(m + 1) (*") total 
orders, thus providing one more instance where the Catalan numbers come to the 
forefront. 


EXERCISES FOR CHAPTER 25 


1. Let (A, R) be a partial order where A ( #@) is finite. Prove that there is a 
minimal element for this partial order. 

2. How many different total orders are possible for the partial order in part (1) of 
Fig. 25.4? 

3. Find the number of ways to totally order the partial order of all positive integer 
divisors of (a) 45; (b) 54; and (c) 160. 

4. Let p and q be distinct primes and k a positive integer. If there are 1430 ways 
to totally order the partial order of positive integer divisors of p*g, how many 
positive integer divisors are there for this partial order? 


Me CHAPTER 26 


Sequences and a Generating Tree 


In this chapter we shall investigate a collection of sequences that are counted by the 
Catalan numbers. Examples related to these sequences are also examined. We start 
with the following. 


Example 26.1: For n> 1, let a1, az, ..., dy be a nondecreasing sequence of 
positive integers where a; < i for all 1 < i < n. Whenn =1, there is only one such 
sequence— namely, 1. There are two such sequences for n = 2: they are 1, 1 and 1, 2. 

For n = 3, weshall set up a one-to-one correspondence between the lists of three 
1’sand three —1’sin Fig. 20.4 (in Example 20.6) and the sequences of positive integers 
a1, a2, a3 Where a, < 1, a2 < 2, and a3 < 3. Start with the list 1,1, 1, —1, —1, —1. 
For each 1 in this list, count the number of —1’s in the list to the left of this 1. We 
find the following: 


List: 1, 1,1, —1, —1, -1 
Number of — 1's to the left: 0, 0, 0 
Addi toeachentry: 1, 1, 1. 


We realize that 1, 1, 1 is one of the sequences (of length 3) that we are counting for 
the case of n = 3. 

Next consider the second list in Fig. 20.4—that is, the list 1,1, —1, 1, —-1, -1. 
Counting the —1’s to the left of each of the three 1’s, as we did above, we have 


List! 1, 1, —1, 1 
Number of — 1's to the left: 0, 0, 1 
Addltoeachentry: 1, 1, 2 


’ -1, —1 


For the other three lists, we obtain the corresponding three sequences: 


List’ 1,—1,1,1,—1,-—1 1,1,-—1,—1,1,-1 
Number of — 1's to the left: 0, ial 0,0, 2 
Add 1 to each entry: 1, 2,2 1,1, 3 
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List 1,-1,1,-1,1,-1 
Number of — 1’sto the left: 0, 1, 2 
Add1toeachentry: 1, 2, 3 


Consequently, in Fig. 26.1, we now find the five sequences a, a2, a3, where 1 < 
qa, <i, foralll <i <3. 


(ao Wa! bY “Les (eo) Bp od) 1S teh. As 
FIGURE 26.1 


To gointhereversedirection (form = 3), leta1,az,a3 beanondecreasing sequence 
of three positive integers where a; < ifori = 1, 2, 3. The corresponding list of three 
1’s and three —1’s, whose partial sums are all nonnegative, is constructed as follows: 
(1) Start with a 1. (2) Then write a2 — a, — 1's (where 0 < a2 — aj < 1). (3) Write 
the second 1. (4) Now write a3 — az — 1's (where 0 < a3 — a < 2). (5) Write the 
third 1. (6) Finally, write 3 — (a3 — a1) —1's. AS aresult, we now have a one-to-one 
correspondence between the lists in parts (a)-(e) of Fig. 20.4 (in Example 20.6) and 
the respective sequences in parts (a)-(e) of Fig. 26.1. 

Inso much as this correspondence can be developed for each n > 1, it follows that 
the number of nondecreasing sequences aj, a2, ..., dn, where, forl <i <n,a;isa 
positive integer and a; < i, is equal to the nth Catalan number C,,. 

Alternatively, we can show that these nondecreasing sequences are counted by the 
Catalan numbers, by setting up a one-to-one correspondence with the lattice paths 
of Example 19.1. For the case of n = 3, consider the lattice path shown in Fig. 19.2 
(a). Examine the ith horizontal step in this path, for i = 1, 2, 3. This step takes the 
path from (i — 1, 0) to (i, 0) and is 0 units above the x-axis. So we assign a; the 
value 0+ 1. In this way, the lattice path in Fig. 19.2 (a) determines the sequence 
1,1, 1. Examining the horizontal steps for the lattice path in Fig. 19.2 (b), we now 
see that the steps from (0, 0) to (1, 0) and from (1, 0) to (2, 0) are both 0 units above 
the x-axis and, once again, wehave aj =0+1=1and az =0+1=1. The third 
horizontal step takes the path from (2, 1) to (3, 1) andis 1 unit above the x-axis, so a3 
is assigned the value 1 + 1 = 2, in this case. Consequently, we develop the sequence 
1, 1, 2 from the lattice path in Fig. 19.2 (b). In like manner the lattice paths in parts 
(c)-(e) of Fig. 19.2 determine the respective sequences in parts (c)-(e) of Fig. 26.1. 

To go in the reverse direction (for n = 3), start with a nondecreasing sequence aj, 
az, a3, With 1 <a; < i, for1 <i < 3. Draw the ith horizontal step in the correspond- 
ing lattice path [from (0, 0) to (3, 3), which never rises above the line y = x] from 
(i —1, a; —1) to (i, a; — 1). Fori=1, 2, if a; #4 aj41, draw the aj+1 — a; vertical 
step(s) from (i, a; — 1) to (i, aj41 — 1). Finally, draw the 3 — (a3 — 1) vertical step(s) 
from (3, a3 — 1) to(3, 3). In this way we correspond the five sequences in parts (a)-(e) 
of Fig. 26.1 with the respective lattice paths shown in parts (a)-(e) of Fig. 19.2. 

This correspondence can be given for any n > 1. Consequently, the number of 
nondecreasing sequences aj, a2, ..., dn, where, for 1 <i <n, a; iSa positive integer 
and a; < i, is equal to the nth Catalan number C,,. 
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Example26.2: Related to the sequences of Example 26.1, weconsider the following. 
Forn > 1,letbi, b2,..., by be a sequence of n nonnegative integers where ee bj = 
k, fork =1,2, ..., n—1(whenn > 2) and S~_, bj =n. 

There is only one such sequence for n = 1— namely, a; = 1. Forn = 2, there are 
two such sequences: 


(1) b} =2, b2=0, where eae =b, =2>1and 
yb = bi +b2=24+0=2 
(2) bh =1, by=1, where 4.15; =b,; =1>1and 
yb = thy =141=2. 


There are five such sequences for n = 3, as shown in Fig. 26.2. 


(a) 3,00 (b) 2,1,0 (c) 1,20 (d) 2,01 (e) 1,1,1 
FIGURE 26.2 


To set up a one-to-one correspondence between the sequences in Fig. 26.1 and 
Fig. 26.2, let a1, az, a3 be one of the sequences of Fig. 26.1. Define the sequence b, 
bz, b3, where b; is the number of i’s that appear among aj, a2, a3. Consequently, for 
the sequence 1, 1, 1 in Fig. 26.1 (a) we obtain the sequence 3, 0, 0 in Fig. 26.2 (a), 
because the sequence 1, 1, 1 contains three 1’s, zero 2's, and zero 3’s. Likewise, the 
sequences in parts (b)-(e) of Fig. 26.1 determine, respectively, the sequences in parts 
(b)-(e) of Fig. 26.2. 

To go in the reverse direction, start this time with a sequence by, b2, b3 from 
Fig. 26.2. Hereby > 1, b, + bz > 2, and db} + b2 + b3 = 3. Now we write down the 
sequence that starts with b; 1's, followed by 52 2's, and then followed by 53 3’s. 
For example, the sequence 3, 0, 0 in Fig. 26.2 (a) has by = 3 and bz = b3 = 0. This 
then determines the sequence of three 1's, followed by zero 2’s, and then zero 3’s, 
resulting in the sequence 1 (= a1), 1(= a2), 1(= a3), which wefindin Fig. 26.1 (a). 
In the same way, the sequences in parts (b)-(e) of Fig. 26.2, determine the sequences 
in parts (b)-(e), respectively, of Fig. 26.1. 

This one-to-one correspondence that we have established (for the case of n = 3) 
can be developed in a similar way for each n > 1. This verifies that these sequences 
by, b2, ..., by (as defined at the start of this example) are counted by the nth Catalan 
number C,,. 


Example 26.3: Theresultin Example 26.2 will now appear in the following, which 
is due to Emeric Deutsch. As in all of our previous examples, we consider the case 
forn =3. 

Expanding the product w(w + x)(w +x -+ y), we obtain 


w? + 2wex + wx? + w*y + wxy 


= wrx y9 + 2wexty? + wey? + wry! + wiaetyt. 
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Examine the first term in the expansion— namely, the monomial w?x°y° (= w?). If 
we list the exponents on w, x, and y for this term, we obtain the sequence 3, 0, 0, 
which appears in Fig. 26.2 (a). Doing likewise for the other four terms in the above 
expansion, we then obtain the respective sequences in parts (b)-(e) of Fig. 26.2. 
This one-to-one correspondence indicates that there are 5 (= C3) monomials in the 
expansion of w(w+x)(w+x+y). 

To check this idea for the case of n = 4, consider the expansion of the following 
product: 


wlw + x)(w+x+ yw+xtytz) = wt + 3w3x + 2w?y + wiz + Bw?" 
+ Aw xy + 2w*xz + wey + we yz + wx 
+ 2wx?y + wx?z + wxy* + wxyz 

N ote that here we have a total of 14 (= C4) monomials in the expansion. 


In general, for n > 1, the total number of monomials that appear in the 
expansion of 


iS Ch. 


Example 26.4: The following sequences arose on p. 555 of the article by Eugene 
Paul Wigner in Reference [46]. [Eugene Paul Wigner (1902-1995), of Princeton 
University, received the N obel Prize for Physics in 1963.] Form > 1, weare interested 
in counting the sequences consisting of 2n nonnegative integers a1, a2,...,42n, where 


a=1, ay=0, and ja4i—a|=1, forl<i<2n—-1. 
Forn = 1thesole example is the sequence 1, 0. The sequences 1, 2, 1, 0and1, 0, 1,0 
are the only examples for when n = 2. In the case of n = 3, there are five such 
sequences as listed in Fig. 26.3. 


(a) 1,2,3,2,1,0 (b) —1,2,1,2,1,0 (c) — 1,0,1,2,1,0 


(d) —1,2,1,0,1,0 (e) — 1,0,1,0,1,0 
FIGURE 26.3 


Starting with the sequence in Fig. 26.3 (a), upon taking successive differences we 
obtain 


2-l=1, 3-2=1, 2-3=-1, 1-2=-1, 0-1=-1 


which we rewrite as the list 1,1, -1, —1, —1. This list and the corresponding lists 
for parts (b)-(e) of Fig. 26.3 are given in Fig. 26.4. 
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Gi hte bly eater te Siete 
(d) 1,-1,-1,1,-1 (e) sal Clete 


FIGURE 26.4 


A ppending “1,” at the start of each list in Fig. 26.4 leads to the following five lists: 


(a) 1,1,1,-1,-1,-1 (b) 1,1,-1,1,-1,-1 (c) 1,-1,1,1,-1,-1 
(d) 1,1,-1,-1,1,-1 (e) 1,-1,1,-1,1,-1, 


which are precisely the lists that appear earlier in Fig. 20.4 (in Example 20.6). 

To go inthe reverse direction from the lists in Fig. 20.4 to the sequences in Fig. 26.3, 
we start with a “1” in each case and then continue with the successive partial sums. 
So, for example, starting with the list 1,1, 1, -1, —1, —1, we obtain the sequence 


1,14+1=2, 14141=3, 14+14+1-1=2, 
14+14+1-1-1l1=1, 141+41-1-1-1=0 


— thatis, the sequence 1, 2, 3, 2, 1, 0, which appears in Fig. 26.3 (a). In like manner, 
the lists in parts (b)-(e) in Fig. 20.4 (in Example 20.6) determine the sequences found 
in parts (b)-(e), respectively, of Fig. 26.3. 

As this type of one-to-one correspondence can be established for each n > 1, 
we find that the number of sequences of 2 integers a1, a2, ..., d2n, where a, = 
1, az, = 9, and |aj41 — a;| = 1, for 1 <i < 2n — 1, is counted by the nth Catalan 
number, C,. 

One final note before leaving Example 26.4. Referring back to Example 21.1, we 
find that the sequences in parts (a)-(e) of Fig. 26.3 provide the heights (above the 
x-axis) of the vertices wherex = 1, 2, 3, 4, 5, 6 onthe Dyck paths in parts (a)-(e), 
respectively, of Fig. 21.1. 


In our next example the result from Example 26.2 reappears. 


Example 26.5: Here we want to count the number of integer sequences cy, c2, . 
Cn, Where c; > —1 for each 1 < i <n, and 


ca >0, cata>0, ..., crteat---+te_1> 9, 


and 


cltc2 t+: +en-1+¢en = 0. 
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The sequence c; = 0 is the only such sequence for n = 1. For the case where n = 
2, there are two such sequences— namely, cy) = c2 = 0 andcy =1, cz =—1. We 
provide the five sequences for n = 3 in Fig. 26.5. 


(a) 2,-1,-1 (b) 1,0,-1 (c) 01-1 (d) 1,-1,0 (e)  0,0,0 
FIGURE 26.5 


A one-to-one correspondence between the sequences given here and those in Fig. 
26.2 is readily given as follows: Consider the sequence 3,0,0 in Fig. 26.2 (a). 
Subtracting 1 from each term of this sequence, the result is the sequence 2, —1, —1— 
namely, the sequence in Fig. 26.5 (a). Likewise, the sequences in parts (b)-(e) of Fig. 
26.5 are obtained in the same way from the respective sequences in parts (b)-(e) of 
Fig. 26.2. To go in the reverse direction, we add 1 to each term in a sequence in Fig. 
26.5 to obtain the corresponding sequence in Fig. 26.2. 


Example 26.6: Our last example for this chapter deals with a special tree. For 
n > 2, we now want to count the number of vertices at level n — 1 in the following 
rooted tree 7. This tree T is such that (i) the root r has two children and (ii) if a vertex 
has m children ci, c2, ..., Cm (from left to right), then cy, has k +1 children, for 
eachl<k<m. 

Part of this tree T is shown in Fig. 26.6. In part (a) of the figure, we list the number 
of children for each of the vertices shown. Part (b) of the figure has the root labeled 
as r, the children of the root labeled as a and b, and the five vertices at level 2 of T 
labeled as v, w, x, y, z. Next to vertex v, we find the triple (2, 2, 2), since the (unique) 
path from the root r to v uses the (directed) edges 7a and aw, and the labels on r, a, 
and v in Fig. 26.6 (a) are all 2. In a similar way, we associate the triple (2, 3, 4) with 
the vertex z because of the (unique) path from r to z. This path uses the (directed) 


edges rb and be. 


V(2,2,2) Rw 4 1 (2,3,4) 


(a) (b) 
FIGURE 26.6 
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The triples that arise for the five vertices at level 2 are given as follows: (The reader 


may find the order given for the vertices a bit strange, but the reason for this order 
will become apparent shortly.) 


(a)-2e(2,3,4)° Ab) (2.3.3) (elas (232;.3) (ol aeea.2)) (e)ai (2,2; 2) 


Consider the label (/1, /2, /3) for each vertex on level 2. We associate a sequence 
$1, 82, 53 with the label (/1, /2, 73) as follows: 


sj =it+2—-l;, 1<i<3. 
Consequently, the sequence associated with the label (2, 3, 4) for z is determined as 
sy =14+2-2=1 
87 =242-3=1 


s3 =34+2-4=1. 


In Table 26.1 we find the labels and sequences for each of the five vertices at level 
2 of T. 


TABLE 26.1 

Vertex L abel Sequence 
(a) z (2,3,4) 1,11 
(b) y (2,3,3) 1,1,2 
(c) w (2,2,3) 1,2,2 
(d) x (2,3,2) 11,3 
(e) v (2,2,2) 1,2,3 


N ow itis time to look back at the sequences in Fig. 26.1. The sequences given there 
in parts (a)-(e) are precisely those given in parts (a)-(e), respectively, of Table 26.1. 
Also, we can go (in the reverse direction) from the sequences to the labels by solving 
the equations 5, =i+2-—J];, 1 <i <3, for /;—obtaining J, =i+2-—5;, l1<i< 
3. As aresult, we find that the number of vertices at level 2 (= 3 — 1) is 5 (= C3). 
Using the same type of constructions (as above) for each n > 2, wenow learn that 
the number of vertices in 7 at level n — 1 is the nth Catalan number C,,. 
Furthermore, if we consider the vertices at level n — 2 of 7, for n > 3, we See 
that the sum of the numbers of children for the vertices at this level of 7 is the same 
as the number of vertices at the next level— namely, the level n — 1. Consequently, 
the sum of the numbers (of children for the vertices) at level n — 2 is the nth Catalan 
number C,,. Because of this property of thetree 7, we say that 7 generates the Catalan 
numbers, and refer to it as a generating tree for this sequence of numbers. 
(Reference [17] provides another way to establish this result.) 
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EXERCISES FOR CHAPTER 26 


1. 


Determine the number of ways to place n identical objects into n distinct 
boxes— numbered 1, 2, 3, ...,2—so that there is at most one object in 
box 1, at most two objects in boxes 1 and 2, at most three objects in boxes 
1, 2, 3,..., but exactly n objectsin boxes 1, 2, 3, ..., n. 


. Determine the sequences 1, b2,b3,b4 of nonnegative integers where 


yo bi > k, fork =1,2,3 and 4, b; = 4. 


. (a) Determine the number of monomials in the expansion of 


8 
IL. + x2 +--+ +x;). 


(b) Determine the sum of the coefficients of all the monomials in the expansion 
in part (a). 


. (a) Determine the number of monomials in the expansion of 


u(2u + v)(u +3v4+ w)\(3u+vt+w+3x)(utut+wt+2xt+y)- 
(6u + 5v+ 4w + 3x +2y +4 2). 


(b) Determine the sum of the coefficients of all the monomials in the expansion 
in part (a). 

(i) Determine the sequences b;, b2 where bj, bz are positive integers with 
by < 2, bz < 4, and by < bp. 

(ii) For n > 2, determine the number of sequences of positive integers 
by, bz, b3, ..., by_1 where b; < 2i, for 1 <i <n-—1, and bj < bp < 
b3 < +--+ <by_1. 


Me CHAPTER 27 


Maximal Cliques, a Computer Science 
Example, and the Tennis Ball Problem 


Our first example deals with graph theory and uses the result of Example 26.6. As we 
progress, we shall learn how the three topics for this chapter are related. 


Example27.1: If G =(V, E) is an undirected graph with vertex set V and edge set 
E, we Say that the nonempty subset W of V induces a clique in G, if for all vertices 
a, b € W, the edge ab (= ba) € E. Hence the subgraph of G made up of the vertices 
in W together with all the possible edges determined by the vertices from W is a 
complete graph. 


L WwW 
y 
(b) 
W U 
Ww 
Hy 
(c) (J) * 
FIGURE 27.1 


In Fig. 27.1 (a) we have an undirected graph G = (V, E), with V = {v, w, x, y, z} 
and E = {vw, vy, vz, wx, wy, wz, xy, yz}. The undirected graph in part (b) of the 
figure is a clique for the undirected graph G. This is the clique induced by the vertex 
set {v, w, y, z}.[n Fig. 27.1 (c) we find another cliquefrom G— this oneinduced by the 
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vertex set {w, x, y}. Note that Fig. 27.1 (d) provides the clique induced by {v, w, z}. 
This clique is a subgraph (actually, a subclique) of the clique in Fig. 27.1 (b). 

We consider the clique in Fig. 27.1 (b) to be a maximal clique of G, since itis not 
contained (as a subgraph) in any larger clique of G. The clique induced by {w, x, y} 
is also a maximal clique for G. However, the clique in Fig. 27.1 (d) is not a maximal 
clique for G because it is contained in the larger clique shown in Fig 27.1 (b). 

Having introduced the notions of cliques and maximal cliques, we now turn our 
attention to counting the number of graphs with vertex set V = {1,2, ...,}, where 
the vertex set for each maximal clique is made up of a set of consecutive integers. 
This example was introduced to the author by Charles Anderson. 

As wesee in Fig. 27.2, thereis one such graph for n = 1. The graph consisting of 
just the vertex 1 is amaximal clique (of size 1). We code this graph as (1). Forn = 2, 
there are two such graphs— as shown in Fig. 27.2. These are coded as follows: 


(1) The graph coded as (1, 1) is obtained from the one vertex graph for n = 1 by 
performing one new task— namely, adding the vertex 2. This graph has two 


(n=1) (n=2) 
1 1 1 2 
e e e ee 
(1) (1,1) (1,2) 
(n=3) 
1 2 3 1 2 3 
e e e e o—_e 
(1,1,1) (1,1,2) 
1 2 3 1 2 3 1 2 3 
ee e eee 
(1,2,1) (1,2,2) (1,2,3) 
(n=4) 
12 3 4 Li i2:, 3: 4 
e e e e e e ee 
(1,1,1,1) (1,1,1,2) 
123 4 1234 1234 
e ee e e eee e <—_s-2 
(1,1,2,1) (1,1,2,2) (1,1,2,3) 
12 3 4 1 23 4 
eee © ee ee 
(1,2,1,1) (1,2,1,2) 
1 2 3 : 1234 12 34 
° ° ° ee ee e 2 e 2 
(1,2,2,1) (1,2,2,2) (1,2,2,3) 
12 34 12 3 4 12 34 1 234 
a 
(1,2,3,1) (1,2,3,2) (1,2,3,3) (1,2,3,4) 


FIGURE 27.2 
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maximal cliques: one consists of just the vertex 1, while the other is made up 
of just the vertex 2. 


(2) The graph coded as (1, 2) is obtained from the one vertex graph for n = 1 


by performing two new tasks: (i) adding the vertex 2; and, (ii) adding an 
(undirected) edge from 2 (back) to 1. This graph has only one maximal clique, 
made up of the vertices 1 and 2 and the edge 12 (connecting the vertices 
land 2). 


To obtain the five graphs form = 3, we start with each of the two graphs for n = 2. 

Starting with the graph coded as (1, 1), how do we obtain the graphs coded as 
(1, 1,1) and (1, 1, 2)? For (1, 1, 1) we simply perform the one new task where we 
add the vertex 3. The resulting graph has three maximal cliques, each consisting of a 
single vertex. To obtain the graph coded as (1, 1, 2), we perform two new tasks: add 
the vertex 3 and then add the edge from 3 back to 2. This graph has two maximal 
cliques: one made up of the single vertex 1 and the other consisting of the vertices 2 
and 3 and the edge 23. 

Starting now with the graph coded as (1, 2), the other three graphs for n = 3 are 
generated as follows: 


(1) The graph coded as (1, 2, 1) is obtained by performing the one new task: add 


~— 


— 


the vertex 3 to the graph consisting of the vertices 1 and 2 and the edge 12. 
This graph has two maximal cliques: one consists of the vertices 1 and 2 and 
the edge 12, the other consists of just the vertex 3. 

The graph coded as (1, 2, 2) is obtained by performing the two new tasks: add 
the vertex 3 to the graph consisting of the vertices 1 and 2 and the edge 12, 
and then the edge from 3 back to 2. This graph also has two maximal cliques: 
one consists of the vertices 1 and 2 and the edge 12, the other consists of the 
vertices 2 and 3 and the edge 23. 

Finally, the third graph is the one coded as (1, 2, 3). It is obtained from the 
graph coded as (1, 2) by performing three new tasks: add the vertex 3 to the 
graph consisting of the vertices 1 and 2 and the edge 12, then add the edge 
from 3 back to 2, and finally add the edge from 3 back to 1. This graph is a 
maximal clique (also referred to as the complete graph on three vertices). 


In the bottom part of Fig. 27.2, we find the 14 graphs on the vertex set {1, 2, 3, 4}, 
where the vertex set for each maximal clique is made up of a set of consecutive 
integers. We shall describe how two of these graphs are generated. 


(1) For instance, the graph coded as (1, 2, 2, 3) is obtained from the graph coded 


as (1, 2,2) by performing three new tasks: add the vertex 4 to the graph 
consisting of the vertices 1, 2 and 3 and the edges 12 and 23, then add the edge 
from 4 back to 3, and finally add the edge from 4 back to 2. This graph has 
two maximal cliques: one consists of the vertices 1 and 2 and the edge 12; the 
other is made up of the vertices 2, 3 and 4 and the edges 23, 34, and 24. 


(2) The graph coded as (1, 2, 3, 4) is obtained from the graph coded as (1, 2, 3) by 


performing four new tasks: start by adding the vertex 4 to the graph consisting 
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of the vertices 1, 2 and 3, and the edges 12, 23, and 13, then add the edge from 
4 back to 3, then the edge from 4 back to 2, and finally the edge from 4 back 
to 1. This graph is a maximal clique (also referred to as the complete graph on 
four vertices). 


FIGURE 27.3 


Therooted treein Fig. 27.3 shows how these graphs with n + 1 vertices are obtained 
from those with x vertices, for = 1, 2. Comparing this tree with the onein Fig. 26.6, 
we see that the number of graphs on the vertex set {1, 2,3, ...,}, where the vertex 
sets for all maximal cliques contain only consecutive integers, is the nth Catalan 
number C;,. 


Now, perhaps, is a good time to switch gears and leave the trees and cliques of 
graph theory behind. Our next example surely seems to do so and simply asks us 
to determine the value of the (integer) variable counter following the execution of a 
given (pseudocode) procedure, made up of n nested for loops. 


Example 27.2: We start with the following (pseudocode) procedure: 


counter :=0 
for i; :=1 tol 
for i2 :=1 toi,+1 
for i3:=1 toi2+1 


for i, :=1 to i,-1+1 
counter :=counter +1 


We would like to know the value of the variable counter after this procedure is 
executed. 

When n = 1, there is only one for loop (as we consider ig = 0) and when we exit 
this procedure, the value of the variable counter has been incremented from 0 to 1. For 
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n = 2, the two nested for loops result in incrementing the variable counter twice— 
once for when iz = 1 and i2 = 1 and then for when iz = 1 and i2 = 2 (=i, 41). 
Consequently, when we exit this procedure for this case, the value of counter has 
been incremented from 0 to 2. 

In the case of n = 3, there are three nested for loops and the variable counter is 
incremented five times— once for each of the assignments in Table 27.1. 


TABLE 27.1 

al 17 13 
(1) 1 1 1 
(2) 1 1 2 
(3) 1 2 1 
(4) 1 2 2 
(5) a 2 3 


These results for 7 = 1,2, and 3 are precisely the labels for the vertices in the 
rooted tree of Fig. 27.3 for Example 27.1. Therefore, we have another instance where 
the Catalan numbers arise. So we now know that, for a given positive integer n, after 
the execution of the above procedure, the value of the variable counter is the nth 
Catalan number C,,. 


Example 27.3 (The Tennis Ball Problem): This last example is due to J oseph 
Moser. Its roots are found in an infinite situation developed in Reference [44] and 
proceeds as follows. Initially, suppose that you are in a box and that tennis balls 
labeled 1 and 2 are tossed into the box. You are allowed to throw one of these tennis 
balls out of the box onto the lawn beside the box. Say you throw the tennis ball labeled 
1 out onto the lawn. Then the tennis balls labeled 3 and 4 are tossed into the box. Now 
you are allowed to throw one of the tennis balls labeled 2, 3, and 4 out onto the lawn. 
Continuing in this way, for a positive integer 7, the two tennis balls labeled 2: — 1 and 
2i are tossed into the box (during the ith toss), and you are now allowed to throw out 
onto the lawn any of the 2i — (i — 1) =i + 1 labeled tennis balls in the box with you. 

If this procedure is continued infinitely many times, how many labeled tennis balls 
are left in the box with you? One possible answer is none—for you can first throw 
out (onto the lawn) the tennis ball labeled 1, followed by the ball labeled 2, then 
that labeled 3, and so on. A second possibility leaves you with a finite number of 
labeled tennis balls in the box with you. For any positive integer n, throw out, in 
succession, the tennis balls with the labels 2, 4,6, ..., 2n— keeping those with the 
labels 1, 3,5, ...,2n — 1inthe box with you. A fter that, throw out, in succession, the 
tennis balls with the labels 2n +1, 2n+2,2n +3, .... Finally, another possibility 
results in an infinite number of labeled tennis balls remaining in the box with you. T his 
happens, for instance, if you first throw out the tennis ball labeled 1, then follow with 
the ball labeled 3, then that labeled 5, and so on. In this case there are infinitely many 
tennis balls on the lawn— all those with odd labels— and infinitely many remaining 
with you in the box— this time, all those tennis balls with even labels. 
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Atthis point the reader is probably asking “W hat has this got to do with the Catalan 
numbers?.” Well, we are still going to throw those tennis balls, two at a time, into 
the box with you, and the balls will still be labeled 1, 2 (for the first toss), then 3, 4 
(for the second toss), then 5, 6 (for the third toss), ..., and 2n — 1, 2n (for the nth 
and final toss). Yes, this time we shall stop after n tosses into the box, each such toss 
followed by a labeled ball being thrown from the box onto the lawn. 

If we perform this procedure only once, then there is only one tennis ball on the 
lawn— the possibilities for thelabels are 2 and 1. Should we do this twice, the possible 
sets of two labels (on the tennis balls on the lawn) are 


(1) {2,4} (2) {2,3} (3) {1,4} (4) {1,3} (5) {1,2}. 


Weshould realize that if, for instance, we find the balls with labels 1 and 2 on thelawn 
we do not know if the ball labeled 1 was thrown out first and then the ball labeled 
2 was thrown out second, or if the ball labeled 2 was thrown out first, and this was 
then followed by throwing out the ball labeled 1. There is no concern about the order 
in which this happened! We only care that 1, 2 is one of the five possible sets of two 
labels that can result in this process. We also note that 3, 4 is a set of two labels that 
cannot be obtained in this way. 

We use the rooted tree in Fig. 27.4 to see how the possible subsets of labels of 
tennis balls on the lawn can be generated for n = 1, 2,3. Comparing the results 


(a) {2, 4, 6} (c) {2, 3, 6} (f) {1, 4, 6} (A) {1, 3, 6} (A) {1, 2, 6} 
(b) {2, 4, 5} (d) {2, 3, 5} (g) {1, 4, 5} (4) {1, 3, 5} (2) {1, 2, 5} 

(e) {2, 3, 4} (9) {1, 3, 4} (m) {1, 2, 4} 

(n) {1, 2, 3} 


FIGURE 27.4 
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for this rooted tree with those for the rooted trees in Fig. 26.6 and Fig. 27.3, we 
see how the results here can be placed in a one-to-one correspondence with these 
previous examples, where the Catalan numbers arise. Consequently, when we count 
the number of possible sets of n labels that can be on the n tennis balls on the lawn, 
we find their number to be the (m + 1)st Catalan number, C,,41. 

This result is derived in another way in Reference [18]. Generalizations of the 
problem are investigated in References [6, 26]. If, for each n > 1, one sums all of 
the n labels for all the possible sets (on the lawn) taken from the 2n labeled tennis 
balls tossed into the box, the resulting sequence starts with 3, 23, 131, 664. This 
sequence is examined in detail in Reference [25]. 


EXERCISE FOR CHAPTER 27 


1. Consider the Tennis Ball Problem in Example 27.3. 


(a) Suppose you are in the box and the tennis balls labeled 1 and 2 are tossed 
into the box, and you throw one of them out onto the lawn next to the box. 
Then suppose the balls labeled 3 and 4 are tossed into the box and you 
throw out one of the three balls onto the lawn next to the box. (i) How 
many of the possible sets of two labeled balls (on the lawn) have ball 2 as 
the ball with the smaller label? (ii) How many of these sets of two labeled 
balls contain the ball with the label 1? 


Now suppose that we continue from part (a) and the two balls labeled 5 and 
6 are tossed into the box and you throw out one of the four labeled balls in 
the box onto the lawn beside the box. (i) How many of the possible sets of 
three labeled balls (on the lawn) have ball 2 as the ball with the smallest 
label? (ii) How many of these sets of three labeled balls contain the ball 
with the label 1? 

For n > 4, continue from part (b) until the balls labeled 2m — 1 and 2n are 
tossed into the box and you throw out one of the n + 1 balls onto the lawn 
next to the box. (i) How many of the possible sets of n labeled balls (on 
the lawn) have ball 2 as the ball with the smallest label? (ii) How many of 
these sets of n labeled balls contain the ball with the label 1? 


oe 


a 
~— 


Ms CHAPTER 28 


The Catalan Numbers at Sporting 
Events 


This chapter is novel in that it takes us from our typical mathematical applications to 
one involving probability concepts in conjunction with well-known sporting events. 


Example 28.1: The following example is due to L ouis Shapiro and Wallace H amil- 
ton. The discussion given here follows that presented in Reference [35]. 

Given a positive integer n, consider a series of at least n games but no more than 
2n — 1 games, where the winner is the first to win n of the games played. For instance, 
at a grand slam (such as Wimbledon or the U. S. Open), the women’s final is won 
by the first woman to win two of the three (possible) sets. So in this case, n = 2. 
When the men play the final at such a grand slam, the champion is the first to win 
three of the five (possible) sets. This time n = 3. 

Each October, the A merican and National L eague pennant winners square off for 
the world series— or October classic. For this series, n = 4 and the first team to win 
four of the seven possible games is the world champion (for that year). 


Let A and B denote the two opponents for the three preceding situations. A ssume 
the probability opponent A wins a given game (or set) is p; for opponent B, the 
probability is then 1 — p = q. Now we shall let £,, denote the expected number of 
games played, if the first opponent to win n of at most 2n — 1 games (or sets) wins 
the championship. It can be shown that 


E,=1 

E2 = 2(1+ pq) 

E3 = 3(1+ pq +2p°q’) 

Eq = 4(1+ pqt+2p°¢ + 5p°q°) 

Es =5(1+ pg +2p*q? + 5p?q? + 14p4q’). 
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We confirm the result for £3 as follows. In this case, n = 3, so the opponents are 
involved in at least three but no more than five games (or sets). Consequently, 


E3 = 3p? +71 + 4[3(p2q) p + 3(pq?)q] + 516(p2q") p + 6(p2q")q]. 


For instance, the summand 4[3(p2q) p + 3(pq?)q] takes into account the case where 
the championship is decided after four games. To compute the probability for this, 
suppose that A is the winner. In this case, A wins two of the first three games and 
follows this by then winning the fourth game. This can be accomplished by opponent 
A as follows: 


Game 1 Game 2 Game 3 Game 4 Probability 
Win Win Lose Win ppqp = (p*q)p 
Win Lose Win Win papp = (pq) p 
Lose Win Win Win appp =(p"q)p 


Consequently, the probability that opponent A wins after the fourth game is 
3(pq)p. In a similar way, it can be shown that the probability that opponent B 
wins after the fourth game is 3( pq*)q. 

Consequently, we now find that 


£3 = 3p? +e) + 413(p2¢)p + 3(pq2)q] + 516( p22) p + 6(p2q")q] 
= 3(ptq)p2 — pq+@) +12 palp? + q?) + 30(p242)(p +4) 
= 3[p* — pqtq? +4 palp* +q°) +10 p*q’], because p+ q=1. 


Since p?+q* = p?+2 pq+q? —2 pq=(pt+q)? —2 pq=V-2 pq=1- 
2 pq, we continue with 

E3 = 3[p’ — pqt+q? +4 pap’ +4’) + 10 p’q7] 
= 3[1—3 pq +4 pq(l —2 pq) +10 p*q?] 
= 31-3 pq+4 pq—8 p?q? +10 p’q’] 
= 3[14+ pq +2 pq’). 


The expressions for £1, E2, E3, E4, and Es suggest that forn > 1, 


En+1 Ey 
—-—=C Ng? 
n+l n eae 


To verify this for all n > 1, we consider a series where the opponents play at most 
2n — 1 games and the winner is the first to win n of these games. For example, this 
type of series ends after n +1 games if one opponent, say B, wins one of the first 
n games and opponent A wins the other n games. We can select one game from 
the first n in ({) ways, so the probability that only n+ 1 games are played with 
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A as the winner is (1)(p"~1q) p = ({)(p"q). Interchanging the roles of A and B, 
the probability is (7) (q" p). Consequently, the probability that the series is over after 
n + 1gamesis (7)(p"q + q”p). Similar reasoning for the cases where the opponents 
play atotal of n +2, n+3, ..., 2n — 1 games leads us to 


n 


E, =n(p" +q") + (n+ Df )ora+a'a + mea("> )ire + q"p’) 


n—-l1l+k (n —1+k)! (n +k)! 
in+0)( k )<ten (Se) Ss 


From this form for £,,, we see that 


En _ n—-1 (n+k nk ras» 
== ( : tora +q"p'). 


n 


Consequently, 


En41 n a ae So n+1_k n+l k 
wet = 1g ( , tea +a’) 


n ey a | 
ee i k ie" ada! +40 - pip since pt+q=1 


n n+k+1 
=e ( A Jord +4") 
n+k+1 
-T7_4( : Jord + gp) 
=\~ TEEN ong + gph +O VIN oe duit) 
= r=0 k Pq q Pp RANGA Pq q Pp 


ntl (n+k\, 1» p nk 
= tere +q"p'), 
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because (i) forn > 0, k>0, ("TET) = ("tH + (EH), with (“,) =0, and (ii) by 


replacing k-+1 by k and reindexing, it follows that $*7_) (ere?) (png? a: 


gi! pet) = Eth (RY) (pt gk +g” p*). Continuing, we find that 


Ent _ a n+k nk n pk n+(n+1) n n+l non+l 
wet = Yo k Jor + q"p") ae (Rg? gp) 


= Spare Gala 4, q' p*) _ - ‘wre + q'p"t}) 
= bea Gna +q" pe) + Geld) 

-(“"* ‘)oraila+ 2 
= sae ( - )iord + aot + aC) a ( - )| p'g" 


n—-1 (n+k 
= am ( k Jord + q'p) + Cn p"q", 


because 2") — ("tr )] =2 (22) vey = Gn [2 2th =a 


(2n)! [tegen — 1 (2n)! LE 
nin! nt+1 ~ ntl nin! ~ vn 
Therefore, the suggested pattern is true for all n > 1 and it follows that 
FEn41 En 
eee C nn 

n+l1 n nP 4 

or 
En+1 


En 
ea eee C Ng? 
il a et ae! 


Asaresult, we have 


Fy Ey 

eee Cip'q! =14+ Cip'q! = Cop’g® + Cip'q! 

E3 E2 

= + Cop’g’ = Cop®¢® + Cip'g! + Cap?¢’ 

E4 F3 

T= yt Cap?a? = Copa? + Crpig’ + Cop’a? + Capa’, 


and, in general, forn > 1, 


En pa kk 
ye ee Pd 
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n—-1 
E, =n a Cy pet. 


EXERCISES FOR CHAPTER 28 


1. Carol and Patricia are the best of friends. However, when it comes to the 


summer softball teams they each coach, they display a bitter rivalry! Carol 
puts her team through a very rigorous spring training program. As a result, 
her team has a slight edge in beating Patricia’s team. In fact, the probability 
her team will beat Patricia's in any given game is 0.55, no matter what has 
happened earlier in the season. The two teams are scheduled to play once a 
week for up to 11 weeks, the first team to win six games being declared the 
summer champ for that season. W hat is the expected number of softball games 
these teams will play? 


. Kati and J ustin are playing against Leah and Peter in a mixed doubles tennis 


tournament. To accommodate the wishes of the sponsors, the winner will be 
the first team to win five matches (of the nine matches that may have to be 
scheduled). The two teams are very evenly matched and each wins one of the 
first two matches. What is the expected number of additional matches they 
will play? 


Me CHAPTER 29 


A Recurrence Relation for the 
Catalan Numbers 


In dealing with the Fibonacci numbers in Part One, many of our examples were 
established using a second-order linear recurrence relation. However, in our dealings 
with the Catalan numbers so far, we have established new examples (where we believe 
that the Catalan numbers arise) by placing the results in each new example in a one- 
to-one correspondence with results from an example that was previously shown to be 
counted by the Catalan numbers. N ow we shall introduce a recurrence relation that is 
satisfied by the Catalan numbers. Then in Chapters 31 and 32, we shall use this recur- 
rence relation to introduce some further examples where this number sequence arises. 

Before we get started, the reader should not expect the recurrence relation here 
to be as simple as the second-order linear recurrence relation we found for the Fi- 
bonacci and Lucas numbers. The relation here will be nonlinear and of a special form. 


Once again, for n anonnegative integer, we shall count the number of lattice paths 
from (0, 0) to (n,m). The only steps allowed are still just R: (x, y) > (x +1, y) and 
U: (x, y) t (x, y+ 1) and the path may never rise above the line y = x, although it 
may touch the line at some point (k, &) where k is an integer and 0 < k <n. Weknow 
from Example 19.1 that the number of these lattice paths is the nth Catalan number 

Thic ume our approach will examine those lattice paths that start at (0, 0), finish 
at (n, n), never rise above the line y = x, and touch (but not cross) the line y = x for 
the first time at (k, &), with 1 < k < n. We know that such a path starts with one step 
to the right, going from (0, 0) to (1, 0), and reaches the point (k, k) by going one step 
up from (k, k — 1) to (k, k). AS we see in Fig. 29.1 on p. 232, the number of lattice 
paths that take us from (0, 0) to (k, k), in this way, equals the number of lattice paths 
from (1, 0) to (k, k — 1) that never rise above the line y = x — 1. This is the same 
as the number of lattice paths from (0, 0) to (k — 1, k — 1) that never rise above the 
line y = x— and this number we know to be Cz_1. So now we need to determine the 
number of ways in which wecan complete these lattice paths from (0, 0) to (n, 2). For 
the remainder of such a lattice path— that is, the part from (k, &) to (n, m), that never 
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(0, n) (n, n) 
(n, n-1) 


y— (hl, 0) 
eee ee -- ——— ———— 
(k, 0) (n, 0) : 
FIGURE 29,1 


rises above the line y = x— the number of possible ways we can travel from (k, k) 
to (n,n) (and never rise above the line y = x) is the same as the number of lattice 
paths from (0, 0) to (n — k, n — k) that never rise above the line y = x. This number 
is Cy_x. Therefore, for 1 < k <n, the number of lattice paths from (0, 0) to (7, n), 
using only the steps R and U, and never rising above the line y = x, but touching the 
line y = x for the first time at (k, k), is the product Cp._1C,_x. This now leads us to 
the recurrence relation 


Ch = CoCn—-1 + C1 Cn—2 + C2Cn—3 + +++ + Cn-2C1 + Cn—-1Co 
So OG Co=a. (29.1) 


Note that for k = 1, the path starts with the step R: (0, 0) — (1, 0), followed by 
the step U: (1, 0) t (1,1). Thus, for n > 1, the path has touched the line y = x for 
the first time at (1, 1). This can take place in 1 = Co way, which is also the number 
of ways one can get from (1, 0) to (1, 0) along the line y = x — 1. Then C,_1 counts 
the number of ways the path can proceed from (1, 1) to (n,n) without rising above 
the line y = x, and this is the same as the number of ways one can go from (1, 0) 
to (n,n — 1) without rising above the line y= x —1. The paths for & =n start 
with R: (0,0) — (1,0) and end with U: (n,n — 1) t (n,n)—and this happens in 
1 = Co way. Furthermore, these paths cannot rise above the line y = x or touch 
the line y = x at any point (i, i), where 1 < i < n — 1. The number of possibilities 
here is the number of paths from (1, 0) to (m,n — 1) that never rise above the line 
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y =x-—1. This in turn equals the number of paths from (0, 0) to (n —1,n —1) 
that never rise above the line y = x, and this number is C,,1. Hence the number of 
paths from (0, 0) to (”, m) that only touch the line y = x at (0, 0) and (n, n) is C,_1Co. 


Before we examine this result more closely, let us recall the following values, given 
earlier in Table 19.1. 


n Ch n Cc n Ch 
0 1 3 5 6 132 
1 1 4 14 7 429 
2 2 5 42 8 1430 


Checking the recurrence relation for C,, in Eq. (29.1) for when n = 7, we find that 


CoCe + C1C5 + C2C4 + C3C3 + CaC2 + C5C1 + CECo 
=1.132+1-424+2-1445-5414.2+42.14132-1 
= 1324+ 424 284 254 284 424 132 = 429 = C7. 


Also, we see that 


C7 = 2[CoCeg + C1C5 + C2Ca] + C303. 
In the case of n = 8, we have 


CoC7 + CiCe + C2C5 + C3C4 + CaC3 + C5C2 + C6Ci + C7Co 
=1-4294+1.1324+2-4245-144+14-.54+42.2+4132-1+ 429-1 
= 429 + 132+ 844 704+ 70+ 844 132 + 429 = 1430 = Cg, 


and 
Cg = 2[CoC7 + C1Cg + C2C5 + C3Ca). 


The preceding provide instances of the following: 


n= 


2 [CoCn—1 + C1Cn—2 + +++ + C((n—2)/2)C(n2)], 2 even 
2 
2 [CoCn—1 + C1Cn—2 + +++ + C((n—3)/2)C((n41)/2)] + (Cin—1)/2))5 2 Odd. 


From this we learn that if m is even and positive, then C,, is even. 

Could C,, ever be odd? Following the presentation in Reference [23], for n > 0, 
we find that C, is odd if and only if n is odd and C((n—1)/2) is odd. But then 
C((n—1)/2) 1S odd if and only if (i) ((m —1)/2) =0 or (il) ((m — 1)/2) is odd and 
C(((n=1)/2)-1)/2 = C(n—3)/4 = Cin_(22—1)) 22 1S odd. Continuing, Ci,,22—1)) /22 1s odd 
if and only if (i) (n —(2*—1))/22=0 or (ii) (n —(24—1))/22 is odd and 
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C(((n—(22—1)/22)-1)/2 = Cin—7)/8 = C(n—(23—1))/23 isodd. Descending further, we ar- 
rive at the situation where C, is odd if and only if C(,_(2x_1))/2« is odd, for some 
positive integer k, and (n — (2* — 1))/2* = 0. Consequently, this occurs if and only 
if n = 2‘ — 1, for some k > 1. These values of n— namely, 1, 3, 7, 15, 31, ...— 
are called Mersenne numbers, in honor of M arin M ersenne (1588-1648), the French 
theologian, philosopher, mathematician, and music theorist, often referred to as the 
“Father of A coustics.” Referring back to the Catalan numbers listed in Table 19.1, we 
find the first four cases that demonstrate this result: 


C1=1, C3=5, C7=429, C5 = 9694845. 


Let us now take this discussion one step further and ask which Catalan numbers 
are prime. We know that Cz = 2 and C3 = 5, but are there any others? Once again 
we refer to the presentation in Reference [23]. Before starting, however, we state the 
following two results which will prove useful: 


(i) Forn > 4,C, >n +2. (This can be established using the Principle of M ath- 
ematical Induction. We leave this for the exercises for this chapter.) 

(ii) If a,b, and p are positive integers with p prime and p divides ab, then p 
divides a or p divides b. (This is sometimes referred to as Euclid’s Lemma. A 
proof for this result can be found on P. 7 of Reference[14], P. 237 of Reference 
[19], or P. 109 of Reference [34]). 


Starting with C, = () we have 


ih 
n+l 
1 /2n 1 2(n +1) 
oa) > a astra > 
(2n + 2)! (2n + 2)(2n + 1)(2n)! 


(n+2) Chui = = (n+1)(n +1)n!n! 


(n+1)!(n +1) 
2(2n + 1) (2n)! 1 2n 

= n+l ala! ata?) er () 

(4n + 2) Cp, 


S 


If C, is prime, then from (4n + 2) C, = (n + 2) Cy41, it follows from (ii) above 
that C, divides (mn + 2) or C, divides C,41. Since n => 4, from (i) we know that 
Cn > n+ 2,50 C, divides Cy41. Say that C,+1 = mC,, where m is a positive in- 
teger. Then (4n + 2) C, = (n+ 2) Cy4i1 =m (n+ 2) Cy. Since C, ¢ 0, it follows 
that (4n + 2) = m(n + 2). If m > 4, then 4n +2 =mn+2m > 0> (2-—2m) = 
(m — 4)n = 0. This impossibility implies that mm = 1, 2, or 3. 
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(m = 1): If m =1, then 4n+ 2 =n +2, 50 3n = 0 andn = 0. This contradicts 
n> 4. 

(m = 2): If m = 2, then 4n +2 = 2(n+2) > 2n =2 >n=1. This also con- 
tradicts n > 4. 

(m = 3): If m = 3, then 4n +2 = 3(n+ 2) > n = 4. But Cg = 14 is not prime. 


Consequently, the only Catalan numbers that are primes are C2 = 2 and C3 = 5. 
Let us close this chapter by summarizing what we have learned in the following. 


Theorem 29.1: 


(a) Forn > 0, if nis even, then C,, is even. 

(b) Forn odd, C, is odd if and only if n isa M ersenne number— thatis, an integer 
of the form 2* — 1, for & a positive integer. (In all other cases, C,, is even.) 

(c) The only Catalan numbers that are primes are C2 = 2 and C3 = 5. 


EXERCISES FOR CHAPTER 29 


1. Forn = 4, prove that C, > n+ 2. 

2. Prove that Euclid’s Lemma is not true for arbitrary integers— that is, find three 
positive integers a, b, and c, such that c divides ab, but c does not divide 
aorb. 

3. For the Cio (=16, 796) lattice paths from (0, 0) to (10, 10) that never rise 
above the line y = x, how many contain (a) the point (3, 3); (b) the point (7, 7); 
(c) both the point (3, 3) and the point (7, 7); and, (d) all three of the points 
(3, 3), (7,7), and (9, 9)? 

4. Determine the value of the positive integer 7 if the number of lattice paths from 
(0, 0) to (n, m) that never rise above the line y = x and contain the point (9, 9) 
is 641,784. 

5. Determine the value of the positive integer 7 if the number of lattice paths from 
(0, 0) to (7, m) that never rise above the line y = x and contain the points (3, 3) 
and (7, 7) is 2940. 


Ms CHAPTER 30 


Triangulating the Interior of a Convex 
Polygon for the Second Time 


Now itis time to revisit the situation we examined in Example 23.1. 


Example 30.1: In this example, we shall take a second look at the problem of 
determining 7;,, the number of ways the interior of a convex polygon of n sides can 
be triangulated into n — 2 triangles— by drawing n — 3 diagonals, no two of which 
intersect within the interior. 

In Fig. 30.1 (a), we havea convex polygon with n + 1 sides, where we have drawn 
the diagonals v1 v3 and v3u,41. These diagonals break up the interior of this convex 
polygon into three regions: (i) theinterior of triangle v1 v2 v3; (ii) the interior of triangle 
V1U3Un+41; and (iii) the interior of the (n — 1)-sided convex polygon v3u4 -- + Up Un41. 
The interior of the first region can be triangulated in 73 ways, while there are 7,1 = 
Tin+1)-2 ways to triangulate the interior of the third region. Therefore, there are 
T3T(n+1)-2 ways to triangulate the interior of the given convex polygon with n + 1 
sides— where the triangle v1 v3v,,+1 is part of the triangulation. 

Now let us look at Fig. 30.1 (b). This time we have drawn the diagonals v1 v4 
and vgvp41. They decompose the interior of the given convex polygon into the three 
regions: (i) theinterior of the convex quadrilateral v1 v2v3 va; (ii) the interior of triangle 


Uy 


Unt+1 


(a) 


FIGURE 30.1 
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V1 V4Vy41; and (iii) the interior of the (n — 2)-sided convex polygon vgus --- V_,Up41- 
The interior of the first region can be triangulated in 7, ways; the interior of the third 
region in 7(,+1)-3 ways. Consequently, there are 747(,41)-3 ways to triangulate the 
interior of this (7 + 1)-sided polygon— where, this time, the triangulation includes 
the triangle viv4un+1. 

For 2<i<n, there are 7;%|,41)-(;-1) ways to triangulate the interior of the 
(n + 1)-sided convex polygon— where the triangle v1; v,+1 IS one of the triangles in 
the triangulation. [When i = 2, there is no region to the left of triangle viv2v,41— 
there is one way this can happen. The region to the right of triangle v1 v2v7,+41 is the 
interior of the n-sided convex polygon v2v3 v4 - - - Uz Un +1, Which can be triangulated in 
Tin41)—(2-1) = Tn Ways. SO triangle vj v2v,41 appears among the 7,41 triangulations 
of the given (n + 1)-sided convex polygon in 1- 7, = 72T, = T2T(n+1)-(2-1) WayS. 
Hence, wesee why wedefine 7) = 1.A similar situation arises for when i = n— and 
we get 7, T(n+1)—(n—1) = TnT2 of the 7,41 possible triangulations.] Consequently, 


Te SG, A eet Ge Phe Bad. 
If we shift subscripts and assign 7;, = S,—2, this recurrence relation becomes 
Sn—1 = SoSn—2 + S1Sn—3 +--+ + Sp—351 + Sn-2S0, So = 1. 
Consequently, 
Sn = SoSn—1 + SiSp—2 + +++ + Sp—2S1 + Sn-1So0, So =l1. 


Comparing this result with Eq. (29.1), we see that C,, = S, = T,+2, in agreement 
with the result in Example 23.1, where we learned that the number of triangulations 
of a convex polygon with n + 2 sidesis C,, forn > 1. 


EXERCISES FOR CHAPTER 30 


1. Kathy draws aconvex decagon on a blackboard and labels the vertices consec- 
utively, in a clockwise manner, aS v1, v2, v3, ..., vg, v10. Jill then draws in the 
diagonal from v1 to v7. In how many ways can K athy triangulate the interior 
of this convex decagon without erasing the diagonal that Jill drew? 

2. Pauladraws a convex 12-sided polygon and labels the vertices consecutively, in 
a clockwise manner, as v1, v2, v3, ..., V11, 12. 1N how many ways can she trian- 
gulate the interior of this 12-sided polygon if she wants to include the diagonal 
from v; to vs and the diagonal from vg to vj9 as part of the triangulation? 

3. Tim draws a convex n-gon and labels the vertices consecutively, in a clockwise 
manner, aS v1, v2, V3, ..., Yp—1, Un. Upon drawing a diagonal from vj to vg, he 
finds that there are 823,004 ways to triangulate the interior of his n-gon, using 
this diagonal as part of the triangulation. W hat is the value of 1? 


Ms CHAPTER 31 


Rooted Ordered Binary Trees, Pattern 
Avoidance, and Data Structures 


In this chapter we have the opportunity to examine some additional examples where 
the Catalan numbers arise. This time, however, we shall verify that the structures are 
counted by these numbers by using the nonlinear recurrence relation developed in 
Chapter 29. 


Example 31.1: Consider the trees shown in Fig. 31.1, where the vertices labeled 
with r are the roots. These trees are called binary because each vertex has at most 
two edges descending from it. Furthermore, these trees are ordered in the sense that a 
left branch descending from a vertex is considered to be different from a right branch 
descending from that vertex. In Fig. 31.2(a) we see the one rooted ordered binary tree 
for when we have n = 1 vertex— namely, just the root. Part (b) of Fig. 31.2 provides 
the two trees of this type for n = 2 vertices. If we let r,, count the number of rooted 
ordered binary trees on n vertices, then at this point we have 7; = 1 and 2 = 2. The 
results in Fig. 31.3 on p. 240 show us that 73 = 5. 


FIGURE 31.1 


To count the number ¢,, of rooted ordered binary trees on n > 0 vertices, we shall 
assume that we know the values of ¢; for 0 < i < n — 1. In order to determine t,,, we 
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select one of the n vertices as the root, asin Fig. 31.4 on p. 240. Then we consider the 
substructures descending on the left and right sides of the root. These substructures 
are subtrees of the given tree, but more important, they themselves are two examples 
of rooted ordered binary trees having atotal of n — 1 vertices. We realizeitis possible 
for one of these subtrees to have 0 vertices, so we assign fo the value 1. 

At this point we consider how the n — 1 vertices are divided up between the two 
subtrees. There are n cases to examine. 


(1) 0 vertices in the left subtree,  — 1 vertices in the right subtree: This gives 
US fot,—1 Of the total number of possible rooted ordered binary trees on n 
vertices. 

(2) 1 vertex in the left subtree, n — 2 vertices in the right subtree: This case 
provides t1t,_2 of the trees we are trying to count. 


(i +1) ivertices in the left subtree, (mn — 1) — i vertices in the right subtree: Here 
we obtain a count of ¢;t(,-1)-; toward t,. 


(n) mn — 1 vertices in the left subtree, 0 vertices in the right subtree: This last 
case accounts for ¢,,_1f0 of these trees. 


Therefore, for all n > 0, 
n 
tn = 10tn—1 + 1tn—2 + t2tn—3 +++ + tat + nto = Dos etn 
Since t9 = 1 (= Co) and t,, satisfies the same (type of) nonlinear recurrence relation 
as in Eq. (29.1), it follows that for all n > 0, 


Before closing this example, let us look back at the complete binary trees in Fig. 
24.6 of Example 24.3. Note that if we prune the trees for n = 3 by removing the 
four leaves for each tree in parts (1)-(5) of Fig. 24.6, the result is, respectively, the 
corresponding rooted ordered binary tree in parts (a)-(e) of Fig. 31.3. 


(n=1) (n=2) 


(a) (b) 
FIGURE 31.2 


240 ROOTED ORDERED BINARY TREES, PATTERN AVOIDANCE, AND DATA STRUCTURES 


(a) (b) (c) (d) (e) 
FIGURE 31.3 


Left / 
subtree \ a 
\ ye 
Ne mee el 2 
Right 
subtree 
FIGURE 31.4 


Example 31.2: Let us start with the permutations of {1, 2, 3}. There are six permu- 
tations of these integers— namely, 


123) 132) «213 «231 «0312 =~ 321. 


Among these six permutations, the permutation 312 is the only one where the largest 
integer is first, the smallest integer is second, and the third integer is between the small- 
est and largest integers. Consequently, we say that this permutation exhibits the 312 
pattern, while the other five permutations are said to be 312-avoiding permutations. 
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(This first example may seem somewhat trivial to the reader. That is why we better 
look at a larger example to see where this is leading.) 


There are 24 permutations of {1, 2, 3, 4}. Let us examine four of these: 


(1) The permutation 4132 is such that there are three integers— namely, 4, 1, and 
3— where the first (namely, 4) is the largest, the second (namely, 1) is the 
smallest, and the third (namely, 3) is between these (smallest and largest) 
integers. Consequently, the permutation 4132 exhibits the 312 pattern. So we 
see that the integers involved in an instance of the 312 pattern need not be 3, 
1, and 2. 

Furthermore, the three integers 4, 1, and 2— though not consecutive within 
the permutation 4132—also exhibit the 312 pattern. So a permutation may 
have more than one instance where such a pattern arises. 

The permutation 3142 exhibits the 312 pattern. The integers here are those in 

the first, second, and fourth positions of the permutation, and they are precisely 

3, 1, and 2. 

(3) The permutation 2413 is the only permutation that starts with 2 and contains 
the 312 pattern— resulting from the integers 4, 1, and 3. 

(4) Neither the permutation 1234 nor the permutation 2341 exhibits the 312 pat- 
tern. As aresult, these permutations are said to be 312-avoiding permutations. 


(2 


— 


In total, there are 10 permutations that exhibit the 312 pattern: 
(1) 1423 (2) 2413 (3) 3124 (4) 3142 (5) 3412 
(6) 4123 (7) 4132 (8) 4213 (9) 4231 (10) 4312 


Consequently, there are 14 permutations that are 312-avoiding permutations— 
namely, 


(1) 1234 = =(2) 1243, (3) 1324 = (4) 1342 ~— (5) 1432 
(6) 2134 (7) 2143 (8) 2314 = (9) 2341 =—(10) 2431 
(11) 3214 (12) 3241 (13) 3421 (14) 4321 


Even if the numbers 3, 1, and 2 are not in the set of integers we are permuting, we 
can still speak of the 312 pattern. For example, if we consider all 24 permutations of 
{5, 6, 8, 9}, there are still 10 permutations that exhibit the 312 pattern and 14 that are 
312-avoiding permutations. 


To determine the number of permutations of {1, 2, 3, 4, 5} that are 312-avoiding 
permutations, we consider the location of 1 in the permutation: 


(1) Suppose that 1 is in the first position of the permutation. Then the remaining 
integers— namely, 2, 3, 4, and 5— can be arranged in positions 2, 3, 4, and 5 of 
the permutation, so that the result avoids the 312 pattern, in 14 (= C4) ways. 
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Welet 1 (= Co) account for the one way wecan place nothing to the left of the 
1 at the start of these permutations. So in this case we find CoCq permutations. 
Now consider the case where 1 isin position 2 of the permutation. If we place 
3, 4, or 5 in position 1, then with 2 following 1, we have an occurrence of the 
312 pattern. Consequently, these permutations start with 2, followed then by 
1. Following that, we must place 3, 4, and 5 in the last three positions. This 
we can do— avoiding the 312 pattern— in 5 (= C3) ways. Since the left side 
of 1 has been filled in 1 (= Cy) way and the right side in 5 (= C3) ways, this 
case provides us with C1C3 permutations. 

(3) How can we avoid the 312 pattern when 1 isin position 3 of the permutation? 
In this case, we must place 2 and 3, in either order, in the first two positions. 
This can be done in 2 (= C2) ways. Likewise, 4 and 5 must be placed, in either 
order, in the last two positions of the permutation. This too can be done in 
2 (= C2) ways. Therefore, this case provides C2C2 permutations. 

(4) When 1 isin position 4 of the permutation, in order to avoid the 312 pattern 
we must place 5 in the fifth position of the permutation. [This can be done 
in 1 (= Cy) way.] Then we can place 2, 3, and 4 in the first three positions, 
avoiding the 312 pattern, in5 (= C3) ways. So herewe find C3C permutations. 

(5) Finally, if 1 is in position 5 of the permutation, then we can place 2, 3, 4, 
and 5 in the first four positions, and avoid the 312 pattern in 14 (= Ca) ways. 
There is 1 (= Co) way in which we can place nothing to the right of 1 in these 
permutations, so here the number of permutations we obtain is C4Co. 


& 


From the calculations in (1)-(5), it follows that the number of permutations of 
{1, 2, 3, 4, 5} that avoid the 312 pattern is 


4 
CoCa + C1C3 + CrC2 + C3C1 + Cao = or CC 


From Eq. (29.1), we know that this is Cj = 42 [=1-144+1-5+2-245-1l4+ 
14-1]. 


Atthis point, we know that the number of permutations of {1, 2, ..., m} that avoid 
the 312 pattern is C,,, form = 3, 4, 5. To establish this result for all n > 3, we apply 
the technique used above to determine the number of permutations of {1, 2, 3, 4, 5} 
that avoid the 312 pattern. 

For n > 3, let A, count the number of permutations of {1, 2,...,} that avoid 
the 312 pattern. Define Ag = 1, Ay = 1, and Az = 2. For 1 <i <n, consider the 
permutations of {1,2,...,} where 1 is in position i. We place the integers 2, 3, 
..., Lin the first (i — 1) positions of the permutation. However, this cannot be done 
arbitrarily in one of the (i — 1)! possible ways. To avoid the 312 pattern, there are only 
Aj-1 ways in which this can be done. Then we must place the integers i +1, i+ 2, 
...,n inthe final n — i positions— avoiding the 312 pattern. There are A,,_; waysin 
which this can be accomplished. Consequently, there are A;_1A,—; permutations of 
{1, 2,3, ...,} that avoid the 312 pattern, when 1 isin position i of the permutation. 
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When i = 1 or i =n, then the numbers of permutations that avoid the 312 pattern 
in these two cases are AgA,_1 and A,_1 Ao, respectively. So, for n > 3, the total 
number of permutations of {1, 2, 3, ...,} that avoid the 312 pattern is 


n 
ApAn-1 + A1An-2-+ +++ An-2A1+ An-1A0 = D0, Ai-1An-i,, AO = 1. 


This is precisely the nonlinear recurrence relation of Eq. (29.1). Consequently, for all 
n= 0, An = Cy, and, for n > 3, the number of permutations of {1, 2,3, ...,} that 
avoid the 312 pattern is the nth Catalan number C,,. 


Although we have worked exclusively trying to avoid the 312 pattern, any per- 
mutation of this pattern leads to the same result. For instance, consider the 213 
pattern, the reverse of the 312 pattern. Since the reverse of any permutation of 
{1, 2,3, ...,n} is likewise a permutation of {1,2,3,..., 7}, it follows that a per- 
mutation p1p2p3--* Pn—2Pn—1Pn OF {1, 2,3,...,n} avoids the 312 pattern if and 
only if its reverse py Pn—1Pn—2 - + P3p2pP1 avoids the 213 pattern. Consequently, for 
n > 3, the number of permutations of {1, 2, 3,--- ,m} that avoid the 213 pattern is 
also the nth Catalan number C,,. 

Itis also the case that, for n > 3, the number of permutations of {1, 2,3,...,} 
that avoid each of the patterns 132, 231, 123, and 321 is likewise counted by C,. 
The cases for the patterns 132 and 231 are dealt with in the exercises for this chapter. 
The patterns 123 and 321 are examined in References [1, 2]. Further information on 
pattern avoidance for the permutations of {1, 2, 3, ..., n} canbe found in References 
[32,37,45]. 


Example 31.3 (The Stack Data Structure): This example is based on one given 
on page 86 of Reference [11]. 

The stack is an important abstract data structure that arises in computer science. 
This structure allows the storage of items of data according to the following rules: 


(1) Each insertion takes place at one end of the structure. This is called the top of 
the stack. The insertion process is called the push procedure. 

(2) Each deletion from the nonempty stack also takes place from the top of the 
stack. The deletion process is referred to as the pop procedure. 


Since the last item pushed onto this data structure is the first item that can then be 
popped out of it, the stack is often referred to as a last-in-first-out (LIFO) structure. 

Intuitive models for this data structure include a stack of poker chips on a table 
and a stack of trays in a cafeteria, where in both cases the stack can grow or shrink in 
size. Also, in both cases, one can only (1) insert a new entry at the top of the (possibly 
empty) stack or (2) delete the entry from the top of the nonempty stack. 

Here we shall use this data structure, with its push and pop procedures, to permute 
the ordered list 1, 2,3, ...,, where n is a positive integer. The diagram in Fig. 31.5 
on p. 244 indicates how each integer of the input 1, 2, 3,..., 7 is to be pushed onto 
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Output Vi 1,2,3,..,-1,” Input 
Stack 
FIGURE 315 


the top of the stack in the order given. However, an entry may be popped from the top 
of the nonempty stack at any time. B ut once an entry is popped from the stack , it may 
not be returned to either the top of the stack or the remaining input left to be pushed 
onto the stack. This process continues until the stack contains no entry. As a result, 
the ordered sequence of elements popped from the stack determines a permutation of 
1,2,3,...,n. 

We consider the following: 


Case 1: Here n = 1 and the input list consists of only the integer 1. The 1 is 
inserted at the top of the empty stack and then popped out. This provides us 
with the permutation 1. 

Case 2: This timen = 2 and wecan obtain the two possible permutations of 1, 2, 
using the stack. 


(1) To arrive at the permutation 12, we place 1 at the top of the empty stack 
and then pop it. Then we place 2 at the top of the empty stack and 
pop it. 

(2) The permutation 21 is obtained when 1 is placed at the top of the empty 
stack and 2 is then pushed onto the top of this (nonempty) stack. Upon 
first popping the 2 from the top of the stack, and then the 1, the result is 
the permutation 21. 


Case 3: Turning now to the case where n = 3, although there are 3! = 6 possible 
permutations of 1, 2,3, we find that we can only obtain five of them, when 
using the stack. For example, the permutation 231 results when we take the 
following steps: 


¢ Place 1 at the top of the empty stack. 

¢ Push 2 onto the top of the stack— on top of 1. 
¢ Pop 2 from the top of the stack. 

e Push 3 onto the top of the stack— on top of 1. 
¢ Pop 3 from the top of the stack. 

¢ Pop 1 from the stack, leaving it empty. 
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However, suppose we try to generate the permutation 312 using the stack. In 
order to have 3 in the first position of the resulting permutation, we must build 
the stack by first pushing 1 onto the empty stack, then pushing 2 onto the top 
of the stack (on top of 1), and finally pushing 3 onto the stack (on top of 2). 
After 3 is popped from the top of the stack, we have 3 as the first entry in the 
resulting permutation. But now 2 is at the top of the stack, so we cannot pop 
1 until after 2 has been popped. Consequently, the permutation 312 cannot be 
generated in this way, using the stack. 

Case 4: When n = 4, there are 14 permutations of the ordered list 1, 2, 3, 4 that 
can be generated using the stack. These permutations are listed in Table 31.1, 
according to where 1 is located in the permutation. 


TABLE 31.1 

1234 2134 2314 2341 
1243 2143 3214 243 1 
1324 3241 
1 342 342 1 
1 432 4321 


(1) There are five permutations with 1 in the first position, because after 1 
is pushed onto the empty stack and then popped from it, there are five 
ways to permute 2, 3, 4 using the stack. 

(2) If 1 is in the second position, then 2 must be in the first position. This 
follows because here we pushed 1 onto the empty stack, then we pushed 
2 on top of 1, and then popped 2 and then 1. Since there are two ways 
3, 4can be permuted on the stack, this accounts for the two permutations 
in column 2 of Table 31.1. 

(3) For column 3 of Table 31.1, we find 1 in the third position. We see that 

the only numbers that can precede 1 are 2 and 3. These two numbers can 

be permuted on the stack— with 1 on the bottom— in two ways. Then, 
after dealing with 2 and 3, 1is popped. Finally, 4 is pushed onto the now 
empty stack and then popped from it. 

In the fourth column, we find five permutations: After we push 1 onto 

the empty stack, there are five ways we can permute 2, 3, 4 using the 

stack, with 1 on the bottom. After dealing with 2, 3,4, we then pop 1 

from the stack and complete the permutation. 


= 


On the basis of what we have seen in cases 1 through 4, form > 1, let S, count the 
number of ways to permute the integers 1, 2, 3,...,” (or any list of n consecutive 
integers) using the stack. Furthermore, we set Sy = 1 since there is only one way to 
permute nothing, using the stack. Then we find that 


Sn = SoSn—1 + S1Sn—2 + S2Sn—3 + +++ + Sn—2S1 + Sn—1S0, 
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where, for 1 <i <n, the summand S;_1S,—; accounts for the permutations of 
1,2,3,...,2—1,—using the stack— where 1 is in position i of the resulting per- 
mutation. Consequently, since So = 1, it follows from Eq. (29.1) that 


Sr =Cyh, n>O0. 


Since the only permutation of 1, 2, 3 thatfails to be generated in this way is 312, we 
could also have shown that S,, = C,, by observing that a permutation of 1, 2,3,...,7 
fails to be generated using the stack when it contains the 312 pattern. For in Example 
31.2, we showed that the number of such permutations that avoided the 312 pattern 
iSCp. 

Furthermore, let us make one last observation about the permutations in Table 31.1. 
Consider, for instance, the permutation 3421. How did we generate this permutation 
of 1, 2, 3, 4, using the stack? First 1 is pushed onto the empty stack. Then 2 is pushed 
onto the stack, on top of 1. Now 3 is pushed onto the stack, on top of 2, and then 3 is 
popped from the top of the stack, leaving 2 and 1. At this point, 4 is pushed onto the 
stack, on top of 2. Then itis popped from the top of the stack, again leaving just 2 and 
lin the stack. Finally, 2 is popped from the top of the stack, and then 1 is popped from 
the top of the stack, now leaving the stack empty. So the permutation 3421 has been 
generated from 1, 2, 3, 4— using the stack— by means of the following sequence of 
four pushes and four pops: 


push, push, push, pop, push, pop, pop, pop. 


Now replace each “push” with an “1” and each “pop” with a “0.” The result is the 
binary string 


11101000. 
Similarly, the permutation 1342 is determined by the procedures 
push, pop, push, push, pop, push, pop, pop 
and this corresponds with the binary string 
10110100. 


In fact, each of the permutations in Table 31.1 gives rise to a binary string of four 1's 
and four 0's. However, there are 8! /(4!4!) = 70 ways to list four 1’s and four 0’s. Are 
these 14 binary strings special in any way? Yes, indeed! As each of these 14 binary 
strings of four 1’s and four 0’s is read from left to right, the number of 1’s (pushes) 
is never exceeded by the number of 0’s (pops), just like the binary strings in Table 
20.1 in Example 20.2— one of our earlier situations that was counted by the Catalan 
numbers. 
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Along the sameline, if p = p1p2p3--- py isa permutation of {1, 2, 3,...,n}, we 
call p stack-sortable if it is possible to generate the permutation 123.--n from p, 
using the stack. The one permutation for n = 1 and the two permutations for n = 2 
are all stack-sortable. W hen n = 3, the permutation 312 is stack-sortable. In this case, 
we first push 3 onto the empty stack. Then we push 1 onto the stack on top of 3 and 
then pop the 1. This is followed by pushing 2 onto the stack on top of 3. Then 2 
is popped first, followed by 3 being popped. So the result is the permutation 123, 
proving that the permutation 312 is stack-sortable. 

Are all permutations of 1, 2, 3 stack-sortable? Considering our earlier work with 
the stack, we probably feel that this is not the case. If we consider the permutation 
231, we start by pushing 2 onto the empty stack. Then 3 is pushed onto the stack, on 
top of 2. This is followed by pushing 1 onto the stack on top of 3. Upon popping 1 
from the top of the stack, we are now faced with 3 on top of 2 on the stack. There is 
no way that 2 can be popped from the stack at this point, so the permutation 231 is 
not stack-sortable. 

In general, for n > 3, a permutation p = p1p2p3--+ pn is stack-sortable if and 
only if it avoids the 231 pattern. Consequently, for n > 1, the number of permutations 
of 1, 2,3,...,m that are stack-sortable is C,,. 


Example 31.4 (The Queue Data Structure): The queue is another example of 
an abstract data structure that arises in computer science. A queue is an ordered list 
wherein items are inserted at one end (called the rear) of the list and deleted at the 
other end (called the front). Whenever an item is added to the (rear of the) queue, all 
items that were added before it must be deleted before the new item can be deleted. 
The first item inserted in the queue is the first item that can be taken out from it. As 
a result, the queue is called a “first-in-first-out,” (FIFO), data structure. 


Delete Insert 
Pee aa 
Output Input 


12,340 PLP? P3 «+ Pns 


a permutation 
of 1, 2, 3,...,” 


FIGURE 31.6 


In Fig. 31.6 we find two parallel queues. We want to determine which of the 
permutations of {1,2,3,...,} can be sorted into ascending order— namely, the 
permutation 123 - --n— using these two parallel queues. When n = 1, there is only 
one such permutation— namely, 1. We simply insert 1 at the rear of either empty 
queue and then delete it from the front of that queue to arrive at 1. If n = 2, we can 
easily sort 1, 2 to get the permutation 12 by placing 1 at the rear of the first empty 
queue and 2 at the rear of the second empty queue. Then we delete 1 from the front of 
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the first queue and 2 from the front of the second queue. For the permutation 21, the 
process is just as simple. For example, place 2 at the rear of the first empty queue and 
1 at the rear of the second empty queue. Now delete 1 from the front of the second 
queue and follow that by deleting 2 from the front of the first queue. The result is the 
permutation 12. 

W hat happens when n = 3? Are we able to sort the six possible permutations of 
1, 2, 3 into ascending order— that is, into the permutation 123? For instance, suppose 
we consider the permutation 231. To sort this permutation into ascending order, we 
can start by inserting 2 at the rear of the empty top queue and then insert 3— following 
2—at the rear of the top queue. Follow this by inserting 1 at the rear of the empty 
bottom queue. At this point, we delete 1 from the front of the bottom queue, leaving 
it empty. Then we delete 2 from the front of the top queue, followed by deleting 3 
from the front of the top queue, now leaving the top queue empty. The result is the 
permutation 123. 

Turning to the permutation 321, how can we get 1 as the first output? The only 
way possible is to insert 3 at the rear of one of the empty queues and follow that by 
inserting 2 at the rear of this queue, following 3. Then, at this point, 1 is inserted at 
the rear of the other queue (previously empty). Now 1 is deleted from the front of 
the queue where it was inserted. Unfortunately, 2 cannot be deleted from its present 
position since it is blocked by the 3 that precedes it (in the queue containing 3, 2). 
This turns out to be the only permutation of {1, 2, 3} that cannot be sorted using the 
two parallel queues. In general, for n > 3, a permutation p of {1,2,3,...,n} can 
be sorted into ascending order (as the permutation 123 --- 7), using the two parallel 
queues, so long as p avoids the 321 pattern. Consequently, as a result of the remarks 
at the end of Example 31.2, form > 1, the number of permutations of {1, 2, 3,..., n} 
that can be sorted into ascending order using two parallel queues is the nth Catalan 
number C,,. (This was first observed in Reference [43].) 


EXERCISES FOR CHAPTER 31 


1. For n > 3, let p= pi p2p3--- Pn—1pn be a permutation of {1,2,3,--- ,n}. 
The complement of p is the permutation of {1,2,3,...,n} given by p= 
Pl P2 P3 ---Pn—1 Pn Where pj =n +1 — pj, for 1 <i <n. For example, 
if n=5 and p= 13452, then p = 53214. The permutation g = 15243 (of 
{1, 2, 3, 4, 5}) contains the 312 pattern, as exhibited by 524 and 523. The com- 
plement g of g is 51423, which contains the 132 pattern, as exhibited by 142 
and 143. (Note that the complement of 312 is 132, the complement of 524 is 
142, and the complement of 523 is 143.) 

(a) If p isa permutation of {1, 2,3,...,}, whatis p? 

(b) Let p = 152643, g = 536412, r = 132456, and s = 351462 be four of the 
720 permutations of {1, 2, 3, 4,5, 6}. Which of these permutations avoid 
the 312 pattern? 

(c) Find the complement of each permutation in part (b). W hich of these com- 
plements avoid the 132 pattern? 
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(d) How many permutations of {1, 2, 3, 4, 5} avoid the 132 pattern? 

(e) For n > 3, how many permutations of {1,2,3,...,} avoid the 132 pat- 
tern? 

(f) For n > 3, how many permutations of {1, 2, 3,...,} avoid the 231 pat- 
tern? 

. Forn > 3, prove that the number of permutations of {1, 2, 3, ...,} that avoid 

both the 123 pattern and the 132 pattern is 2”—1. 

. Which of the following permutations of {1, 2, 3, 4,5, 6, 7, 8} can be obtained 

from the permutation 12345678 using the stack of Example 31.3? 


(a) 42315678 (b) 54362187 
(c) 45321867 (d) 34217685 


. Suppose that the integers 1, 2,3, 4,5, 6, 7,8 are permuted using the stack of 
Example 31.3. (a) How many permutations are possible? (b) How many per- 
mutations have 1 in position 4 and 5 in position 8? (c) How many permutations 
have 1 in position 6? (d) How many permutations start with 321? 

. Which of the following permutations of 1, 2,3, 4,5, 6, 7 is not stack-sortable? 


(a) 3145672 (b) 4123765 
(c) 5176423 (d) 4657321 


. For n = 3, let p= pip2p3--- Pn—1pPn be a permutation of {1, 2, 3,..., n}. 
W hat pattern must p avoid so that if p is provided as the input to the stack, 
then the output is the permutation n(n — 1) --- 321? [Hence p is reverse stack- 
sortable. ] 

. For n = 3, let p= pip2p3--- Pn—1pn be a permutation of {1, 2,3,..., n}. 
W hat pattern must p avoid so that if p is provided as the input to a pair of 
parallel queues, then the output is the permutation n(n — 1)---321? 


Ms CHAPTER 32 


Staircases, Arrangements of Coins, 
The Handshaking Problem, and 
Noncrossing Partitions 


Even more examples, where the Catalan numbers come to the forefront, will be 
presented in this chapter. As we did in the previous chapter, here we shall use the 
nonlinear recurrence relation in Eq. (29.1) to verify that these new examples are 
counted by the Catalan numbers. 


Example 32.1 (Staircases): Consider the five-step staircase shown in Fig. 32.1 (a). 
Weare interested in constructing this staircase using five rectangles. In parts (b), (c), 
and (d) of Fig. 32.1 we find three of the ways this can be accomplished. 

Looking at the staircase in Fig. 32.1 (b), we find that if we remove the vertical 
rectangle with corner point (1, 5), then the remaining four rectangles provide a way to 
construct a four-step staircase from four rectangles. Likewise, in Fig. 32.1 (c), upon 
removing the horizontal rectangle with corner point (5, 1), thefour rectangles pictured 
above it also provide a way to construct a four-step staircase from four rectangles. 
Finally, in Fig. 32.1 (d), we find a square with corner points (0, 0), (0, 3), (3, 3), 
(3, 0). To the right of this square is one of the (two) ways to construct a two-step 
staircase using two rectangles, and above this square is the other way to construct 
such a staircase. In general, we see how the rectangle with (0, 0) as one of its corner 
points separates the remaining rectangles into smaller staircases— one of which may 
have (no rectangles and) no stairs. 

To determine the number of ways one can construct an n-step staircase using n 
rectangles, we shall let Sz, count the number of ways in which this can be done. From 
Fig. 32.2, we see that St; = 1, and Stz = 2. Figure 32.3 (on p. 252) shows us that 
St3 = 5. To account for the staircase with no stairs, we shall assign Sz the value 1. 

To determine St, for n > 4, we start to construct the n-step staircase (using n 
rectangles) by considering the rectangle with (0, 0) as one of its corner points. The 
other corner points of this rectangle are then found to be (k, 0), (k,n —k +1), and 
(0,1 —k+1),wherel<k <n. 


Fibonacci and Catalan Numbers: An Introduction, First Edition. Ralph P. Grimaldi. 
© 2012 J ohn Wiley & Sons, Inc. Published 2012 by J ohn Wiley & Sons, Inc. 


250 


STAIRCASES, ARRANGEMENTS OF COINS, THE HANDSHAKING PROBLEM 251 


A 
(0, 5)¢— (0, 5) (1, 5) 
(0, of (5,0) | (0,0)T (2,0) 6,0) 
(a) (b) 
A 
(0, 5)¢— (0, 5)¢— 
|| (0, 3)¢——— (3, 3) 

(0, 1)¢ a 1) 
(0, Of 6,0) | (0,0 (3,0) (5,0) 
(c) (d) 

FIGURE 32.1 


When & = 1, the rectangle with corner point (0, 0) has its other corner points at 
(1, 0), (1, 2), and (0, 2). We can place no other rectangles above this special rectangle 
in Sto ways and n — 1 rectangles [forming (mn — 1)-step staircases] to its rightin St,-1 
ways. In total, this case— where & = 1— provides SzoSt,_1 of the staircases we are 
trying to count. In asimilar way, when k = n, our special rectangle has corner points 
at (0, 0), (n, 0), (n, 1), and (0, 1). In this case, we can place — 1 rectangles [forming 
(n — 1)-step staircases] above this special rectangle in Sz,_1 ways. Furthermore, we 
can place no other rectangles on the right of this special rectangle in Sto ways. The 
result accounts for St,—1Sto more of the staircases to be counted. 

Now consider the case for the positive integer k where 1 < k <n. AS mentioned 
previously, the corner points of the special rectangle are now located at (0, 0), (x, 0), 
(k,n —k +1), and (0,n —k +1). We can place k — 1 rectangles above the special 
rectangle, forming St,_1 (k — 1)-step staircases, and place (mn —k+1)-l=n—k 


(n=1)  |(n=2) (n=2) 


(a) (b) (c) 
FIGURE 32.2 
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(n=3) (n=3) (n=3 (n=3) (n=3) 
(a) (b) (c) (d) (e) 
FIGURE 32.3 


rectangles to the right of the special rectangle, forming St,_, (m — k)-step staircases. 
This now accounts for St,_1St,_, additional staircases. Therefore, we find that for 
n>1, 


Sty = a Ste_1Str—k, Sto = 1. 


Comparing this result with Eq. (29.1), we now know that, for n > 1, the number of 
ways we Can construct an n-step staircase using n rectangles is counted by the nth 
Catalan number C,,. 


A second way in which we can show that the number of these n-step staircases 
(made up from n rectangles) is counted by C,, is to associate a certain type of rooted 
tree with each staircase. 

For n = 1, the tree consists of just the root— as shown in Fig. 32.4 (a). Parts (b) 
and (c) of Fig. 32.4 provide the rooted ordered binary trees that we correspond with 
the two 2-step staircases (made up from two rectangles). 

In Fig. 32.5, we find the five 3-step staircases (made up from three rectangles)— 
each associated with the rooted ordered binary tree on its right. For example, the tree 
in part (c) is obtained by placing a circled dot in the special rectangle. (This is the 
special rectangle we used above to obtain the recurrence relation for Sz,,). We then 
draw the root r of the tree we want to construct. As we go to the right (away from 
the special rectangle), we draw an edge from the root r to the right child cpr of r. 
In going to the right (of the special rectangle), we encounter the 2-step staircase in 
Fig. 32.4 (b). The tree for this staircase becomes the subtree rooted at cr. Going up- 
ward from the special rectangle, there are no additional rectangles— consequently, no 
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FIGURE 32.5 


smaller staircase. As a result, we arrive at the rooted ordered binary tree at the right in 
Fig. 32.5 (c). 

For the 3-step staircase in Fig. 32.5 (d), after placing a circled dot in the special 
rectangle, we then draw the root r of the tree we want to construct. As we go to the 
right, we draw an edge from the root r to the right child cr. In going to the right of 
the special rectangle, we find the 1-step staircase (of one rectangle) for which the 
associated tree is a single vertex— as in Fig. 32.4 (a). This vertex becomes the subtree 
rooted at cr. Going upward from the circled dot (in the special rectangle), we draw 
an edge from the root r to the left child c_. In going up from the special rectangle, 
we encounter another 1-step staircase (of one rectangle). Its associated tree— namely, 
a single vertex— then becomes the subtree rooted at c,. This results in the rooted 
ordered binary tree on the right of the 3-step staircase in Fig. 32.5 (d). 

This process provides a one-to-one correspondence between the five 3-step stair- 
cases (made up from three rectangles) in parts(a)-(e) of Figs. 32.3 and 32.5 with the 
five rooted ordered binary trees in parts (a)-(e), respectively, of Figs. 31.3 and 32.5. 

In general, for n > 4, if we have an n-step staircase (made up from n rectangles), 
we place a circled dot in the special rectangle for the staircase. We then draw the 
root r of the associated tree for the staircase. If a smaller staircase exists to the right 
of the special rectangle, then in going to the right we draw an edge from the root 
r to its right child cg. The rooted tree for the smaller staircase to the right of the 
special rectangle then provides the subtree (perhaps, just a single vertex) at the right 
child cr. This is the right subtree of r. If a smaller staircase exists above the special 
rectangle, then in going upward we draw an edge from the root r to its left child c_. 
The smaller staircase above the special rectangle provides the subtree (perhaps, just 
a single vertex, once again) at the left child c,. This is the left subtree of r. In this 
way, we construct a one-to-one correspondence between the n-step staircases (made 
up from n rectangles) and the rooted ordered binary trees on n vertices. It was shown 
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in Example 31.1 that these trees are counted by C,,. Consequently, it now follows for 
the second time that Sz, = C,,n > 0. 


Example 32.2 (Arranging Pennies): This example is due to J ames G. Propp. 

Abigail and Trevor want to arrange some pennies on a flat surface. They plan to 
start with a contiguous line of m pennies as a base on which they can place additional 
pennies. Each additional penny will then sit on the two pennies below it. In addition, 
neither A bigail nor Trevor is at all concerned with whether a given penny is placed 
heads up or heads down in any of their arrangements. The cases for nm = 1 andn = 2 
are shown in Fig. 32.6. In Fig. 32.7 we find their arrangements for when n = 3. 
Consequently, if we let a, count the number of ways A bigail and Trevor can arrange 
pennies on a contiguous base of n pennies, we have a1 = 1, az = 2, anda3 = 5. AS 
we have done previously, we shall assign ag the value 1. 


(n=1) (n=2) 
Oo lao lm 
FIGURE 32.6 
(n=3) 
Re oor neces 
FIGURE 32.7 


For n > 4, start with a base of n pennies. These pennies provide n — 1 possible 
positions for placing a penny on the second level. We shall consider two cases: 


Case 1: Asthesecond level is scanned from left to right, suppose that position k is 
the first position that is empty, where 1 < k < n — 1. This happens when there 
are k — 1 pennies in the positions to the left of position k— and above the first k 
pennies in the contiguous bottom row. These & — 1 contiguous pennies (on the 
second level) provide a,_1 possible arrangements. The(n — 1) — [(k — 1) + 1] 
positions (on the second level) to the right of position & are determined by a 
row of (n — 1) —-k + 1 (=n — k) contiguous pennies at the bottom level and 
these n — k contiguous pennies provide a,_, arrangements. As k varies from 1 
to n — 1, we get a total of 

n-1 
MAn—-1 + A14n—2 + +++ 1 An-241 = ya Ak—-14n—-k 


arrangements. 
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Case 2: The only situation not covered in Case 1 occurs when there is no empty 
position on the second level. So we have a contiguous row of n pennies on 
the bottom level and n — 1 contiguous pennies on the second level— and above 
this row of n — 1 pennies on the second level, we can have any one of a,_1 
(= an—1a0) possible arrangements. 


From the results for the two exclusive cases above, we now know that the total 
number of ways Abigail and Trevor can arrange pennies on a contiguous base of n 
pennies is 


n 
An = A0An—1 + 414n—-2 + +++ + 4n—241 + An—140 = yee Ak-14n—k- 


With ap = 1, it now follows from Eq (29.1) that a, = C,, forn > 0. 


Example 32.3: (a) (The Handshaking Problem) For n > 1, imagine that there are 
2n people seated around a circular table. At a given time, all of these people decide 
to shake hands with someone else at the table. We would like to determine in how 
many ways this can be done so that we have n simultaneous handshakes with no set 
of two arms from one handshake crossing over another set of two arms from another 
handshake. If welet H,, count the number of ways these n handshakes can take place 
with the condition prescribed, we readily find that 4; = 1 and Hz = 2—asshownin 
parts (a) and (b), respectively, of Fig. 32.8. We also learn that H3 = 5— as we seein 
Fig. 32.9. 


(n=1) 9 (n=2) 93 3 
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To determine H,,, for n > 4, consider the circular table shown in Fig. 32.10 (a). 
For 1 <i < 2n, weshall let i represent the person seated at the location labeled i. We 
start by assuming that 1 and 2 shake hands. Then there is 1 (= Ho) way for the people 
seated between 1 and 2— namely, nobody— to shake hands. The remaining 2(n — 1) 
people can then shake hands, with no pairs of arms crossing, in H,—1 ways. So in this 
case, where 1 and 2 shake hands, there is atotal of Hp H,-1 possible ways for everyone 
to shake hands under the prescribed condition. Proceeding, we next observe in Fig. 
32.10 (b) that 1 and 3 cannot shake hands under the prescribed condition— for then 2 
would not be able to shake hands with anyone at the other 2n — 3 locations without 
creating a set of two arms that crosses the set of two arms created by 1 and 3. In fact, 1 
cannot shake hands with any person located at an odd position, without violating the 
condition prescribed for the problem. So next we consider what happens if 1 and 4 
shake hands, asin Fig. 32.10 (c). Then 2 and 3 can shake handsin 1 (= Aj) way, while 
the remaining 2(n — 2) people can shake hands and follow the prescribed condition 
in H,-2 ways. Consequently, this case provides H; H,,-2 more of the situations we 
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want to count. In general, for 1 < k <n, when 1 shakes hands with 2k, as in Fig. 
32.10 (d), then 2, 3, ..., 2k — 1 can shake hands, without violating the prescribed 
condition, in Hy_1 ways, and 2k+1, 2k+2, ..., 2n—1, 2n can shake hands, 
according to the prescribed condition, in H,-~ ways. This accounts for Hy_1 Hy—« 
of the situations we are interested in counting. It now follows that the total number of 
ways we can have n simultaneous handshakes for these 27 people, with no two sets 
of two arms crossing, is 


n 
Ao An—-1 + My An—-2+ +++ + Ay—-2Hi + Ay-1Ho = ae Ay—1 Ay—k. 


With Ho = 1, itthen follows— once again from Eq. (29.1)— that forn > 0, H, = Cp. 


(b) From the results in Figs. 32.8 and 32.9, itis clear that this “handshaking problem” 
can be stated geometrically—in terms of placing 2n labeled points on the circum- 
ference of a circle and then drawing n chords so that (i) every labeled point is an 
endpoint of one chord, and (ii) no two chords intersect within the circle. To show 
that these drawings are counted by the Catalan numbers, we do the following. For 
the circlein Fig. 32.9 (a) on p. 255, we place a point P on the arc from 6 to 1. Now 
we traverse the circumference of the circle in a counterclockwise manner starting 
and finishing at P. When we first encounter a chord we record a 1. When a chord is 
encountered for the second time, a —1 is recorded. So for the circle in Fig. 32.9 (a) 
we obtain the sequence 1, 1,1, —1, —1, —1. Doing likewise for the circle in Fig. 32.9 
(b), the sequence 1, 1, —1, 1, —1, —1 is recorded. Continuing in this way, we obtain 
a one-to-one correspondence between the configurations in parts (a)-(e) of Fig. 32.9 
and the respective arrangements of three 1's and three —1’s in parts (a)-(e) of Fig. 
20.4 in Example 20.6. The number of these arrangements is C3. In general, forn > 1, 
the number of ways to place 2 labeled points on the circumference of a circle and 
then draw n chords satisfying conditions (i) and (ii) above is C,. 


(c) Now let us take another look at the circles in part (b) of this example. Once again, 
for n > 1, let us start by placing 2” points about the circumference of a circle. We 
still want to draw n chords so that every point is used and no two chords intersect 
within the interior of the circle. This time, however, we shall find ourselves returning 
to an earlier example involving rooted trees. 

In the case of n = 3, we redraw the configurations in Fig. 32.9 so that the arc 12 is 
at the top of the circle. Now consider the circle with chords 16, 25, and 34, as shown 
in Fig. 32.11 (a) on p. 258. Place a vertex in each of the four regions determined by 
the three chords. If the boundaries of two regions share a common chord, draw an 
edge connecting the vertices in these neighboring regions. The vertex in the region 
where the arc 12 is part of the boundary becomes the root r of the resulting tree. This 
ordered rooted tree (on n + 1 = 4 vertices) appears below the circle in Fig. 32.11 (a). 
Doing likewise for the other configurations where three non-intersecting chords are 
drawn, we obtain the resulting trees in parts (b)-(e) of Fig. 32.11. Now look back at 
the trees in Fig. 24.7. At this point we have a one-to-one correspondence between 
the configurations in parts (a)-(e) of Fig. 32.11 and the ordered rooted trees in parts 
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(1)-(5) of Fig. 24.7. Here the correspondence is (a) - (4), (b) - (5), (c) - (1), (d) - (3), 
(e)=(2), 

The question that still needs to be answered, however, is how we go from an ordered 
rooted tree on n + 1 vertices to a circular configuration with n chords satisfying the 
stated conditions. To this end, consider the ordered rooted tree on seven vertices, as 
shown in Fig. 32.12 (a). Here n = 6, so we need a circular configuration with 12 
points on the circumference of the circle and six chords, no two of which share a 
common point either within or on the circumference of the circle. We accomplish this 
by first drawing a circle about the tree— as in Fig. 32.12 (b). Then for each of the six 
edges of the tree, we place two points on the circumference of the circle— one on each 
side of the edge. This is demonstrated in Fig. 32.12 (b). J oining each of these pairs 
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(a) 


(c) (d) 
FIGURE 32.12 


of points with a chord as in Fig. 32.12 (c), upon removing the tree we arrive at the 
configuration in Fig. 32.12 (d). Here wehave the corresponding circular configuration 
with 12 points and six chords, satisfying the given conditions. 


Now it is time to get away from the handshakes, the chords, and the trees, and 
introduce a new mathematical idea. We start with some basic definitions. 


Definition 32.1: 
(a) A partition of a finite set A consists of a collection Bi, Bz, ..., Bm of 
nonempty subsets of A such that (1) A = By U Bo U --- UBn, and (2) B.A 
Bj = @ forall 1 <i < j < m. The subsets Bi, Bz, ..., Bm are called the 


blocks of the partition. 

(b) A partition of {1, 2,3,...,} is called a noncrossing partition if whenever 
a,b, c,d € {1,2,3,...,n} anda <b<c<dwitha,ce B, and b,de« B,, 
then B; = Bj. 


Example 32.4: If A = {1, 2, 3, 4,5, 6}, then 


(1) the partition B, = {1, 2, 3}, Bz = {4,5}, B3 = {6} is anoncrossing partition 
of A. 
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(2) the partition By = {1,2}, Bo = {3,5}, B3 = {4, 6}, however, is not a non- 
crossing partition of A because 3 < 4 <5 < 6 with 3,5 « Bz and 4, 6« B3, 
and Bz + B3. 


LetA = {1,2,3,...,n}.Forn =1, A has only one partition— namely, {1}. There 
are two partitions of A when n = 2. They are {1}, {2} and {1, 2}. When n = 3, we 
find the five partitions of A = {1, 2, 3} listed in Table 32.1. 


TABLE 32.1 
(a) {1}, {2},{3} (bb) {1,2}, {3} (c) {1}, {2,3} (d) {1,3}, {2} Ce) {1, 2, 3} 


In all three cases— that is, n = 1, 2, or 3—all the partitions are noncrossing. For 
n = 4, however, wefind that {1, 3}, {2, 4} is not anoncrossing partition of {1, 2, 3, 4}. 
In fact, it is the only partition of {1, 2, 3, 4} that is not noncrossing. There are 15 par- 
titions of {1, 2, 3, 4} in total, of which 14 are noncrossing. We list the 14 noncrossing 
partitions of {1, 2, 3, 4} in Table 32.2. 


TABLE 32.2 

{1}, {2}, {3}, (4) {1, 2}, {3}, {4} {1, 3}, {2}, {4} {1, 4}, {2}, {3} 
{1}, {2, 3}, {4} {1, 2}, {3,4} {1, 2, 3}, {4} {1, 2, 4}, {3} 
{1}, {2}, {3, 4} {1, 4}, {2, 3} 
{1}, {2, 4}, {3} {1, 3, 4}, {2} 
{1}, {2, 3, 4} {1, 2, 3, 4} 


Considering the results for n = 1, 2,3, 4, the reader may feel, and rightfully so, 
that these partitions are counted by the Catalan numbers. Our next example addresses 
that issue. 


Example 32.5 (Noncrossing Partitions): For n >5, we want to determine the 
number of noncrossing partitions that exist for {1, 2, 3,...,m}. This will be denoted 
by NC, (Atthis point, weknow that NC] = 1, NC2 = 2, NC3 =5, and NC, = 14. 
Aswehave done in previous similar situations, we assign NCo the value 1.) To count 
these partitions for a givenn > 5, let B* be the block of the noncrossing partition that 
contains 1 and suppose that k is the largest element in B*. 

If k = 1, then B* = {1}. There is 1 = NCo noncrossing partition of 1. There are 
NC,p_—1 Noncrossing partitions of {2, 3,...,}. Any such partition together with {1} 
(= B*) provides a noncrossing partition of {1, 2,3,...,n}. So we have NCoNCp_1 
noncrossing partitions in this case. 

Now suppose that 1 « B* and k « B* for some 1 <k <n. Consider the set 
{1,2,...,k —1}. There are NC,_1 noncrossing partitions of {1,2,...,k — 1} and 
NCy—« Noncrossing partitions of {k +1,k+2,...,n}.|f Pisanoncrossing partition 
of {1,2,...,& — 1}, upon placing & in the block containing 1— thus forming B*— the 
result is anoncrossing partition of {1, 2,...,k — 1, k}. If not, then we havea, b,c, k, 
wherea <b <c <k, witha, cinoneblock Band b, k inthe block B*, and B + B*. 
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However, since 1 <a <b <c, with 1,b« B* and a,c e B, and B+ B*, we con- 
tradict P being a noncrossing partition of {1,2,...,k — 1}. Also, we realize that we 
cannot have an integer greater than k in the same block as an integer less than &. For 
if there were integers s, r with s < k < t, then s 4 1 because 1 is in the same block 
as k. But then this leads to 1 < s < k < rwiths, rin one block and 1, kina different 
block— violating the definition for a noncrossing partition. With NC,_1 noncrossing 
partitions for {1,2,...,k — 1} and NC,_x noncrossing partitions for {k +1,...,n}, 
we see that there are NCx_1NC,_% noncrossing partitions of {1, 2, 3,...,}, where 
1 and & are in the same block, and1 <k <n. 

Finally, suppose that 1, 7 are in the same block B* of a noncrossing partition P 
of {1,2,3,...,n}. Upon removing n from B*, we obtain a noncrossing partition 
of {1,2,3,...,2— 1}. Conversely, if we start with a noncrossing partition P’ of 
{1, 2,3,...,2—1]}, after placing n in the block containing 1, we arrive at a non- 
crossing partition P of {1, 2, 3,..., n}. If not, then we have integers a, b, c,n, where 
a<b<c<n,witha,cin one block and b, n in another block. So it follows that 
1 <a<b<c with 1, bd in one block (namely, B*) and a,c in another block and 
this contradicts the fact that P’ is a noncrossing partition of {1,2,3,...,n—}. 
This accounts for the remaining NC,—-1 (= NC;—1NCo) noncrossing partitions of 
{1,2,3,...,n}. 

From the preceding results, we now know that NCp = 1 and, forn > 1, NC, the 
number of noncrossing partitions of {1, 2, 3, ..., }, satisfies 


NCy = NCoNCh-1 + NC1NCy—2 + +++ + NCn-2NC1 + NCn-1NCo 
n 
_ pe, NCj-1NCp-i. 


Consequently, it follows from Eq. (29.1) that the number of noncrossing partitions of 
{1,2,3...,n} is the nth Catalan number Cy. 


Example 32.6: We find that the notion of noncrossing partitions arises in a related 
geometric situation introduced by Robert Steinberg. This situation uses the following 
idea. 

Let S be a subset of the plane. We say that S is convex if whenever points P and 
Q are in S, then the line segment made up of P and Q and all points between them 
is also in S. If A is a subset of the plane, the smallest convex subset of the plane that 
contains A is called the convex hull of A. 

For example, if P and Q are points in the plane, then the convex hull of this set of 
two points is the line segment joining them (and this includes P and Q). If P, Q, and 
R are three noncollinear points in the plane, then the convex hull of this set of three 
points consists of all points on the perimeter and within the triangle POR. 

To demonstrate the connection between the notions of noncrossing partitions and 
the convex hull of a set, consider a circle with 10 labeled points on its circumfer- 
ence, as in Fig. 32.13 on p. 262. In Fig. 32.13 (a) we have the noncrossing partition 
{1, 5, 6, 10}, {2, 3, 4}, {7}, (8, 9} of {1, 2, 3, 4, 5, 6, 7, 8,9, 10}. The convex hull for 
the block {1, 5, 6, 10} is a quadrilateral (and its interior), for the block {2, 3, 4} itisa 
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{1, 5, 6, 10}, {2, 3, 4}, {7}, {8, 9} {1}, {2, 3, 8}, {4, 5, 9}, {6, 7}, {10} 


A noncrossing Not a noncrossing 
partition of {1, 2, 3, ..., 10} partition of {1, 2, 3, ..., 10} 


(a) (b) 
FIGURE 32.13 


triangle (and its interior), for the block {7} it is just the one point, and for the 
block {8,9} it is the line segment joining these two points. When we have a 
noncrossing partition, for any two blocks of the partition the corresponding con- 
vex hulls have no point in common. The partition in Fig. 32.13 (b)— namely, 
{1}, {2, 3, 8}, (4, 5, 9}, (6, 7}, {10}— is not a noncrossing partition. For here2 <5 < 
8 < 9 with 2, 8 in one block and 5, 9 in another. Note how the convex hulls for the 
blocks {2, 3, 8} and {4, 5, 9} intersect within the circle. 

We can generalize the situation demonstrated in Fig. 32.13 as follows. Let 
By, B2,..., By be the blocks of a partition of {1,2,3,...,m}. Place the labels 
1,2,3,...,m in a counterclockwise (or clockwise) manner on 7 consecutive points 
on the circumference of a circle. Then the blocks By, Bz,..., Bx determine a non- 
crossing partition of {1, 2,3, ..., m} if and only if the convex hulls of any two blocks 
of the partition do not intersect within the interior of the circle. 


Example32.7: In Fig. 32.14, wefind the five M urasaki diagrams forn = 3. Herethe 
vertical lines are connected by a horizontal line if and only if their respective labels 
are in the same block of the corresponding noncrossing partition. Consequently, we 
have a one-to-one correspondence between the noncrossing partitions in parts (a)-(e) 
of Table 32.1 and the respective M urasaki diagrams in parts (a)-(e) of Fig. 32.14. 

These diagrams were used in The Tale of Genji to represent the 52 partitions of a 
five-element set. The noncrossing M urasaki diagrams are in a one-to-one correspon- 
dence with the noncrossing partitions of {1, 2, 3, 4, 5}. The Tale of Genji was written 
by Murasaki Shikibu (c. 976-1031), also known as L ady M urasaki, in the late Heian 
period during the reign of the empress Akiko. It provides an exquisite portrayal of 
country life in medieval J apan. In addition, it is widely regarded as the world’s first 
psychological novel. 
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(a) (b) (c) (d) (e) 
FIGURE 32.14 


That such diagrams are enumerated by the Catalan numbers was first observed by 
Henry W. Gould. 


Example 32.8: For our last example on noncrossing partitions, let us start with 
a positive integer n. We would like to count the number of noncrossing partitions 
of {1,2,3,..., 21 +1} into n + 1 blocks where no block contains two consecutive 
integers. In Reference [29], the authors set up a one-to-one correspondence between 
these structures and the rooted trees forn = 3inFig. 24.6 of Example 24.3. The author 
in Reference [33] provides a one-to-one correspondence with the triangulations of a 
convex polygon, as developed in Examples 23.1 and 30.1. The approach given here 
follows the method developed in 1997 by Adrian Vetta. 

Earlier, in Example 24.3, we showed that for > 0, the number of complete binary 
trees on 2n + 1 vertices is counted by the nth Catalan number C,,. In Fig. 32.15 on 
p. 264, we find the same five complete binary trees for the case of n = 3. Now, 
however, we want to show how we can partition the 2 - 3 + 1 = 7 vertices— this time 
labeled with the integers 1,2, 3,4,5,6, 7—into 3+ 1 = 4 blocks, so that there are 
no consecutive integers in any block. 

Starting with a complete binary tree, we list the vertices (and label them con- 
secutively) as we visit them in preorder. This is shown for each of the five trees in 
Fig. 32.15. If x and y are two integers between 1 and 7, and y is the right child of 
x, then we place x and y in the same block of our partition. Below each complete 
binary tree, we find the corresponding noncrossing partition and we see that there are 
no cases where a block contains consecutive integers. 

From the results in Fig. 32.15, we make the following observations: 


(1) The vertex labeled 1 is the root of the complete binary tree. 

(2) The vertex labeled 2 is the left child of the root. 

(3) The block containing 1 indicates the edges descending from the right child 
of the root or one of its right descendants— that is, if x and y are in the same 
block as 1 and there is no w such that x < w < y, then there is an edge from 
x to its right child y. 

(4) A block containing a single label & corresponds with a leaf that is the left child 
of the vertex with label k — 1. 

(5) Since the left child of a vertex is visited before the right child, two consecutive 
integers (labels) cannot occur within the same block. 
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To go in the reverse direction, we use the prior five observations to go from a non- 
crossing partition of {1, 2,3, ...,2n +1} inton + 1 blocks, where no block contains 
two consecutive integers, to a complete binary tree on 2n + 1 vertices. For exam- 
ple, when n = 4, the successive parts of Fig. 32.16 show how we can go from the 
noncrossing partition {1, 5, 9}, {2, 4}, {3}, {6, 8}, {7} of {1, 2, 3, 4,5, 6, 7, 8, 9} to the 
complete binary tree in Fig. 32.16 (e). 

As a result, we now have another situation counted by the Catalan numbers. 
Hence we now know that for n > 0, the number of noncrossing partitions of 
{1, 2,3,...,2n+]} into n+ 1 blocks, with no block containing two consecutive 
integers, is Cy. 


At this point, we have introduced the reader to many situations where the Catalan 
numbers arise. H opefully, this introduction has not been too overwhelming. Y et, there 
are many other situations where these numbers keep reappearing. T he interested reader 
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who wants to further investigate such situations will find other fascinating examples 
in References [5, 15, 16, 22, 24, 39] and, especially, in References [41, 42]. 


EXERCISES FOR CHAPTER 32 


1. At a convention for superheroes (who can extend their right arms to rather 
long lengths), a party of 24 such superheroes are seated around a circular table, 
where the seats are numbered consecutively from 1 to 24— counterclockwise 
around the table. 

(a) In how many ways can they all shake hands simultaneously so that no pairs 
of arms cross? 

(b) Two of the superheroes seated at the table are “Michael the M arvel” and 
“Rebecca theR adiant.” M ichael is at seat 1 while R ebecca is occupying seat 


266 


STAIRCASES, ARRANGEMENTS OF COINS, THE HANDSHAKING PROBLEM 


8. In how many ways can all the superheroes shake hands simultaneously 
so that Michael and Rebecca shake hands and no pairs of arms cross? 
Two other superheroes seated at this table are “Cara the Courageous” and 
“Alberto the Avenger.” Cara is at seat 15 while Alberto is occupying seat 
22. |n how many ways can all the superheroes shake hands simultaneously 
so that Michael and Rebecca shake hands, Alberto and Cara shake hands, 
and no pairs of arms cross? 


~— 


(c 


2. At the same convention, as in the previous exercise, another circular table of 


24 superheroes finds “Patti the Powerful” at seat 1 and “Brendan the Brave” at 

seat 7. 

(a) What is the maximum number of handshakes that can take place simulta- 
neously so that Patti and Brendan shake hands and there are no pairs of 
arms crossing? 

(b) In how many ways can this maximum number of simultaneous handshakes 
take place, so that Patti and Brendan shake hands and there are no pairs of 
arms crossing ? 


. For the convention mentioned in the previous two exercises, suppose there is 


one more circular table, occupied by an even number of superheroes, with 
“Betty the Beautiful” at seat 1 and “Paul the Protector” at seat 10. If there are 
235,144 ways in which all of the superheroes at this table can shake hands 
simultaneously, with no pairs of arms crossing and with Betty and Paul shaking 
hands, how many superheroes are seated at this table? 


. (a) Determine x, yso that {1, 2, x}, {y, 5, 6}, {7, 8} is not a noncrossing parti- 


tion of {1, 2, 3, 4, 5, 6, 7, 8}. 
(b) Determine x, y, z so that {1, 2, x}, {y}, {z, 6}, {7, 8} is not a noncrossing 
partition of {1, 2, 3, 4, 5, 6, 7, 8}. 


. If A, B, C, Dare four points in the plane, what can you say about the convex 


hull of {A, B, C, D}? 


. In Chapter 22, we examined situations involving vertices along a horizontal 


(base) line and arcs connecting pairs of these vertices, subject to certain condi- 
tions. Here is another such example. This oneis due to Nate K ube and is related 
to his research on network testing. 

For n > 1, we have n vertices along a horizontal (base) line. These vertices 
are labeled consecutively from 1 ton. Arcs connecting any pair of these vertices 
must lie above the horizontal (base) line and cannot intersect (except, possi- 
bly at a vertex). If two arcs do share a common vertex, then that vertex is the 
left vertex (endpoint) of both arcs. For n = 3, there are five possible configu- 
rations, as shown in Fig. 32.17. How many such configurations are there for 
each n > 1? 


. How can one construct the 14 staircases for the case where n = 4 in Example 


32.1? 


. How many of the staircases for n = 7 include the rectangle with corner points 


(a) (0,0), (6,0), (6,2), and (0, 2)? (b) (0, 0), (4,0), (4, 4), and (0, 4)? 
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For the arrangements in Example 32.2, suppose that A bigail and Trevor 
contiguously arrange seven pennies to serve as the bottom row of the ar- 
rangements. Then, according to the conditions prescribed in Example 32.2, 
they will be able to arrange pennies above this bottom row in C7 (= 429) 
ways. (i) How many of their arrangements will contain eight pennies? (ii) 
How many will contain nine pennies? (iii) How many will contain ten 
pennies? 

For the arrangements in Example 32.2, now suppose that A bigail and Trevor 
contiguously arrange n pennies, for n > 3, to serve as the bottom row of 
the arrangements. Then, according to the conditions prescribed in Example 
32.2, they will be able to arrange pennies above this bottom row in C,, 
ways. (i) How many of their arrangements will contain n + 1 pennies? (ii) 
How many will contain n + 2 pennies? (iii) How many will contain n + 3 
pennies? 


10. For the arrangements in Example 32.2, suppose there are n > 4 pennies in the 
bottom row of the arrangements. U nder these conditions, how many arrange- 
ments will contain n + 4 pennies? 


Ms CHAPTER 33 


The Narayana Numbers 


In Example 5.6(a), we learned how each Fibonacci number can be expressed as asum 
of binomial coefficients. A somewhat similar situation arises for the Catalan numbers 
by way of the Narayana numbers. Named after the Indian mathematician Tadepalli 
Venkata Narayana, the Narayana numbers are defined as follows: 


N(0,0) = 1, 
N(n,0)=0, n>, 


Mtn, k) = =(7) as); n>k>1. 


Table 33.1 provides the values of N(n,k) forl <k <n <7. 


TABLE 33.1 

n\k 1 2 3 4 5 6 7 Row Sum 
1 1 1 

2 1 1 2 

3 1 3 1 5 

4 1 6 6 1 14 

5 1 10 20 10 1 42 

6 1 15 50 50 15 1 132 

7 1 21 105 175 105 21 1 429 


The last column of Table 33.1 suggests that for n > 1, 


n 


N(n, 1) + N(n, 2) + --- + N(n,n) = ae N(n, k) = Cp. 


Weshall prove that this is indeed the case! Before we do so, however, we would like to 
know if the individual summands— namely, N(n, k)— have any combinatorial signif- 
icance. The answer is aresounding “Yes!” The following will provide interpretations 
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of the Narayana numbers for some of the examples we have encountered for the 
Catalan numbers. 


Example 33.1: 


(1) In Fig. 33.1, we have the five lattice paths from (0, 0) to (3, 3) that never rise 
above the line y = x. We first encountered these paths in Fig. 19.2 of Example 
19.1. Here we see that there is 1 = N(3, 1) such path with one turn— where 
there is an R followed by aU. Also, there are 3 = N(3, 2) paths with two such 
turns, and 1 = N(3, 3) path with three such turns. Figure 33.2 on pp. 270, 271, 
demonstrates the case for n = 4, for here we find 1 = N(4, 1) path with one 
turn, 6 = N(4, 2) paths with two turns, 6 = N(4, 3) paths with three turns, and 
1 = N(4, 4) path with four turns. 

Figure 33.3 on p. 272 shows us how the Narayana numbers count the Dyck 
paths (or mountain ranges) in Fig. 21.1 of Example 21.1. In Fig. 33.3, we find 
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that there is one Dyck path with 1 = N(3, 1) peak— where there is aD (7) 
followed by aD* (\), as in Example 21.6. Furthermore, there are 3 = N(3, 2) 
Dyck paths with two peaks, and 1 = N(3, 3) Dyck path with three peaks. The 
results in Fig. 33.4 on pp. 272, 273 settle the case for n = 4. Here we find 
1 = N(4, 1) Dyck path with one peak, 6 = N(4, 2) Dyck paths with two peaks, 
6 = N(4, 3) Dyck paths with three peaks, and 1 = N(4, 4) Dyck path with 
four peaks. 

In Example 20.1, we encountered the balanced strings made up of n left paren- 
theses and n right parentheses. For n = 3, these were 


Here, we see that there is N(3, 1) = 1 balanced string with one occurrence of 
“()"— namely, the string in part (a). There are N(3, 2) = 3 balanced strings 
with two occurrences of “()”— those in parts (b), (c), and (d)— and N(3, 3) = 1 
balanced string with three occurrences of “()”— namely, the balanced string in 
part (e). 
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FIGURE 33.2 (Continued) 


The case for n = 4 is demonstrated in the following: 


Here we have partitioned the 14 balanced strings (with four left parentheses 
and four right parentheses) and find N(4, 1) = 1 balanced string with one oc- 
currence of “(),” N(4,2) = 6 balanced strings with two occurrences of “(),” 
N(4, 3) = 6 balanced strings with three occurrences of “(),”" and N(4, 4) = 1 
balanced string with four occurrences of “().” 

(4) In Example 26.3, we found that 


wiwt+x)\(wtxty)= w? + 2wex + wx? + wey + wxy, 
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FIGURE 33.4 (Continued) 


where (i) there is (3, 1) = 1 term— namely, w>— that involves one variable, 
(ii) each of the N(3, 2) = 3 terms—namely, 2w*x, wx?, w*y— involves two 
variables, and (iii) N(3, 3) =1 term—namely, wxy— that involves all three 
variables. 

W hen dealing with four variables, one finds that 


wiw+x\(w+xty(w+xe+tytz) 
= wi + 3w?x + Quy + wz + 3022? + 4urxy + 2w*xz 
tury? + w'yz + wx? + 2wxy + wxz + wxy + WXYZ. 


Table 33.2 provides an inventory of the 14 terms in the expansion, according 
to the number of variables involved. 


TABLE 33.2 
n = The Number of The Terms Involving The Number of Terms 
Variables Involved n Variables Involving n Variables 
wt 1= N(4, 1) 
3wx, 2wey, wiz, 3wz?, wy, wx 6 = N(4, 2) 
dw’ yz, 2w*xz, w2yz, 2wx*y, wx?z, wxy? 6 = N(4, 3) 


WXYZ 1= N(4, 4) 
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Once again we see the presence of the Narayana numbers in yet another 
instance where the Catalan numbers arise. 
For our last example, let us look back at the noncrossing partitions of 
{1, 2, 3,...,}, which we investigated in Example 32.5. In Table 32.1, we find 
the five noncrossing partitions of {1, 2, 3} and we see that there is 1 = N(3, 1) 
such partition with one block, 3 = N(3, 2) such partitions with two blocks, 
and 1 = N(3, 3) with three blocks. Turning to Table 32.2, we have the 14 
noncrossing partitions of {1, 2, 3, 4}. Here we find that there is 1 = N(4, 1) 
such partition with one block, 6 = N(4, 2) such partitions with two blocks, 
6 = N(4, 3) such partitions with three blocks, and 1 = N(4, 4) with four 
blocks. 


ul 


In addition to what we have just learned about the combinatorial significance of 
the Narayana numbers, these numbers satisfy the following properties: 


(a) N(n,k) = N(njn+1—k), n>k>1 
(The Symmetry Property) 


(b) (“Ft )Mu+1e+1) = ("5 *) wen. 4, nz=k>0 


(The A bsorption Property) 


(c) @ 1) (n,k+1)= (7) mln. n>k>1 


(d) (737) Nin + 1.8) = Cac GR 


2 
(e) (n +1)M(n, k) = (n — 1)[NM(n —1,k —1) + M(n —1,&)] 
2 
#2074) n>k>2 
2 
(f wneern=(f)-(" )(0,) meet 


The proofs of properties (a)-(d) are requested in the exercises for this chapter. We 
shall prove properties (e ( é) - (f). oe (f) will prove useful in establishing that 
N(n,1) + N(n, 2) + - N(n,n) = 


Property (e): The proof of this property provides us with an opportunity to use a 
result we saw earlier at the end of Example 5.6(a)— namely, 


es eee, 
= + , forn>r>l. 
r r r—l 
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We find that 


2 
(n—DIMn = 1,1) + Nn = 1,4142(7 7) 


oO ACN) ACT GD) G2) 

Go) C=) + CP) Ga) 

roa) [G-2) 2G) +0) 

10-3). 
) 


DCC DJe[Oe)*CI] 


DI 

=) 

Ale Gen 

aul Cea eaesles) 


eee a (n —1)! 
Mn+ 1— I (k= 1)l(n— &)! 
n!} n (n —1)! 
=(n+1) k(n +1—k)!n(k—1)!(n —k)! 
n! n 
= w+ (5 lars kyl (k —1)'"(n +1—k)! 


1 n n 
=(n+4+1) (=) Gea) =(n+1)N(n,k), n>k>2. 


Property (f): First we observe that 


1 n+1\/(n+1 
1k+1)= 
Nop lee) alii) . 


=, ah (n + 1)! (n + 1)! 

~ nt l(k+Uin—k) k(n +1 —k)! 

_ n!} (n+ 1)n! 

(kt DkEUn — KE Kn 41—k)(n —k)! 
n!} n! (n +1) 


~ kin — kK ln — Bl (k+ Dn +1—h%) 


_ ey (n+ 1) 
~ Ak) (k+1)(n+1—4)' 
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Then 
n 2 n n 
() ~ Gh) 
n\? n!} k n!} 
= (7) (k—1)"n—k +1)! k (K+ 1)"(n—k— 1)! 
ft 7 nik n\(n — k) 
- @ k(n —k +1)(n —k)! (K+ 1k! (n — k)! 
Bae 2 n\? k(n — k) 
7 (i) (i) (n =k + 1k +1) 
Ae lige 
Ak (n—k+1)(k +1) 
7 (7) fieckenees k(n — k) 
Ak? Un -k+Wk4+1) (n—k 4+ 1k +1) 
i ee 
= aie (n-—k+1)(k +1) 
n\? n+1 n\? n+l1 
= (;) (n—k+1)(kK+1) (;) (k+1)(n—k+1)' 
Consequently, 


2 
N(n+1,k+1)= (7) -G"DQia) n>k>1. 


Before we can prove that N(n, 1) + N(n, 2) + --- + N(n,n) = Cy, we need to 
examine the following two lemmas. 


Lemma 33.1(Lagrange’sIdentity): Thisresultis named after the renowned French 
mathematician J oseph-L ouis Lagrange (1736-1813). 
Forn > 0, 
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Proof: From the Binomial theorem, we know that the coefficient of x” in (1 + x)2” 
is (”). However, it is also the case that 


n 


(1+ x)?” = (14 x)"(14 x)” 


where the coefficient of x” is (5) (") + (7) (6,71) + 6) G79) + «+> + (") (6). Since 
(7) = (,",) for0 < k <n, itfollows that thecoefficient of x” in(1 + x)” is (9) (9) + 


(2)(2) + GG) +--+ (2). C) = Diho ()*. Consequently, 


A comparable result is found in the following. 


Lemma 33.2: Forn > 0, 
Des (1) i 7 ,) ose (1) (, : ») 7 Gs. 


Proof: The first equality follows because (",) = (_",) = 0. To establish the second 
equality, we once again use the Binomial theorem. In the expansion of (1 + x)2”, the 


ici n+2 j n i 
coefficient of x”*4 is Gao However, since 


(1 + x)?" = (1+ x)"(1+ x)" 
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OO) +G)G2 + +)) 
=a)G)* GIG) = (5) tna) 


Consequently, 


The results in Lemmas 33.1 and 33.2, along with property (f), now help us to 
provide a proof for the last result in this chapter. 


Theorem 33.1: Forn > 0, 


pe Nin, k) = Cy. 


Proof: The result follows for n = 0 because N(0, 0) = 1 = Cp. So from this point 
on, we only consider n > 1 and realize that }°7_) N(n, k) = S-7_1 N(n, k) since 
N(n, 0) = 0 forn > 1. From property (f), it follows that 


‘i n=("-1) ie) 
HOE Ts Napmceeys =F Wigs Og hy “ys 2 fs 


50 
n n n—-1 z n n-1 n—-1 
Tia Mme = Den Ga) Lea (ia) Ce) 
n—-1 (n—1 2 sn-1 (n—1 n—-1 
=n") La G2)Ci) 
because ("",') = (""*) =0, and this implies that xi ay =e) = 


a ee From Lemma 33.1 we have S775 ie iy = CG my ), while from 


Lemma 33.2 it follows that 5~” da a ee) =jy" gee Wee = Ge ae 
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2"). Consequently, 


n+l 
n 2n —2 2n —2 
Dyer Nin) = (oy - rn) 
(2n — 2)! (2n — 2)! 
(n—1)!"(n—-1)! (n+ 1)'(n — 3)! 


(n + 1)(n)(2n — 2)! 
(n + 1)(n)(n — 1)!(n — 1)! 


(n —1)(n — 2)(2n — 2)! 
(n + 1)!(n — 1)(n — 2)(n — 3)! 


(n+1)(n)(2n — 2)! (n—1)(n — 2)(2n — 2)! 


(n +1)!(n — 1)! (n+ 1)!'(n —1)! 
= Gaiety" +n—(n2 —3n +2) 
(2n — 2)! 2(2n — 1)(2n — 2)! 
_ m+ ian 1 Nes (n —1)!(n +1)! 
_ 2(2n — 1)! om (2n)(2n — 1)! _ (2n)! 
~ (n—1iMn+1)! nln—Win+)! nln +1)! 


ee: (2n)! 1 2n ae 
“nt intn!  n+l\n)/ 7" 


(M ore on the Narayana numbers can be found in References [1, 41].) 
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1. Starting with two 1’s and one 0, there are three ways in which these three 
symbols can be arranged as binary strings (in a linear manner)— namely, 101, 
110, and 011. However, if we start with 101 and move the 1 at the (right) end of 
this binary string to the front of the string, then we obtain the binary string 110. 
In this case, we say that 110 was obtained from 101 by a single cyclic shift. 
In like manner, we could obtain the binary string 011 from the binary string 
110 by asingle cyclic shift or from the binary string 101 by two (single) cyclic 
shifts. In either case, we would say that 011 is a cyclic shift of either 110 or 
101. If we consider two binary strings of three symbols to be the “same” if one 
is acyclic shift of the other, then our original three binary strings become one! 
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Should we start with three 1's and two 0’s, we should now find that there are 
5! /(3!2!) = 10 possible binary strings made up of these five symbols. They are 


11100, 01110, 00111, 10011, 11001 
10100, 01010, 00101, 10010, 01001. 


If we do not distinguish two of these binary strings when one is a cyclic shift 
of the other, then these ten strings reduce to just two. Simply choose one string 
in each of the two rows. 

(a) How many binary strings can one make up from n + 1 1's and n 0's? 

(b) For the binary strings in part (a), consider two strings the “same” if one 
can be obtained from the other by acyclic shift. How many distinguishable 
binary strings are there under this condition? 

(c) Interpret the Narayana numbers N(n, k) in terms of the number of binary 
strings made up of n + 11's and n 0's, where no binary string is a cyclic 
shift of another. 


. (a) Consider the rooted ordered trees in parts (1) - (5) of Fig. 24.7 in Example 


24.4. How many of these trees have (i) one leaf; (ii) two leaves; and (iii) 
three leaves? 
(b) Interpret the Narayana number N(n, k) in the context of this example. 


. How many terms in the expansion of 


ne) 


i=l \ j=l 


contain (exactly) six of the variables x1, x2, x3, x4, x5, X6, X7, x8? 


. (a) Consider the graphs for n = 3 in Fig. 27.2 of Example 27.1. How many of 


these graphs have (i) one maximal clique; (ii) two maximal cliques; and, 
(iii) three maximal cliques? 

(b) Now consider the graphs for n = 4in Fig. 27.2 of Example 27.1. How many 
of these graphs have (i) one maximal clique; (ii) two maximal cliques; (iii) 
three maximal cliques; and, (iv) four maximal cliques? 

(c) Form > k > 1, how many of the graphs of Example 27.1 have vertex set 
{1, 2,3, ...,m} and (exactly) & maximal cliques? 


. Among the 16, 796 Dyck paths from (0, 0) to (20, 0), how many have seven 


peaks? 


. Forn > k = 1, prove that 


10. 


11. 
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. Forn > k = 1, prove that 


N(n,k) = N(n,n+1—k). 


(This is known as the Symmetry Property for the Narayana numbers.) 


. Forn => k = 0, prove that 


(“FP t)wt teen = ("5 *) ute 


(This is known as the A bsorption Law for the Narayana numbers.) 


. Forn > k = 1, prove that 


Os 1) Non kt 1)= & 1) Nook 


For n > k > 1, prove that 


n—-k+2 n+l1 
( 5 ) min + 1,40 = ( , ) Nn. 


(a) Fork > 1, determine N(k, k) and N(k +1, k). 
(b) Fork > 2and p > 1, with p fixed, prove that 
N(k + p,k) < N(p+k4+1,k). 
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Related Number Sequences: The 
Motzkin Numbers, The Fine Numbers, 
and The Schroder Numbers 


When dealing with the Fibonacci numbers we learned, in Example 12.5, about a 
closely related sequence of numbers called the Lucas numbers. These numbers are 
often considered “a first cousin” of the Fibonacci numbers. 

Turning to the Catalan numbers, now we find several “first cousins” for this se- 
quence of numbers. 


E xample34.1(T heM otzkinNumbers): Thissequenceof numbers first appeared in 
Reference [28] and has consequently come to be called the sequence of M otzkin num- 
bers, after the (German-born) American mathematician Theodore Samuel M otzkin 
(1908-1970). 

Forn > 0, thenth M otzkin number M,, can be given by any of the following three 
formulas: 


k>0 


(2) My = My—-1 +3202} MyMn-2-%, Mo =1 


(3) M, = 3M 2 nN) Md . M=mM= it 


The first of these provides an immediate connection with the sequence of Catalan 
numbers. 

One finds that the first 11 M otzkin numbers are 1, 1, 2, 4, 9, 21, 51, 127, 
323, 835, and 2188. 


Two situations where the M otzkin numbers arise are as follows: 


(a) For n > 0, M, counts the number of ways one can draw chords between 
n points on the circumference of a circle, so that no two chords intersect 


Fibonacci and Catalan Numbers: An Introduction, First Edition. Ralph P. Grimaldi. 
© 2012 J ohn Wiley & Sons, Inc. Published 2012 by J ohn Wiley & Sons, Inc. 
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n=4,k=1 (G)ci=6 
ner ({o=2 
FIGURE 34.1 


on, or within the interior of, the circle. Note here that, unlike the situation 
in Example 32.3 (b) for the Catalan numbers, we have not specified that 
n must be even, nor have we mentioned anything about the number of 
chords that are to be drawn. The configurations in Fig. 34.1 demonstrate 
the case for n = 4. Here we find the total number of configurations to be 
(§)Co + (3)Cr + ({) Cr = Nhg (Ce =1-146-141-2=9= Ma, 


N ow let us return to the Dyck paths of Example 21.1. Forn > 0, wenow want 
to determine the number of paths from (0, 0) to (7, 0), where we never go 
below the x-axis, but this time we are allowed to use the step R: (x, y) —> 
(x +1, y), in addition to the diagonal steps D: (x, y) 7 (x +1, y+ 1) andD*: 
(x, y) \ (x + 1, y— 1). So in this situation, each such path is made up of an 
equal number of D steps and D* steps, with the remaining steps being R steps. 
The number of R steps is even or odd, depending on whether zn is even or odd. 
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Suppose, for example, we want to count the number of these paths from 
(0, 0) to (17, 0) that contain five R steps. There are (2) ways in which we can 
locate the five R’s among the 17 steps. Upon removing these five steps, we 
coalesce the right endpoint of aD step with the left endpoint of aD* step, where 
this pair of D and D* steps was originally separated by one or more R steps. 
The result is one of the Cg Dyck paths from (0, 0) to (12, 0). Consequently, 
there are (‘z)Cg = (t})Cs such paths from (0, 0) to (17, 0) that contain five 
R steps. In total, there are )~°_9 (31) Cy = M17 such paths. 

In Fig. 34.2 we see the case for n = 4. Here we can have 0, 2, or 4R 


steps. Thereis1 = 1-1 [= (3) Co = (5) Co| path with four R steps. There are 
6=6-1 [= ie C1] paths with two R steps and 2 =1-2 [= (3) 2 paths 


with no R steps. In total there are (5)Co+ (3)C1 +(4)C2 = Nheo (x) Ce 
=1-14+6-1+41-2=9 such paths from (0, 0) to (4, 0). 
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FIGURE 34.2 
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Further examples of the M otzkin numbers in different combinatorial settings are 
provided in References [9, 39]. 


Example 34.2 (TheFine Numbers): Another sequence of numbers that is closely 
related to the Catalan numbers is the sequence of Fine numbers. This sequence is 


named after Terrence L eon Fine since they first appeared in Reference [12]. 
These numbers can be obtained from the recurrence relation 


Ch =2Fnt+Fn-1, n>1, Fo=l. 


The first seven Fine numbers are 1, 0, 1, 2, 6, 18, 57. 

Four situations where we find these numbers are given in the following: 

(a) For a given Dyck path, a consecutive pair of steps, consisting of a D step: 
(x, 0) 7 (x +1, 1) followed by a D* step: (x + 1,1) \ (x +2, 0), iscalleda 
hill. [So a hill is a consecutive pair of steps with height 1 (above the x-axis).] 

When n = 4, upon examining the 14 Dyck paths from (0, 0) to (8, 0) in 
Fig. 33.4, we find that there are 6 (= F4) of these paths that have no hills. 
(b) Returning to the Young Tableaux of Example 22.1, we find that for n = 4 


there are C4 = 14 such arrangements of 1, 2, 3, ..., 8. These are presented in 
Table 34.1. 


TABLE 34.1 

Ge by | Olea 7 | Glas tal 
[339 3| lees Ole al 
meee) eRe ele 
(10) F a 4 (11) F a 4 (12) F 57 | 


ay [i243] on [i289 


Here we see that there are 6 (= Fa) of these tableaux— namely, (1)-(6)— that do 


a 
~I 


k 
not contain a column of the form lt 
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(c) Atthe end of Example 31.2 in, we learned that there are Cy = 14 permutations 
of {1, 2, 3, 4} that avoid the pattern 321. They are 


1234 2134 3124 
1243 2143 3142 
1324 2314 3412 
1342 2341 

1423 2413 4123. 


Of these, how many have no fixed points— that is, 1 is not in the first position, 2 is 
not in the second position, 3 is not in the third position, and 4 is not in the fourth 
position? Those with no fixed points are found to be 


(1) 2143 (2) 2341 (3) 2413 (4) 3142 (5) 3412 = (6) 4123, 
and we see that they number 6 (= Fa). 


(d) In Table 32.2 of Chapter 32 we found the 14 noncrossing partitions of 
{1, 2, 3, 4}— namely, 


{1}, {2}, {3}, {4} {1,2}, {3}, (4) (1, 3}, (23, (4) (1, 4}, {2}, {3} 
{1}, {2,3}, {4} = (1, 2}.13,4) —{1,.2,3},{4) {12,4}, (3) 


{1}, {2}, {3, 4} {1, 4},.{2, 3) 
{1}, {2, 4}, {3} {1, 3, 4}, {2} 
{1}, (2,3, 4} {1, 2, 3, 4}. 


Of these 14 noncrossing partitions, how many are such that the size of the block 
containing 1 is even? We find that the noncrossing partitions of {1, 2, 3, 4} with this 
property are 


(1) {1,2}, {3}, {4} (2) {1, 2}, {3,4} (3) {1,3}, (23, (4 
(4) {1, 4}, {2}, {3} (5) (1, 4}, {2,3} (6) (1,2, 3, 4}, 


which number 6 (= Fa). 
M ore on this number sequence can be found in References [8, 39]. 


Example 34.3 (The Schroder Numbers): This sequence of numbers is named 
after the German logician Friedrich Wilhelm K arl Ernst Schroder (1841-1902). The 
first seven numbers in the sequence are 1, 2, 6, 22, 90, 394, and 1806. Further 
members of the sequence can be obtained from the recurrence relation 


n-1 
Rn = Rn-it Do) g ReRn-1-k,  Ro=1, n> 1. 
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Two situations, where these numbers arise and show a resemblance to situations 
we studied for the Catalan numbers, are given in the following. 


(a) Forn > 0,theSchroder numbers count the number of paths from (0, 0) to (n, n) 
made up from the steps R : (x, y) —> (x +1, y), U: (x, y) t (x, y+ 1), and 
D: (x, y) 7 (x +1, y+ 1), where the path never rises above the line y = x. 
The case for n = 2 is demonstrated in Fig. 34.3. 


0 1 2 0 1 2 0 1 2 0 1 2 0 1 2 0 1 2 
D,D D,R,U R,U,D R,D,U R,U,R,U R,R,U,U 
FIGURE 34,3 


(b) This time we consider the paths from (0, 0) to (2n, 0), for n > 0, where the 
allowable steps are D: (x, y) 7(x+1, y+1), D*: (x,y) \ (x +1, y—J), 
and R*: (x, y) —> (x +2, y), and where the path cannot fall below the x-axis. 
Note that here R* is a double step— namely, two consecutive R steps. Figure 
34.4 provides the six paths for the case where n = 2. 


Vp Ya YA 
> 

1234 2 12 34 « 12 34 «a 
R*,R* R*,D, D* D,D*,R* 

Ya Ya YR, 

| J > > AM > 
12342 12342 12 34 « 
D,R*,D* D,D*,D, D* D,D,D*, D* 

FIGURE 34.4 


The reader may be wondering why, unlike the cases for the M otzkin numbers 
and the Fine numbers, we did not use S,, or s, to denote the Schroder numbers. The 
numbers we have introduced as the Schroder numbers are more precisely called (in 
the literature) the large Schroder numbers. This distinguishes our sequence from the 
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small Schréder numbers, the first seven of which are 
sv=1, s=1, s3=3, sga=11]1, s5 =45, sp =197, 57 = 903. 
Further members of this sequence can be obtained from the recurrence relation 
(n + 2)sn42 — 3(2n + 1)sp41 +(n— 1s) =0, n>, 9 =1, 52 =1. 
The large and small Schroder numbers are related as follows: 
Rn = 2sn41, n=l 
The following provides a situation where the small Schroder numbers arise. The 
result is due to David Callan. 


Example 34.4: In Example 22.2, we considered pairs of compositions of a positive 
integer n. For a given n, each pair was of the form 


aytar+-- +a, and by +b2 +--+ + dy, 
where a; > 0 and b; > 0, forl <i<k,and 


a>bi, ata>b+b2,..., and 
aytaz+--- +a;=bi+b2+ --- +be =n 


Now we shall do the same thing, except that this time we shall allow 0 to bea 
summand (or part) in the first composition. That is, for 1 < i < k, we shall allow a; 
to be 0. 

For n = 2, we find 3 = s3 = s241 such pairs of compositions— namely, 


(2,2), (2+0,1+1), and (141,141). 


Forn = 3, wehave1l = sq = 534, pairs of compositions under these conditions. 
They are listed in Table 34.2. 


TABLE 34.2 

(1) (3,3) (2) (3+0,2+1) (7) (34+0+0,14+141) 
(3) (34+ 0,1+2) (8) (2+1+0,14+1+41) 
(4) (241,241) (9) (2+0+1,141+41) 


(5) (2+1,1+2) (10) (1+2+0,14+1+41) 
(6) (1+ 2,142) (11) (1+141,1414)) 


EXERCISES FOR CHAPTER 34 289 


In general, for n > 1, there are s,41 pairs of compositions of n that satisfy the 
given conditions. 


More about these numbers and their actual origin can be found in References 
[4, 36 , 40]. Further examples where these numbers arise are given in References 
[39, 41]. 


EXERCISES FOR CHAPTER 34 


1. Determine the value of the M otzkin number Mj. 
2. Determine the Fine numbers 77 and Fs. 
3. (a) Determine the value of each of the following: 


Om C Co Ci C2 
(i) (1) [Col (ii) (-IEP | Git) (—V2] 1 Goa]; 
1 Co 
0 1 = 
Co C1 C2 C3 
1 Co Ci C2 
—1)3 
(iv) (—1) OP ee 
0 0 1 ©€ 


(b) Conjecture a formula based on the results in part (a). 
4, Determine the (large) Schroder numbers R7 and Rg. 
5. Determine the (small) Schroder numbers sg and sg. 


Ms CHAPTER 35 


Generalized Catalan Numbers 


We know that for n > 0, the nth Catalan number is given by 


1 i 
C= 
n+1l\n 


which can be rewritten as 


ree 1 2n 
"= goa (,): 


But why would we want to do this? 
If we let k denote a fixed positive integer, then we can define the 
generalized Catalan number C;(n) as 


Cui= 1 kn 
os = Gaails). 


When k = 2 we find that C2(n) = C,, our familiar nth Catalan number. For k = 1 
we have Cy(n) = (") = 1, forn = 0. 
Corresponding to the cases for k = 3 and k = 4, we find the sequences 


(k= 3): 1, 1, 3, 12, 55, 273, 1428, 7752, .... —L— (""). - 
2n+1l\n 
(k= 4):1, 1, 4, 22, 140, 969, 7084, 53820, .... —— (*"). re 
3n+1 


Based on what we have seen so far, it seems that these generalized C atalan numbers 
are all integers. This is indeed the case, as we shall now establish. Before doing so, 
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however, we need to recall the following facts about the system of integers: 


(1) If a and b are positive integers, then the greatest common divisor of a and b, 
denoted gcd(a, b), is the smallest positive integer that can be written as a linear 
combination of a and b— so there exist integers s and t with gcd(a, b) = as + bt 
and no smaller positive integer can be expressed in this manner. 


(2) If aand b are positive integers with gcd(a, b) = 1, then we say that a and b are 
relatively prime. 


(3) Ifa, b, and c are positive integers and a divides the product bc, then if a and b 
are relatively prime, it follows that a divides c. 


Theorem 35.1: For n => 0 and k > 1, the generalized Catalan number C;(n) = 
wepaat (‘"”) is an integer. 


Proof: Wesee that 


kn kn \ _ (kn)! (kn)! 
OT) - (021) = ao (n —1)'"(kn —n +1)! 
( 


(kn)! kn)!(n) 
ni(kn—n)!  nl(kn —n)'(kn —n +1) 


(kn)! n 
~ nl(kn —n)! (1 a! 
kn\ (kn-—n+1-—n 
() ( kn-—n+1 ) 


a csvi (") [= 2a + 1. 


Since Cs) - (2) is an integer, it follows that (1/((k — 1)n + 1))(" "E(k — 2)n +1] 
is also an integer. Consequently, (k —1)n+1 divides (“")[(k —2)n +1]. Since 
(k —1)[(k — 2)n + 1] + (—1)(k — 2)[(k — In +1) =(k-—1)-(k-2)=1, we 
see that 1 = gcd((k —1)n4+1,(k —2)n+1), so (k—1)n4+1 and (k—2)n+1 
are relatively prime. Therefore, (k —1)n+1 does not divide (k —2)n+1, so 
(k — 1)n +1 does divide (*"). Consequently, form > 0 and k > 1, 


Giae 1 kn 
a = goal) 


is an integer. 


We shall now examine a few examples where these generalized Catalan numbers 
arise. For more examples and results on these sequences, we refer the reader to 
References [21, 39]. 
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((abc)de) 
(ii) 


FIGURE 35.1 


Example 35.1: Once again we consider convex polygons, as we did in Example 
23.1. For the case where k = 3, this time we shall let P,, be a convex polygon with 
2n + 2 sides. We want to count the number of ways n — 1 diagonals can be drawn 
within the interior of P,, so that no two of these diagonals intersect (within the 
interior of the polygon) and these n — 1 diagonals partition the interior of P, into n 
(nonoverlapping) quadrilaterals. In Fig. 35.1(i), we find the one way in which wecan 
start with a convex quadrilateral— this is the case for n = 1. There are no diagonals 
in this case and the one [= C3(1)] possible partition leaves the interior of P; intact. 

Forn = 2,theconvex polygon Pz has2 - 2 + 2 = 6sides, so itisaconvex hexagon. 
In Fig. 35.1(ii) we find the three [= C3(2)] ways in which we can draw one diagonal 
and partition the interior of P2 into two (nonoverlapping) quadrilaterals. In each of 
these three partitions, we have labeled the vertices of the hexagon with the labels 
1, 2, 3, 4, 5, 6 in a clockwise manner. Likewise, in the same manner, we have 
labeled five of the sides of the hexagon with the labels a, b, c, d, and e, leaving 
the side connecting vertices 1 and 6 unlabeled. Whenever we draw a diagonal, it 
completes a quadrilateral with three labeled sides or previously labeled diagonals. 
These three labels, taken in a clockwise manner, then provide the label for the new 
diagonal. As this process continues, it takes us to the final label that is placed on 
the side connecting vertices 1 and 6. In this way, we arrive at the expressions in 
Fig 35.1(ii)— namely, 


((abc)de) (a(bcd)e) (ab(cde)). 


These are the three [= C3(2)] orders in which we can combine a, b, c, d, and e for 
a ternary operation. [We have seen a similar situation for a binary operation in Table 
20.2 of Example 20.3. Here we are counting the number of ways we can parenthesize 
the product x1.x2 --- x2n41 of the 2n + 1 symbols x1, x2, ..., X2n41 using n pairs 


GENERALIZED CATALAN NUMBERS 293 


of parentheses under the following condition: Within each pair of parentheses, there 
are (i) three symbols; (ii) two symbols and a parenthesized expression; (iii) one 
symbol and two parenthesized expressions; or (iv) three parenthesized expressions. ] 


These observations are instances of the following general results. 
Forn > 1, C3(n) counts 
(i) thenumber of ways onecan draw n — 1 diagonals within the interior of aconvex 
polygon with 2n + 2 sides, so that no two of the diagonals intersect within the 
interior of the polygon and the interior is partitioned into (nonoverlapping) 
quadrilaterals. 
(ii) the number of ways one can insert pairs of parentheses into a product of 2n + 1 
variables, in order to show the order in which these variables are combined under 
a ternary operation. 


Example 35.2: Analogous to the rooted ordered binary trees in Figs. 31.2 and 31.3 
of Example 31.1, in Fig. 35.2 we find the rooted ordered ternary trees on n vertices 
form =1, 2, 3.1n each case the root is labeled r. Each vertex of such a tree has at 
most three children— distinguished as the left, middle, or right child. Forn = 1, we 
see that there is one [= C3(1)] such rooted tree— consisting of just the root r (with no 
children). In the case of two vertices, there are three [= C3(2)] such rooted ordered 
ternary trees, each with one child (which is also a leaf). Finally, when n = 3, we find 
12 [= C3(3)] such rooted ordered ternary trees— nine with one leaf and three with 
two leaves. 
In general, for n > 1, there are C3(7) rooted ordered ternary trees on n vertices. 


ae en 


FIGURE 35.2 
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oe | 3 1 4 2 3 Bs. sd 3 4 
r r Yi ‘ Tr ie Tr Tr 
ys ( ce ) } 2 2 
1 2 3 ae | 2 3 4 
r r is r r r r r 
1 2 3 4 1 2 3 4 


FIGURE 35.3 


Example 35.3: In Fig. 35.3 we have the 22 [= Cq(3)] rooted ordered quaternary 
trees on n = 3 vertices. In this case, the root is labeled r and each vertex has at most 
four children, which we identify with thelabels 1, 2, 3, and 4— for the first, second, 
third, and fourth child, respectively. We see that six of these trees have two leaves 
(both at level 1), while the other 16 trees each have only one leaf (at level 2). 

In general, form > 1, there are C4(m) rooted ordered quaternary trees on n vertices. 


EXERCISES FOR CHAPTER 35 


1. Forn > 0 and k > 0, prove that 


2. Forn > 0 and k > 0, prove that 


Cyl) i . + } 


~kn+1 n 


3. (a) Suppose that you are in a box, asin Example 27.3, and tennis balls labeled 
1, 2, and 3 are tossed into the box. If you are allowed to throw out one ball 


2. 


— 
a 
— 


(d) 
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onto the lawn beside the box, what are the possible labels for the ball you 
decide to throw out? 

After throwing out one of the tennis balls labeled 1, 2, and 3, the tennis 
balls labeled 4, 5, and 6 are tossed into the box. You are then allowed to 
throw out one of the five balls presently in the box onto the lawn beside 
the box. W hat are the possible labels for the two tennis balls you have now 
thrown out onto the lawn? 

How many sets of three labels are possible if the tennis balls labeled 7, 8, 
and 9 are then tossed into the box and you are allowed to throw out onto 
the lawn one of the seven balls presently in the box with you? 

Conjecture the number of possibilities if this process is repeated n times, 
forn > 1. 

Returning to the situation in the previous exercise, suppose once again that 
you are in a box, as in Example 27.3, and tennis balls labeled 1, 2, and 3 
are tossed into the box. This time, however, you are allowed to throw out 
two balls onto the lawn beside the box. W hat are the possible labels for the 
balls you decide to throw out? 

After throwing out two of the tennis balls labeled 1, 2, and 3, the tennis 
balls labeled 4, 5, and 6 are tossed into the box. You are then allowed to 
throw out two of the four balls presently in the box onto the lawn beside 
the box. W hat are the possible labels for the four tennis balls you have now 
thrown out onto the lawn? 

How many sets of six labels are possible if the tennis balls labeled 7, 8, and 
9 are then tossed into the box and you are allowed to throw out onto the 
lawn two of the five balls presently in the box with you? 

Conjecture the number of possibilities if this process is repeated n times, 
forn >1. 

One last time, let us return to the box in the preceding two exercises and 
Example 27.3. As before, you are in the box, but this time tennis balls 
labeled 1, 2, 3, and 4 are tossed into the box. You are allowed to throw out 
one ball onto the lawn beside the box. W hat are the possible labels for the 
ball you decide to throw out? 

After throwing out one of the tennis balls labeled 1, 2, 3, and 4, the tennis 
balls labeled 5, 6, 7, and 8 are tossed into the box. Y ou are then allowed to 
throw out one of the seven balls presently in the box onto the lawn beside 
the box. W hat are the possible labels for the two tennis balls you have now 
thrown out onto the lawn? 

How many sets of three labels are possible if the tennis balls labeled 9, 10, 
11, and 12 are then tossed into the box and you are allowed to throw out 
onto the lawn one of the ten balls presently in the box with you? 
Conjecture the number of possibilities if this process is repeated n times, 
forn >1. 


Ms CHAPTER 36 


One Final Example? 


Aswedid in Chapter 17 at the end of Part One, we now want to consider an example 
where the beginning pattern of results suggests the Catalan numbers— when it is not! 
This will emphasize one last time that in order to claim that a new example is truly 
counted by the C atalan numbers, we must either (i) setup a one-to-one correspondence 
with an example that is known to be counted by the Catalan numbers, or (ii) obtain 
a recurrence relation like the one in Eq. (29.1), remembering to check the initial 
condition. 
To drive this point home, consider the following: 


Example 36.1: Forn > 0, start with n distinct objects and distribute them among 
at most n identical containers. Do this, however, while adhering to the following 
conditions: 


(i) Do not place more than three objects in any one container. 
(ii) Do notbe concerned about how the objects in any given container are arranged. 


Weshall let d,, count the number of these distributions, form > 0. From the results 
in Fig. 36.1, we find that 


So it appears that we have come upon another situation that is counted by the Catalan 
numbers. Not so fast! Unfortunately, the suggested pattern does not continue and one 
finds, for instance, that 


ds =46442(=Cs) and de = 166 4 132 (= Cs). 


The distributions given here were studied in Reference [27]. Other such counterex- 
amples can be found in Reference [20]. 
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(n=0) (n=1) (n=2) (n=3) 


B 
C 


D 
C 


C 
A 


D 
B 


A 
B 


D 
A 


D 
C 


wand 


A A|B 


C 
A 


A 
B 


D 
A 


BIC B |D C{D A|BIC}D 


(n=4) 


FIGURE 36.1 
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Solutions for the Odd-Numbered 
Exercises 


PART ONE: THE FIBONACCI NUMBERS 


Exercises for Chapter 4 


1. Proof: If not, there is a first integer > 0 such that gcd(F,, F,42) > 1. But 
gcd(F,-1, F,41) = 1. Consequently, there exists a positive integer d, where 
d>1 and d divides both F, and F,+2. Since F-42 = F,41+ F,, it follows 
that d divides F,41. But this contradicts gcd(F,, F,-41) = 1, the result in 
Property 4.1. 

3. Proof: Fo(n41) = Fan42 = Fanti + Fon = (Fan + Fon-1) + Fan = 
2 Fan + Fon-i. 

5. Proof: Simply add F,, to each side of the result in Exercise 4. 


7. Proof: F3n = F3n—1+ F3n—2=(F3n—2+ F3n—3) +( Fan—3 + F3n—4) = F3n—2 + 
2 F3n—3 + F3n—4 = ( F3n—3 + P3n—4) +2 F3n—3+ F3n—4 = 3 F3n-3 +2 F3n—4 = 
3 F3n—3 + 2( Fan—3 + F3n—5) = 5 Fan—3 — 2F3n—5 = 4F3n—3 + (P3n—4 + 
F3y_5) — 2F3y—-5 = 4 F3n_3 + (F3n—5 + Fan—6 + Fan—5) — 2F3n—5 = 
4 F 3,3 + F3n_6- 

9, Proof (By Mathematical Induction): We see that Fy = 7°.) F- =0 =1- 
1 = Fy — 1,50 the given statement holds in this first case. This provides the 
basis step of the proof. For the inductive step, we assume the truth of the result 
for n =k (> 0)—that is, that yaa F, = Fy42 — 1. Now we consider what 
happens for n = k + 1. In this case, we see that 


k+1 k 
ae F, = (4) + Fega = Fag2 — 1+ Feta = (Faga + Fett) — 1 
= FR3- 1= Fik41)42 — 1, 


so the truth of the statement at n = k implies the truth at n =k + 1. Conse 
quently, 5-9 Fy = Fr42 — 1 forall n > 0—by the Principle of M athematical 
Induction. 
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11. Proof: Although we could use the Principle of Mathematical Induction to es- 
tablish this property, instead we consider the following: 


F, = F) -— Fo 
F3 = Fy — Fo 
Fy = F6 — F4 


Fon—3 = Frn—2 — Frn—-4 
Fyn. = Fn — F2n-2. 


When we add up these n equations, the result on the left-hand side gives 
us >") Fo—1, while on the right-hand side we obtain Fy, + (Fon—2 — 


Fon-2) + (Fan-4 — Fon-4) + «+> + (Fg —- Fy) +(R-F)- Fo = Pa 
Fo = Foy, —0 = Fry. 
13. Proof: 


n=3 Foy — Ff =1-3-2?=3-4=-1=(-1) 
n=4 P3F5— Fy =2-5-3* =10-9=1=(-1)' 
n=5: FyFe— Fe =3-8—5* =24—25=-1=(-1) 
n=6 FoF) — Fg =5-13-—8* =65-64=1=(-1)°. 


15. Proof: Fy Fy Fn? = Fa FPasil® ntl t+ Fn /= Fy Fe n4+1 + Fe Fnti=(Fa41 = 
Fy-1)Feyi + Fe Fag = Fey — Fei + Fe Pe = Fat 


Fugi(F2 — Fy—-1Fn41)= F3,1 + Fr41(—1)""+, by the Cassini property. 
+ 


n 
17. Proof (By Mathematical Induction): For n = 1, we see that )7)_yrF, = 
1F, = 1, whilenF,+42 — Fn43 +2 = 173 — Fa +2=1(2) -34+2=1,s0the 
result is true in this first case. This establishes the basis case for our induc- 
tive proof. Next, we assume the result is true for some n = k (> 1)— that is, 
we assume that )\_yrF, = kFea2 — Fea3 +2. Now, forn =k+1 (> 2), 
we have 


yk r=, rF, +(k +1) Feyt 
- re Fy43 +2) +(k +1) Fey 
= [(k +1) Fay2 — Fes2 — Fag +2) 4+(k +1) Fas 
= [(K+ 1) Fea + (k +1) Fegil — (Figo + Fig3) +2 
= (k+1)(Fey2 + Freya) — (Fez2 + Fr43) +2 
= (k+1)Fea3 — Frgg $2 = (kh +1) Fcerye2 — Fetiy43 + 2. 


So the result for n = k + 1 follows from the result for n = k. Therefore, by 
the Principle of M athematical Induction, this weighted sum formula holds for 
alln > 1. 
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Alternate Solution Using Property 4.5: 
ras =17,4+2F)43R4+---4+(n-N)R-1+nF, 


n n n 
=SOR+3 F+ Rte + 5 i+ oF 
r=1 r=2 r=3 


r=n—-1 


For this sum, note, for example, that > occurs only in the first two summations, 
while F3 occurs only in the first three summations. Continuing we find that 


sat nt rt bj She 3 F.+ 5 F, 
r=1 r=2 r=3 


r=n—-1 r=n 


1 


=e Gee) “Gir 


n 


r=1 
n 1 2 -1 n n- m 
in ($ ae rJ=nyor-¥(So4] 
r=1 r=1 r=1 r=1 r=1 m=1 \r=1 
= nlFry2— 1-2" (Fng2 =, by Property 4.5 


= nF,42 — ((Fi43 — 1) — 2) —1, also by Property 4.5 
= nF +2 _ Fua3 “PF 2. 


19. Proof (By Mathematical Induction): For n=1, we find that 
yo (-1 Fa 1 (-2 Fa = (- IMF. = Fe =1, while 


i= 


(-1)"-1F, = (ye Fi mith So the result is true in this first case and this 
establishes the basis for our inductive argument. Now assume the result true 
for some n = k (> 1)—that is, assume that S**_,(—1)"*2 F441 = (-1)!! Fy. 
Then forn =k +1(> 2), we have 


oe k 
oe (—1) tl = Soe 1) Hy Bie WHO rasa 
= (21) + (—1)"? Fy» 
= (-1)- 1, + (-1)' Fee 
= (—1) Fiza — Fe] = (—1)* Fey. 
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Therefore, the result is true for all » > 1, by the Principle of Mathematical 
Induction. 


21. Proof: 


Fe + Fg = (Fraga — Fri)? + (Fn + Fn43)? 
= en — eee + Fey + Fago + 2Fnt2Fn43 + Fass 
= Fog Be 13 +2Fo.) + 2Fus2(Fn+3 — Fr+i) 
=Fi+F 2428 > + 2Fna2Fr42 
= F2,+F34+4F4,). 


23. Proof: For the even case, the result takes the form pan F;Fi41 = FB - 


25. 


(1/2)[1 + (—1)?"] = F§,,, — 1. This is the result due to K. S. Rao, in the 
preceding exercise. 

For the odd case, we have to show that for n > 1, S72"7 (Eiki = ga 
The proof will be by M athematical Induction. For n = 1, Sara Fj Fis. = 
SL AF = AF) =1-1=1,while Fy) = FZ = 1? = 1. Consequently, 
the result is true for this first case and this establishes the basis step for our proof 
by induction. Now assume the result true for somen = k (> 1)—thatis, assume 
that )72471 Fj Fiz = ae Then form =k+1 (> 2), we find that 


2(k+1)-1 2k+1 
S| Re a 


= 5 Fj Fina + For Forti + Fors F2n+2 


= on + Fox Fong. + Fon41 F2K+2 
= Fox( Fox + Foesi) + Fonsi Foxs2 
= Fog F242 + Foe41 For+2 

= (Foe + Forest) Fars2 
= Foy = FR: 


Therefore, this result is true for all n > 1, by the Principle of M athematical 
Induction. 

Proof (By theA Iternative, or Strong, Form of thePrincipleof M athematical 
Induction): For n = 0, F,45 —3F, = Fy —3Fp) =5-—3-0=5. So the re 
sultis trueforn = 0.Forn = 1, F,45 —3F, = Fe —-3F, =8—-3-1=5. So 
the result is also true for n = 1. These two results form the basis for this induc- 
tive argument. Now assume the result true form =0, 1, 2, ..., k(= 1). That 
is, assume that F,45 — 3F, is divisible by 5 form =0, 1, 2, ..., k (= 1). 
Forn =k-+1 (= 2), we find that Fig41j45 — 3Fig1 = [Peas + Fe-1)45] — 
3L Fy + Fei] = [Pegs — 3 Fe] + [Fe—1y45 — 3-1]. By the induction hy- 
pothesis, each of the summands [Fi45 — 3F%] and [ Fx-1)45 — 3F(x—-1)] is di- 
visible by 5, so their sum is divisible by 5. Consequently, the result is true for 
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all n > 0, by the Alternative, or Strong, form of the Principle of M athematical 
Induction. 
27. (a): (Fa+ Fat Fo + Fe) + Fa =(24+34+54+8)+3=184+3=21= 
Fe. 
(b): (Fa + PR +Fe+F74+ Fe) 4+ B= (34548413421) 4+5= 
50+5=55 = Fy. 


(c): (Fa + Fata t+ Fng2 + +++ + Fatimn) + Prot 


<n+m snl 
= bow a r=] F| os Frnt 
= [(Frim42 — 1) — (Fin-1)42 — 1)] + Fat, using Property 4.5 
= Kegaeeae —1)- (Fa4t a 1)] + Fro = Fnim42- 


[Note: We could have gone directly from (F, + Fn4i+ Po42t -°: + 
Frm) + Fro to (Fhtm42 — Fn41) + Fr+1, using the result in Exercise 26.] 


Exercises for Chapter 5 


1. Here it is better to solve part (c) first. Let a, count the number of sequences 
of heads and tails until the (7 — 1)st and nth flips are the first two consecutive 
flips resulting in heads. Then there are (i) a,—1 possibilities if the first flip (by 
Tanya) was a tail and (ii) a,_2 possibilities if Tanya’s first flip was a head, but 
Greta’s first flip was a tail. Since these two cases have nothing in common and 
cover all of the possibilities, we have 


dn =An-1+a)-2, n>3, a =0, =. 


Consequently, a, = Fy-1,n > 1. 
For part (a), the answer is F¢ (= 8). The answer for part (b) is Fi (= 89). 
3. (a) Thisis the same as the number of subsets of {1, 2, 3, ..., 13, 14} that con- 

tain no consecutive integers. From Example 5.1, this number is Fi442 = 
Fig = 987. 

(b) This is the same as the number of subsets of {1, 2,3,...,,n +1} that 
contain no consecutive integers. This number is F(n+1)42 = Fn+3- 

(c) Since55 = Fi9 = Fe42, there are eight elements in U. Consequently, U = 
{31, 32, 33, ..., 37, 38}, where the largest element is 38. 

(d) Since 377 = Fia4 = F242, there are 12 elements in W. So W= 


{—4, —3, —2,..., 6, 7}, where the smallest element is —4. 
5. Suppose that n is even and x, =1. Then x1, x2, ..., Xn-2, Xn—1 Can be any 
of the sequences counted by a,_1. However, if x, = 0, wehave x,_; = 0, and 
since n — 1 is odd, it then follows that x1, x2, ..., x,—2 Can be any of the 


sequences counted by a,_2. Hence, a, = an—1 + Gn—2. 
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Meanwhile, if m is odd and x, = 1, then x,1 = 0 and x1, x2, ..., Xn-2 
can be any of the sequences counted by a,_2. However, if x, =0, then 
X1, X2, ..., X72, Xn—1 Can be any of the sequences counted by a,_1. Once 


again we have a, = dn—1 + an_2. 

Whenn = 1, wehave a, = 2 forthe binary sequences 0 and 1.Forn = 2,we 
have the binary sequences 0, 0; 0, 1; 1, 1;soaz = 3. Consequently, a, = Fy+2, 
forn >1. 

7. (a) Keep the elements of A ordered as 1, 2, 3. Assign each subset S$ of Aa 


(b 


) 


binary string xyz of length 3, where 


_fOifl¢es _fOif2¢s _ f0,if 3¢s 
AV ippes “9 — aitees “> rires 


W hen we compare two subsets S; and S;11 of A, we compare the individual 
components of their corresponding length 3 binary strings. Similar to the 
solution of the previous exercise, herethe x;’s, y;’S, and z;’s areindependent 
of each other, so the answer is F2, 5. 


m 
n+2 


Exercises for Chapter 6 


1. (a) Proof (By Mathematical Induction): For n =1, there is only one 


= 


composition— namely, 1. So the number of compositions of 1 is 1 = 
21-1 — 2”-1 and the result is true in this first case. This establishes the 
basis case for our inductive proof. Next we assume the result is true for 
some n = k (> 1)—thatis, we assume that the number of compositions of 
k is 2k! Now, for n = k + 1 (> 2), we obtain the compositions of k + 1 
from the compositions of k (i) by appending “+1” to each of the 2*—! com- 
positions of k, and (ii) by adding 1 to the last summand of each of the 24! 
compositions of k. Consequently, there are 24-1 + 24-1 — 2(2k-1) = 2k 
compositions of k +1. Therefore, by the Principle of Mathematical In- 
duction, it follows that the number of compositions of n is 2”~1, for all 
n>1. 
Suppose that n is even, with n = 2k, for k > 1. There is one palin- 
drome with center summand n. For 1 < r < k —1, there are 2’! palin- 
dromes with center summand n — 2r. (One palindrome for each of the 
2'-1 compositions of r.) In addition, there are 2‘! palindromes of n 
with a plus sign as the center symbol. (One palindrome for each of the 
2(n/2)-1 — 2k-1 compositions of n/2 =k.) So in total, the number of 
palindromes forn is1+(1+2! +4 224234 ... 424-24 2k-]) = 14 
(2* —1) = 2* = 2"/2, 

Turning to the case were n is odd, we find the following. Forn = 1, there 
is just one palindrome— namely, 1. So suppose now that n = 2k + 1, for 
k > 1. Asin the even case, there is one palindrome with center summand 
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n. For1<s<k, there are 2°! palindromes of n with center summand 
n — 2s.(Onepalindromefor each of the 2°? compositions of s.) So the total 
number of palindromes for n is1+(1+2!+2%4+234 ... +2424 
2k-1) Sean (2* _ 1) =k Q(n-1)/2_ 

The two cases can be combined into the one result 2!"/2!, n > 1. 

3. (a) Start with a composition of 24, where the only summands are 1’s and 2’s. 
Multiply each summand by 2. The result is a composition of 48, where 
the only summands are 2’s and 4’s. So from the result in Example 6.2, it 
follows that the number of compositions of 48, where the only summands 
are 2's and 4's, iS Foayi1 = Fo5 (= 75, 025). 

(b) Now start with a composition of 16, where the only summands are 1's and 
2's. Multiply each summand by 3. The result is a composition of 48, where 
the only summands are 3’s and 6’s. So from the result in Example 6.2, it 
follows that the number of compositions of 48, where the only summands 
are 3's and 6's, iS Fig41 = Fi7 (= 1597). 

5. (a) The answer here can be thought of as the number of compositions of 
10 where the only summands are 1’s and 2’s. From Example 6.2, this 
iS Figg. = Fur = 89. 

(b) Due to independence, Anthony can ascend the eight staircases in Fi, = 
89° — 3, 936, 588, 805, 702, 081 ways. 

7. Thenumber of compositions of n — 6 — 3 = n — 9, whereall the summands are 

odd, is 610 = Fy5. From Example 6.6, it follows that F,,9 = Fy5, Son = 24. 


Exercises for Chapter 7 
1. Proof: Using Property 7.1 from Example 7.3, 


Fy, = Fin—m)+m = Fin Fn m)+1 + Fm—-1Fn—m = Fin Fn—m4i + Fin-1Fn-m:- 


3. Proof: From the previous exercise, we have Frim = Finti Fn + Fin Fn-1- 
Continuing from this, we find that 


Fina. Fn + Fin Fn 1 = Fin Fi — Fr v+F, UFing — Fin 1) 
= m+1Fntt — Finti Fn 1+ Fr 1Fintt — Fn 1Fin-1 
= Fy4i1Fin41 — Fn-1Fin-1. 


5. Proof: Using Property 7.1 from Example 7.3, 


F2n—-1 = Fr(n—1) = Fn—-1F nti + Fn—2Fn 
= Fysil Fn — Fn—2) + Fn—2Fn 
=F Fae ho = Fat) 
= Fy Fat. — Fa—2( Frat — Fr) 
= Fy Fy4. — Fn—1Fn-2- 
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7. 
9. 


11. 


13. 
15. 
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Proof: This follows from Property 7.2 (in Example 7.4) because F4 = 3. 
Proof: Since F = 8, it follows from Property 7.2 (in Example 7.4) that F, is 
a multiple of 8. Consequently, F;,, is a multiple of 4. 

Proof: Y es! If not, thenn = nyn2 wheren, > 30rn2 > 3.Otherwise,1 <n, < 
2and1<n2 <2,s01 <n <4. Assume that nj > 3. Then F,, > F3 = 2, S0 
F, = Fs (=5) and F, is divisible by 2 (= F3) by Property 7.2 (in Example 
7.4). This contradicts F,, being prime, so it now follows that n is prime. 
Proof: This is a special case of the preceding exercise. Let p=qg=r=n. 
Proof (By M athematical Induction): Forn = 0, Feon4, — Fy = F, — F- = 0, 
which is divisible by 10. Consequently, the result is true for n = 0 and this 
establishes the basis step for our inductive proof. Assuming the result true for 
some arbitrary, but fixed, valuen = k (> 0), we have Feox4, — F, divisible by 
10. Now forn =k +1 (= 1), we find that 


Feo(k+1)+r — Fr = Fc6ok+r)+60 — Fy 
= (F(6ox+r)—1F60 + Feor+rF60+1) — Fy, by Property 7.1 
= Fi6or+r)—1F60 + Feox+r((F61 — 1) + 1) — F, 
= F6or+r)—1F60 + Feor+r( Fer — 1) + (Feoxr — Fr): 


Since the units digit of Feo is 0, Feo and, consequently, Fiéox+,)-160 are 
both divisible by 10. The units digit of F621 is 1, so (#61 — 1) and, consequently, 
Feox+r(F61 — 1) are both divisible by 10. Finally, from the induction hypothesis 
we know that (F¢ox4, — F;) is divisible by 10. Since all three summands are 
divisible by 10, it follows that F¢o(x41)+- — F; is divisible by 10. Therefore, 
the result follows for all n > 0 and r = 0, with r fixed, by the Principle of 
M athematical Induction. 


Exercise for Chapter 9 


1. 


For example, when n = 3, consider the five paths shown in Fig. 9.1(g). All five 
emerge through Face 4, so the last reflection occurs at either Face 1 or Face 3. 
(i) Consider the three paths where the last reflection occurs at Face 1. Here we 
can take any of the paths for n = 2 and, instead of letting the ray emerge 
through Face 1, we add a reflection at that face and have the ray emerge 
through Face 4. 
For the other two paths emerging through Face 4, the last reflection occurs 
at Face 3. The previous reflection occurs at Face 4— it cannot occur at Face 
2, as can be seen from Fig. 9.1(c). (A reflection at Face 4 can be preceded 
by areflection at either Face 1 or Face 3.) So now we start with any path for 
n = 1, but before we let the ray emerge through Face 4, we add a reflection 
at Face 4 followed by a reflection at Face 3. 

To generalize the preceding observations, let n be odd with n > 3. Then the 
rays emerge through Face 4 and the last reflection occurs at Face 1 or Face 3. 


— 
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(i) For the paths where the last reflection is at Face 1, the previous reflection 
occurs at Face 2 or Face 4. In this case, take any of the s,_1 paths for the 
(even) case n — 1 and add a reflection at Face 1 before allowing the ray to 
emerge through Face 4. 

(ii) Otherwise, the last reflection occurs at Face 3. (The previous reflection 
occurs at Face 4, since it cannot occur at Face 2— as we see in Fig. 9.1(c).) 
Now for any of s,—2 paths for the (odd) case n — 2, we add a reflection 
at Face 4, then one at Face 3 before allowing the ray to emerge through 
Face 4. 

In this way we arrive at the result 


Sp =Sn-1 + Sp-2, n> 2, nodd. 


Exercises for Chapter 10 


1. Substituting a, = Ar”, with A #4 0 andr + 0, into the recurrence relation, we 
find that Ar” — 10Ar”-! + 21Ar"-* = 0. Upon dividing by A and r”~*, we 
arrive at the characteristic equation r* —10r + 21 =0. As r?—10r+21= 
(r — 3)(r — 7), the characteristic roots are 3 and 7. So the solution has the form 
c13" + c27", n> 0. From 1 = agp =c1 + c2 and 1 = q = 3c, +: 7c7, it fol- 
lows that cy = 3/2 and cz = —(1/2). Consequently, a, = (3/2) 3" — (1/2) 7", 
n>= 0. 

3. Forn > 3, consider thenth (last) column of the3 x n chessboard. If thatcolumn 
is covered with three square 1 x 1 tiles, then the preceding (m — 1) columns of 
the chessboard can be tiled in a,_1 ways. There are two other ways in which 
the nth (last) column can be covered— namely, (i) place two square 1 x 1 tiles 
in the top row (and last two columns) and a square 2 x 2 tile below them, or 
(ii) place two square 1 x 1 tiles in the bottom row (and last two columns) and 
a square 2 x 2 tile above them. In either case, the preceding (nm — 2) columns 
can be covered in a,—2 ways. This leads us to the following recurrence relation 
with initial conditions: 


Gn =Q)-1+ 24,2, a1 =1, a2 =3, n>. 


Substituting a, = Ar”, with A #0 and r+ 0, into the recurrence rela- 
tion, we find that Ar” — Ar?-! — 2Ar"~? = 0. Upon dividing by A and r”~2, 
we arrive at the characteristic equation r* —r—2=0. Since r*-r—2= 
(r — 2)(r +1), the characteristic roots are 2 and —1. So the solution has the 
form cy2” + co(—1)", n> 1. From 1 = ay = 2c, — cz and 3 = a7 = 4c, + 
c2, it follows that cy = 2/3 and c2 = 1/3, S0 a, = (2/3)2” + (1/3)(-1)" = 
(1/3)[2"*? — (-1)"4], n> 1. 

(One can also solve this exercise by using the recurrence relation with initial 
conditions given by 


Gp SGP ae. ap Sl era ly Be 7) 
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(The sequence of numbers ag = 1, ay = 1, a2 =3, a3 = 5, ag = 11, ... 15 
known as the J acobsthal numbers.) 
5. Proof: 


(ii) a — B = ((1+ J5)/2) — ((1— V5)/2) = (14+ V5 -14 V5)/2= 
(2/5)/2 = V5. 
(b) (i) a? + p? = ((1 + 15) /2)? + ((1 — 5) /2)* = ((6 + 2/5) /4) + 
((6 — 2/5) /4) = (6+ 2/5 +6 —25)/4 = fea 
(ii) From part (a) we see that a? — 6? = (w+ B)(a Sy Ah S/S, 
(c) (i) @=e+1lsae=aat+a and p= ne B+ 8. 
Consequently, from parts (a) (i) and (b) (i), it follows that a? + 6? = 
(a? +a) + (6? + 6) = (oe? + 62) + (w+ p) =3+1=4. 
(ii) eo =a+1> a3 =o? +a and pi = B+ 1 B = B+ B. Con- 
sequently, from parts (a) i ) and ey MN follows that a? — 6? = 


(a) (i) w+ B= ((1+ V5)/2) + ((1 — V5)/2) = (14+ V541- V5)/2 = 
2/24 


(a? + a) — (6? + B) = (a? — p?) + = V54+ V5 =2V5. 
7. Proof: 
(i) @=ea+15 a? [a +2 = aot? + 1/a"t? => 1a" = Lott + 
L/ant?, 
(ii) p? = Bt+1= Bo prt = B/prte 1 /phe > 1/p) = 1p 
ies 


9. Proof: Thisieageomenc series with ratio 1/a*. Since [1/02 | = = (1/a*) <1, 
the series converges to 


(=) feed - (=) (Za) oer 


LL. Proof: /3—B=1/3—((1—V5)/2)=/(6—(1—V5))/2= 4/5 + V5)/2 = 
\/(10 + 2/5) /4 = (1/2) 10 + 2V5. 


13. Dividing the numerator and denominator of 2n/(n + 1+ /5n2 — 2n + 1) by 
n, we have 


2n 2 2 1 
lim = lim = =-. 
n>Oon+14+/5n?—2n+1 gies eee eye 1+/5 @ 


15. Proof: Since B(a — 6) = aB — p* = -1—(B +1) =-2-—f=-(2+ 8), it 
follows that 6/(2 + 8) = —1/(a — 8). 

17. When 1 + (1/x) = x, thenx +1 = x, orx?—x—1=0.S0x= (14 J5)/2 
and the points of intersection are ((1 + /5)/2, (1+ /5)/2) = (a, a) and 
((1 — /5)/2, (1 — /5)/2) = (£, B). 
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19, pear (joer =72" ear ok =q-2A Splat yh =a-2"(1 +4 a3)", 
Now oe =atloead=e?t+a=(et+]l+a=2a+1lsoitl= 
2a + 2 = 2(a +1) = 2(a*) = 2a2. Consequently, 


See, (oe = a2" (2e2)" = 2 gyn gy2n =?2". 


21. (a) (i) a/3 =12/a > a* = 36 > a = +6. Since a > 0, the mean propor- 
tion for 3 and 12 is 6. 
(ii) a/4 = 25/a > a? = 100 > a = £10. Since a > 0, the mean pro- 
portion for 4 and 25 is 10. 
(ili) a/5 =10/a > at =50 > a=+V50. Since a > 0, the mean pro- 
portion for 5 and 10 is /50 = 5/2. 
(b) Since r is the mean proportion for r+ s and s, it follows that r/(r + s) = 
s/r or r? = s(r +5) = sr + s*. Dividing through by s*, we arrive at the 
equation 


e-$-3a0 o (J'-()-an0 


r —(-1)+/(-D2-4(1(-1) 1475 
s 2(1) 2 7 


Sincer > 0 ands > 0, we find that 


s 2 “ 


ane cl = the golden ratio. 


23. We realize that r 4 1, for if r = 1, then we have an equilateral triangle, which 
cannot be a right triangle. 
(a) If s is the length of the hypotenuse, then r < 1 and, in this case, 


sO 


r+ +r*—1=0, aquadraticin r’, 
and 


» -l+/M?-4-D _ -14 
2(1) 


V5 


Since r2 >0, it follows that r2 = (—1+ /5)/2 = —((1 — V5)/2) = 
—B=1/aandr= /1/a =1//a. 
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(b) If r2s is the length of the hypotenuse, then r > 1 and in this case 


(725)? = s* + (rs)?, 
so 
r*—-*—1=0, adquadraticin r?, 
and 
2 iN + V-1? - a(-1) _ 1 v5 
2(1) 2 


Since r? > 0, it follows that r? = (1+ /5)/2 =a andr = Ja. 
25. Since the three right triangles all have the same area, it follows that 


re ie eet ee 
rian aa Se 


or 


be = alc +d) =(a+b)d 


Then a(c +d) = (a+ b)d > act+ad=ad+bd>ac=bd> 
b/a = c/d. Consequently, 


b Cc 2 2 
a a a =d°+cd 
a 


ce 


og-ttgo(Q-§-3-0 


So c/d > 0 and is a solution of x* — x —1=0. Therefore, c/d = b/a= 


27. Proof: Using the Binet form for the Fibonacci numbers, we find that 


FuFyy. — Fy—-1Fy-2 
a — pr" att — ptt a” T_ gr-l a2 — pr-2 
~ a-B  a-B a-B a 
[eet a 1)" Bl 1" pre leer? al 1)"-2 Bl 1)r-2 pa] 
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because «6 = —1, 


(er = a?n—3) ai (pa = po) 


(a — p)? 
a2"—1 (a2 i a7?) +4 pen} p2 as p-?) 
~ (w — p) 
_ oft Ha = B) + Be" MB — a) 
(a — p)? 


because a* — a~* = a? — (—f)? = a? — B* = (a+ B)(a — 8) =a— B and 
Bp — B? = B —(-a)? = p* — o? = (6 +a)(B — a) =(B—a), since a+ 
£ = 1. But then 


o2?—T(q — Bp) + p2"-1(B — a) 


(a — B)* 
_ "Hor — B) — "Ma — 8) 
= (a — B)? 
q@t-l part 
= (a— A) = Fyn-1 


29. Proof: Using the Binet form for F,, and the fact that #8 = —1, we find that 


2 


+1 n+1 n n\ 2 
2 a VO SP a” —B 
a eer a 


e242 _ (ayn 4 g2nt2 4 gn _ 2/1) 4 gen 
7 (a — B? 
"+1 ey + (1/ax)) + B2"41(6 + (1/8) 
7 (a — B)? 
a2" +1 — B) + B2"+1(B — a) 
= (a — p)* 
= a2" —— Latics 


31. Proof (By Mathematical Induction): For n = 1, oe F4j-2 = Fagy-2 = 
F = 1, while F§,) = F? = 1? = 1.So, the resultis true for this first case and 
this establishes the basis step for the inductive proof. 
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Assume the result true for some n=k (> 1)—that is, assume that 
yo Faiz = F3,. Forn = k +1(> 2), we find that 


k+1 k 
ae F4i-2 = yo Faj—2 + Fa(k-+1)-2 


= Fo + Fare = Fi, + Fooaesy) 

= Fi, 4+ eae = F| , by the result in part (a) 
of the previous exercise 

Phyo = F541): 


Consequently, the result follows for all 2 > 1 by the Principle of M athematical 
Induction. 


33. Proof: Using the Binet form for the Fibonacci numbers and the fact that a6 = 
—1, we find that 


2 
2 n+2k+1 n+2k+1 
Orn a” — B" a =P 
Fy + Fae = ( se 


a—Bp a—fp 
Zn 4.2(—1)" + pen bgt tak+2 + 2(—1)rtek+1 4+ pentakre 
(a — p)? 


a2” on" per gn t4k+2 +4 pentak+2 


. (a — p) 


since (—1)"+24+1 — (_1)"+1 and, consequently, 2(—1)" + 2(—1)"+24+1 — 
2(—1)" + 2(—1)"+? = 2(-1)"[1 — 1] = 0. 


In addition, 
; Q2k+l _ gekt] g2nt2k+1 _ gdn+2k+1 
2k+1 £2n+2k+1 = a B en B 
7 ant 4k+2 a2" ( 1)2k+1 p2"( 1)2k+1 a pentder2 
(a — B)? 
7 qe” + pen ptt t4k+2 4 pear tet? 
(a — B)? 


Alternate Proof: This result also follows from the previous exercise. In that 
exercise, replace m by n + k andn by k. 
35. Proof: Since 


n+1 
es (Fnyi/2"™") = 1 im Fn4l  @ 
noo (F,/2") 2n>0 F, 2 


37. 


39. 


4l. 
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this series converges by the Ratio Test. In particular, 


eg 
NI 
| 

g 

| i 

wD 
8 
N]R, 
Me 
NIB 


i 1 
1—(a/2) 1—(B/2) 
2 


2 
a 7=5l 
ae a] 
) 


| 
| 
=| (2—a)(2—B 
= 
| 


2 
2 


4—2B-—4+2a 

4— eel 
2a — 268 

4—2a— 2p | 


—B 


= | (Sincea + 6 = 1.) 


Proof: Using the Binet form for the Fibonacci numbers, the Binomial 
theorem, and the facts that o*=a+1 ae p?=B+1, we 
find — that era iN eae es ae He ae —1)""'(') (a?! — p) = 
(1/V5) Niko —1)"- ("a2 (15/5) 2% eet 

(1/5) (a? af — (1//5)(p? — 1)" = an ion (1//5)()" = 
(1//5)(a" — 6") = (a* — B")/(a — B) = Fr. 

Proof: Using the Binet form for the Fibonacci numbers, the Binomial 
theorem, and the facts that a®=a+1 and p*= B+1, we 
find that S79 (") Fix; = of (1/V5) Wg (“Jai — Bi(1//5) Sg (") Bi = 
o}(1//5)( (+0) BI(1/V5)(1 + B)" = of (1/V/5)(0?)" — B/(1/A/5)(B?)" = 
CL Sees pe) toe, 

Proof: Using the Binet form for the Fibonacci numbers, we have 


a" Fh—-m+1 + ra ee 
n—m+1 n—m+1 n—m n—m 
m a = B oh gt! a =? B 
a—B 
at tl _ gyn gn m+1 4 ayn 1_ qm 1 gr m 
a—B 
oft] _ qin gn m+] 4 gyn 1_ qin 1 gn (m—1)-1 


a— B 


II 
R 
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43. 


45. 


4]. 
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git fe gti _ B"+1(ax/p)” Ss B"-'"a/ py"! 


a—B 
Pa ee prtl( 1/p?)” pr-}( 1/p2)"" 
= e=8 
qitl 4 qgi-l _ port (1/62”)(-1)” = Pee 
= ey 
qt 1 +g! Ls: p” +1 2m(_y)m “ pr-3-Am—1)(_})m-1 
= ves 
qt 1 + 1. - B" +1 2m(_1)m = prrl-em( jet 
= ar 
oth 4 gt 1_ gatl 2mr(—1)m 4 (-1)"-1] 
= 76 
qt 1 + : B" +1 2m1Q] g?tl +4 gq? 
7 a—p a8 
_at(a+(1/a)) _a"(a-f) 
a—B a— Bp 


Proof: 
(a) AC=aBC and AC=AD+DC=aDC+DC=(a+1)DC =a? DC, be- 
cause a? = a+1. Consequently, ~aBC = AC = a? DC,s0 BC = aDC and 
BC/DC =a. 
We have ZACB (of AABC) = ZBCD (of ACBD) and AB/BC =a = 
BC/CD [from part (a)]. So the triangles ABC and CBD are similar— 
because two pairs of corresponding sides are in proportion and the included 
angles are the same. 
Since AABC is isosceles and ACBD is similar to AABC, it follows 
that ACBD is isosceles with BD = BC = aDC and ZBDC = ZBCD. 
With AD = aDC, we have AD = BD. So AADB is also isosceles with 
ZDAB = ZDBA. Consequently, ZDBC = 180° — 2(ZBCD) = 180° — 
(ZBCD + ZABC) = ZDAB = ZDBA, and BDis the bisector of 7A BC. 
From Exercises 43 and 44, we know that ~DAB = ZABD = ZDBC and 
ZDCB = ZABC, with the measure of ZA BC equal to twice the measure of 
ZDBC.S0 180° = 5x the measure of ~DAB = 5x the measure of 7A. Con- 
sequently, the measure of ZA is 180°/5 = 36°. 
Draw the perpendicular bisector SE of RT, with £ the point where SE intersects 
the circle. Since ARST is equilateral (hence, isosceles), SE bisects Z BSC. So 
the measure of arc ET is 2 - 30° = 60° and the measure of arc 7S is twice the 
measure of ZSRT or 2 - 60° = 120°. Consequently, SE is a diameter in the 
circle. 

Since Bis the midpoint of SR and C is the midpoint of ST, ASBC is similar 
to ASRT, and it follows that BC = (1/2) RT and that BC is parallel to RT. So 


(b 


= 


— 
a 
~— 
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SE is perpendicular to BC, and SE bisects BC for ASBC is equilateral (hence, 
isosceles). 

Let Pbethe point where SE meets BC, so that BP = PC. Furthermore, since 
the chords AD and SE are perpendicular and SE is adiameter, SE bisects AD. 
Therefore, AP = PD and AB=CD. 

Let x = AB and y= BC. Then CD=x and SC=CT = BC=y. Now 
consider the intersecting chords ST and AD. Here we have AC: CD= SC - 
CT or(x+y)-x=y-y,80x2 +xy = y? orl + (y/x) = (y/x)?. Solving this 
quadratic equation [in (y/x)], we learn that BC/AB = y/x =a. 


49. Proof: Since 
1 ‘ Fi41 a 
7 (5) wim, F; = 3 te 


. Fi41 F; 4 1 Fi41 
ti. |( 322) / Cae)| =e. |(3) -e 


this series converges by the Ratio Test. Using the Binet form for the Fibonacci 
numbers, we have 


a &#F at OM Re BY 
3 ae B sa (3(9) -¥-(5)} 
1 1 1 ; a 1 and 
- sa (a aad ate I5| < 
ae ( 3 3 2 1 SES 
~— 375 \3-e@ 3-6) V5\ (3-a)(3-8) 
+, a ( a — B )- 1 7 1 
~ J/5 \(3-a)(3-6)/ (3 -a)\(3—f) 9-3(a+ £)+ a8 
a since a+ B=1 and aB=-1 
pen 
=F 
51. (a) OSB. Aor apo) 
— a—fp a—Bp 
= ae , since aB = — 
a—B a—B 
_ yeti Stee yj 
(—1) ae ae 2 


(b) Lin= a" +B" = (a7!) + (B-1)" = (—B)" + (-a)" = (-1)"B" + 
(—1)"o" = (—1)"(a" + B") = (-1)"Ln. 

(Cc) Fn + F(n41) = of (1) Fy] + (- 1)? Fg = (-1)"* ak, - 
Fy+1) = a", the final equality following from Exercise 48. 
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Exercises for Chapter 11 


1. (a) sing = ,/1—cos?? = 1-¢ = 54 = a. 
(b) cos? z, = Stcoa/s) _ 14a?) _ 24a, socos = L/T+a. 


(c) sings = V1 — cos*(x/10) = ,/1—- — (244 a) =} 4—(2+a)= 


5 2—a. 
1 1 
3. (a) [2; 1, 4, Seas T = bts T 
Tay z 
1 1 
=2+ yatta 
37 37 
5 BF. Q2etat 129 
= 46 46 46 
1 1 
(b) [3; 3, 7, 2, Sets I Ot I 
+] q 
1 
=3+ T=3t am =3 es 
1 67 _ 630+ 67 697 


+ 


=A : P0.— > 210. = ~ 210s 
5. From Example 11.1, we know that cos 36° = cos (z/5) = a/2. 

(a) The radius of the base is the length of CB, which is s cos 36° = s(a/2). 
Consequently, the circumference of the base is 27 (sw/2) = sa. 

(b) The area of the base is 2 (sa/2)? = (ms*a") /4. 

(c) For a right circular cone with base radius r and height A, the volume is 
(1/3)zr2h. Here the volume is given by ae v/s? —(sa/2)? = 
(t/3)(s2a/4)s\/1 — (a2 /4) = (o183 a? /24)/4—02 =(m53(a + 1)/24)- 
JE (a FT) = (153(a + 1)/24)./3 = ov. 

(d) For a right circular cone with base radius r and height A, the lateral 
surface area is mr/r2 +h. Here the lateral surface area is given by 
mrs = w(sa/2) s = (15%) /2. 

7. (a) AC/AM =sin AMC/sin ACM =sin 108°/sin 36° = 
sin 72°/sin 36° = (2 sin 36° cos 36°)/sin 36° = 2 cos 36°. 

(b) cos 18° =sin 72° =2 sin 36° cos 36° = 2(2 sin 18° cos 18°)(1— 
2 sin? 18°) = 4 sin 18° cos 18°(1 —2 sin* 18°). 

(c) Dividing by cos 18° in part (b), it follows that 1=4 sin 18°(1— 
2 sin? 18°).S00 = 8 sin? 18° — 4 sin 18° + 1, andwefind that sin 18° is 


able 


13. 


15. 
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a root of the cubic equation 8x3 — 4x + 1 = 0. WithO = 8x? —4x+1= 
(2x — 1)(4x* + 2x — 1), we find that the roots of this cubic equation are 
1/2 and(—1+ /5)/4. Since0 < sin 18° < sin 30° = 1/2, it follows that 
sin 18° = (—1+ /5)/2. 

(d) (1/2)(AC/AM) = cos 36° = a@/2. Consequently, AC/AM =a. 


. Proof: Since SR = ST, it follows that ZSRT = ZSTR. Likewise, TO = TS 


implies that 70 = ZOST, and so ZR = ZRTS = 2 ZQ. Therefore, 180° = 
ZR+ZOSR+ 20 =22042204+20=5 20,50 ZO = 36°. In Ex- 
ample 11.1, it was shown that cos 36° = cos(z/5) = @/2. 

Since ARQS is similar to ATSR, 


QR ST __ sin 72° _ 2 sin 36° cos 36° 


RS TR sin 36 sin 36" = 2 08 


Let AB be one side of the pentagon. Then AA OB is isosceles with the measure 

of ZAOB equal to 360°/5 = 72°. If Mis the midpoint of AB, then O&M bisects 

ZAOB. Consequently, the measure of ZAOM is 36°, so the radius of the 

inscribed circle is the length of OM, which is cos 36° = cos (z/5) = a@/2. 

(a) Since the volume is 1 cubic foot, 1 =/-w-1=/J/w. The diagonal of the 
solid is 2 feet and 2=JP? +u2+ P= 4=P4+u*2?4+ Pr + 
w* = 3. Consequently, 3 = /¢ + (1/1)? and it follows that 4 — 3/2 +1 = 
0, a quadratic in /2. So 


1S 


If 2 = (3+ J5)/2 = ((1+ /5)/2)2, then since / > 0, it follows that 
1=(14+ J5)/2=a and w=1/a=—f=|Al. If 2 =(3— JV5)/2 = 
((1 — /5)/2)?, then / = —£ and w =a > J. Consequently, the only so- 
lution is? = (14+ /5)/2 =a and w = 1/a = —f = ||. 

(b) Thetotal surfaceareais2-/-w+2-/-14+2-w-1=2+42a+42(—f) = 
2+ 2a — B) = 24 2/5) = 21+ V5) = 4((1 + V5)/2) = 4a. 

(a) [a/2 = cos 36° = cos 2(18°) = cos? 18° — sin? 18° = 1—2 sin? 18°] 
==> [2 sin? 18° = 1 - (a/2) = (2 —a)/2] => [sin? 18° = (2 — a)/4] 
= sin 18°=(1/2)/2-—a, since a 18° A 0. Now See 
2—(14+ V5)/2 =(3— V5)/2 and 1/o? = CERT a) 

4 2 2 3-V5 _ 6-2y5 _ 5 = a so: 2aw= 


61275 4V5 3453-55 
1/a?, from which it follows that /2 — a = 1/a andsin 18° = 1/2a. 


7 = 
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(b) Let AB be one side of the regular decagon and let M be the midpoint of 
AB. For ABOM, we find that MB =s/2, OB =r, and ZBOM = 18°. 
Consequently, 1/(2~) = sin 18° = (s/2)/r. From this it follows that r = 
(2a) (s/2) = sa. 

(c) Consider ABOM, as described in part (b) of this exercise. The area of 
ABOM = (1/2)r(s/2)sin 72°. In the solution of part (a), we learned 
that sin 18° = (1/2)./2 —a, so sin 72° = cos 18° = /1—sin* 18° = 
JT—((2— a)/4) = (2+ a) /4 = (1/2)./2 + a. Therefore, the area of 
ABOM = (1/2)r(s/2) (1/2) /2 + a = (1/8)(sa)s./2 + wand the area of 
the regular decagon is 20(the area of ABOM) = (5/2)s*a./2 +a. 


Exercises for Chapter 12 


1. (a) From Example 12.2, the number of perfect matchings is Fy, = 89. 


(b) If a perfect matching contains the edge x44, then we must remove the 
edges x3x4, x4x5, xay4, y3y4, and yays from the graph. This leaves us 
with a ladder graph with three rungs and another with six rungs. There are 
Fg perfect matchings for the ladder graph with three rungs and F perfect 
matchings for the ladder graph with six rungs. So the number of perfect 
matchings that contain the edge xayq is FyF7 = 3-13 = 39. 


3. Let i, count the number of independent sets of vertices for the comb graph 


with n teeth. There are two cases to consider: (i) The vertex y, is not used. 
Then there are i,,-1 independent sets that contain the vertex x,, and another 
in—1 Such sets that do not contain the vertex x,.. (ii) The vertex y, is included 
in the independent set. Now neither of the vertices x,, or y,—1 can be used. So, 
in this case, there are i,,_2 independent sets that contain the vertex x,_1, and 
another i, 2 independent sets that do not contain the vertex x,1. These two 
cases lead to the recurrence relation 


in = 21,4 + 4 ey ig = 1, i= 3: 


(Here we determined that i9 = 1 from i2 = 8.) 
To solve the recurrence relation, we consider the characteristic equation 


p= Ip? =0, 


for which the roots are 1 + /3. Therefore, 


in = c(1 + V3)" + c2(1 — V3)". 
To determine the constants c; and c2, we use the initial conditions and find that 


1=ip =c1+c2 
3 =i = c1(1 + V3) + c2(1 — V3). 


PART ONE: THE FIBONACCI NUMBERS 321 
This leads to cy = (V3 + 2)/(2/3), c2 = (V3 — 2)/(2V3), and 


(/3 +2) 


Is (ip a3)" + 


In = 


Sra 


. Let i, count the number of independent sets of vertices for the given graph 


with 2n vertices. If the vertex y, is included in the independent set, then we 
cannot include any of the vertices y,1, x,-1, OF x,. There are i, 2 such sets 
of vertices— and an additional i,,2 independent sets for when we include the 
vertex x,, thus excluding the vertices x,-1, y,—1, and y,. Furthermore, there 
are i, 1 independent sets when both x, and y, are excluded. This leads us to 
the recurrence relation 


Sate S38 SS. 


From i and iz, we determine ig = (1/2)(5 — 3) = 1. 
The characteristic equation for this recurrence relation is 


r?—r—-2=0, 


so the characteristic roots are —1 and 2. Therefore, i, = c1(—1)” + c2(2”). To 
determine the constants c and cz, we consider 


l=ip9 =c1 +2 
3=i=-c1+2c, 


from which it follows that c; = —(1/3) and cz = 4/3. Consequently, 


. eal n 4 n 
— (=)-n + (5)2 ), n=O. 


. Proof: If the result is false, then there is a first case, say n =r > 0, where 


gcd(L,, Ly41) > 1. However, gcd(L,-1, L,) = 1.Sothereis a positiveinteger 
d such that d > 1 andd divides L, and L,+1. But we know that 


Lyi = Ly + Ly-1. 


Soif ddivides L, and L,+1, itfollows that d divides L,_1. This then contradicts 
gcd(L,_1, Ly) =1. Consequently, gcd(Z,, Ln+1) = 1forn = 0. 


. gcd(Lo, £3) = gcd(2, 4) =2 41. 
11. 


Proof (By Mathematical Induction): For n = 0, we have )x°_, L? = L2 = 
2? =4=(2 x 1)4+2 = (LoL) +2 = (LoLo+1) +2. This demonstrates that 
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the conjecture is true for this first case and establishes the basis step for our 
inductive proof. So now we assume the conjecture true for some n = k (> 0) 
and this gives us ear L? = Ly Lyi + 2. Tumingtothecasewheren =k +1 
(> 1), we have 


k+l 5 k 
ae i ba L ,) + Ligy = LeLeyi +24 Liga 


= Lyle + Levi) + 2 = Lez Les2 + 2. 


Consequently, the truth of the case for n = k + 1 follows from the case for 
n =k. So our conjecture is true for all n > 0 by the Principle of M athematical 
Induction. 

Aslo=2,)>, = 12 — 2 = Lalnyt +2—4 = Lalngi — 


13. Proof (By Mathematical Induction): We see that for n=O, 
yoo La = Lo =2=141=114+1=Ly1it+1. So the result 
is true in this first case and this establishes the basis case for our 
inductive proof. So now we shall assume the result is true for some 
n=k (> 0), that is, S7t9 Lo, = Loe +1. Then, for n=k+1 (> 1), 
we find that >**} La, = (Sho Lar) + Let) = (Loega + 1) + Lae = 
(Lag4a + Log42) 41 = Logy3 +1 = Lae+1)41 +1, so the result is true for 
n =k +1. Consequently, the result follows for all n > 1 by the Principle of 
M athematical Induction. 

As Lo =2, ye. Di as gear — 2 = (Lanti + 1) —2 = Lang1 — 1. 


15. Proof (By Mathematical indluctoa For n = 1, we see that 7) yr, = 
1213 =1-1=1, while nLyjs2 — Lyy34+4=1L3-L4+4=1(4) -74+ 
4 = 1,s0 the result is truein this first case. This establishes the basis case for our 
inductive proof. Next we assume the result is true for some n = & (> 1)— that 
is, we assume that a rLy = kLx42 — Ley3 + 4. Now, forn =k +1(= 2), 
we have 


yo Hy = Ss rL, + (k+1) Ley 
= (kKLp42 — Ley3 +4) + (K+ 1) Le 
= [(k +1) Lega — Lega — Lep3 t+ 4) + (K+ 2) Liga 
= [(kK + 1)Lag2 + (k +1) Lega] — (Lega + Ley3) + 4 
= (k+1)(Leg2 + Lei) — (Lege + Le43) +4 
= (kK + 1)Le43 — Legg +4 = (k + UI) Lesayg2 — Lyesi43 +4. 


So the result for n = k + 1 follows from the result for n = k. Therefore, by 
the Principle of Mathematical Induction, this weighted sum formula (involving 
the Lucas numbers) holds for all 7 > 1. 
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Alternate Solution Using the Result in Exercise 10: 
Soyer = 1 + 22 +33 ¢ + + (n— DLpa tal, 


7 n n n 
=S°L-+50L-+ 501-4 = BES: b+ Yb 
r=1 r=2 r=3 


r=n-1 


For this sum, note, for example, that L2 occurs only in the first two summations 
while Z3 occurs only in the first three summations. Continuing we find that 


n n n 
Be eee ee rss b+ dol 


r=n—1 
1 n 2 
= Ll (Su -S°L, +(Su- Yon} 4 
r=1 r=1 r=1 r=1 
n n—-2 n n—-1 
+ (1-8) + (se-Se] 
r=1 r=1 r=1 r=1 
n 1 2 n—-1 n n—-1 m 
=nSotr= (Suit bt 1) =aSote- 9" (Sote} 
r=1 r=1 r=1 r=1 r=1 m=1 \r=1 


=n(Ln42 —3) — ya (Lm+2 —3), by Exercise 10 


n-1 n-1 
= nny? —3n—Y 7 Lmi2t D7 3 


n+1 
= nLy+2 — 3n— ar Ly +3(n—1) 


= nLy42 —3n— ope Ly —-Li- 12) + 3(n —1) 


+1 F 
= nLn42— a bk +4—3 = nbn42 —(Ln43— 3) +1, also by Exercise 10 
= nLhy42 — Ly43 +4. 


17. Proof: Using the Binet form for the Lucas numbers, we find that 


ee 0 ¢ \ipbas k= ees (i) (a Sie B*) (an 4 pe) 
= ee: ; (7) (a” 1 ot —* Bk + oc pr-k 4 p") 
—— (a" +p") +>) (r)a"* Bk +0) (Rak pr 


=Ln >, (i) +(e + py" + (a+ A)" 
ore since a+fh=1. 
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19. 


21. 


23. 


25. 


27. 
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L n+1 n+1 n 
lim fant = lim Oe eR = lim a+ B(B/ox)" 
n>oo Ly noo gt + pn noo 1+ (B/a)” 


Since |B/a| < 1, liMp+oo (B/a)” = 0. Consequently, 


bee 


iis as ye 


lim Fy n—>0oo qr — B n>oo «J — (B/a)” 


Since |B/a| < 1, liMn—+oo (B/a)” = 0. Consequently, 


Proof: 
ERD = (ot + ety + (att + ptt)’ 
= qe + p2" he 2(ap)” 4 gent? + ponte ue 2(ap)"+1 
= (2" 4 p2") 4 (q2ht2 4 g2nt2) [Since 2(ap)" + 2(ap)"tt 
= 2(-1)" + 2(-1)"*! = 01] 
= Lon + L2n42- 


Proof: This result follows from Candido’s identity, which is given in part (a) 
of Exercise 24 for Chapter 4. 

Replace aby L,, and b by L,41 in Candido’s identity. The result then follows 
since Ln42 = Lagi + Ly =atb. 
Proof (By Mathematical Induction): Since L3.9 = Lo = 2, the result is true 
for when n = 0. This establishes the basis step for our proof by induction. Now 
assume the result true for somen = k (> 0). That is, assume that L3, is even. 
Forn =k +1, wehave 


L3(e41) = £343 = L3e42 + L3K41 
= (L341 + L3x) + L3e41 
= 213441 + Lz. 
Since L3; is even by the induction hypothesis, itnow follows that 213,11 + L3,x 


is even— that is, £3441) is even. Consequently, the result follows for all n > 0 
by the Principle of Mathematical Induction. 
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29. Proof: Using the Binet form for the Lucas numbers, we find that 


ys (") Leh mi = As (") (a + Bp”) (gore + peo) 
n n mn a ig mn B ie mn a 
_ ae (") (- re ($) pe + (é) ae” + B 
n n mn " a oe a 
_ (a’”” 4+ ae ae (") + B ae (") (=) ; 
mn y n p" mt 
+a De (') (=) : 
= 2" Lin + pn (: + =) +a" (: + “) 
pm am 


pm qi” 
— Pied bere + (p”" + a)" + (a’” + p”)" 
= 2" Linn + LE 4+ LE = 2" Linn + 2L7. 


Exercises for Chapter 13 


1. (a) If CindaandK atelyn placeal x 2 curved rectangular tile on curved squares 
n and 1, then the remaining 23 curved squares can be covered in F24 ways. 
Otherwise, they can tile the 1 x 25 curved chessboard in F6 ways. Since 
Fy-1 + Fai = Lp, there are L25 (= 167, 761) ways in which Cinda and 
Katelyn can tilea1 x 25 circular chessboard under these conditions. 
Consider a1 x n circular chessboard, for n > 4. If we do not use the nth 
square, then we can place nontaking kings on the resulting 1 x (mn — 1) 
chessboard in F;,+1 ways. [We observed this in Example 8.1.] If we use the 
nth square, then we cannot use the squares at positions 1 and — 1.S0 now 
we can place nontaking kings on the resulting 1 x (m — 3) chessboard in 
F,—1 ways. So nontaking kingscan beplaced onal x n circular chessboard 
iN Fy—-1 + Fa41 = Ln ways, from Property 13.1. (Note that this result is 
also true form = 0, 1, 2, 3.) Consequently, Cinda and K atelyn can place 
nontaking kings on their 1 x 25 chessboard in L25 (= 167, 761) ways. 

3. Proof: Using the Binet forms for the Fibonacci and Lucas numbers, it follows 


that F, Ln = (=F) (o” + B") = (=F) = Foy. 


a— a—B 

5. Proof: Using the result from E xercise 4, we find that L,_-1 + Ln+1 = (Fn-2 + 
Fy) + (Fy + Fn42) = 2 Fy + (Fn42 + Fr-2) = 2Fn + (Fata t+ Fa t+ Fa _ 
Fy,-1) = 4F, + (Fn4i — Fr-1) =4F,+ Fh = 5 Fn. 

7. Proof: Start with theresult from E xercise5 and add L,, to both sides of that equa- 
tion. This resultsin(Ly, + Ly)-1) + Ly41. =5FyptLn, OF LasitLnsi = 
2Lnat =5Fa + Ly. 

(Note: This result is the same aS 2Ln41 — Ln = 5F,, whichis given in Prop- 
erty 13.4.) 


= 
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9. Proof: Using the Binet forms for the Fibonacci and Lucas numbers, we find 


that 
LamL2n = (o?™ + B°")(a?" + B2") 

= qainten ae 220 (yn Ben ) ae B22" (2 Ber) ue pa 
= qainten 4 a2" 22 (eypyen oe B22" (qep)2” eh pemten 
= qainten fe o2m—2n(_4)2n Ee por Sis 2 pone 
= qanten fe einen a poe ale pemten 

while 

2 Qi 3 Bes 2 
ioe a5 Re! — (arr + prt") +4 5 [a] 


= (ar pm)? (an — p—r)?, since a — p= V5 


= 242m 4. Bdm42n 4 IeBymtn 4 o2m—2n 4 p2m—2n _ I yByn—n 
= tmt2n 4. gdmt2n 4 9(_ymtn 4 gdm—2n 4 gdm—2n _ 9(_yymon 

= 2t2n 4. Bdm42n 4 2m—2n 4 p2m—In 4 T(_yymtn _ (_y)m—"] 
= yt2n 4. gdm42n 4 oy2m—2n 4 p2m—In 4 T(_ymtn _ (_yym—n+2n] 
= t2n 4 pdmt2n 4 y2m—In 4 gdm—2n 4 91(_yym4n _ (_yymtn] 

= qt2n 4. gdm42n 4 g2m—2n 4 B2m—2n 4 919] 


23 qainten + pe" 2n + 2m 2n An poe 


Consequently, Lan L2n = L?,,, + 5F2 


m+n m—n' 
11. Proof: Using the Binet form for the L ucas numbers, the Binomial theorem, and 
the facts that /5 =a —6=1-—2f and—V/5 = B-—a=1- 2a, wehave 


2n 2n\ .,_ 1 2n 2n 1 2n 2n 
Deel ( k yz ‘Ls 2 Dy tees ( k a Lie) Dele! ( k a 
uf 2n 2n 1 2n 2n 
= 5 (20 + 5 ie (3) 20 
1 2n (2n fs 1 2n (2n fs 
= 5 aca (ie emt, (7) een 


2 1 2n 1 2n __ 1 2n 1 2n 
= z(t — 2a)" + z(t — 2p)" = 5(-v5) + 5(V5) 


1 n n\ _ en 
= 55 5%): = 5", 
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13. Proof: From the Binet forms for the Fibonacci and Lucas numbers and the 
Binomial theorem, we find that 


n 


2 (ate 2) (Gag) ee) 


k=0 k=0 
ss 2 o) ( — afk Bk + otk pr-k a! r) 
mn a—B 
7 n n a” — ) n (") atk pr—* n (:) op 
= + = 
a= d. k} a-B > k) a—B 
= a” — pr n n 1 n 7 bas 
(J) EW tay es 
1 : u n—k ak 
pa d (j)« B 
1 1 
= Fil") + Gla + 8 gla + BY" = 2" Fe 
15. Proof: 


o2nt3 _ gint3 gdn-3 __ p2n-3 
a— Bp a— Bp 

= of" — p%(op)2"-3 — o®(ap)2"-3 +. a” 

= (04 + 4") — 96(—1)2"-3 — p6(—1)2"-3 


= Lan + (a® + B®) = Lan + L6 = Lan + 18. 


53 Fon43 Fn-3 = 5 


17. Proof: From the Binet forms for the Fibonacci and Lucas numbers, we find 
that 
gi”? — pn qintn a pintn 
a—Bp a—Bp 
= (a -_ Bi") (a — pn"), since a— p= J5 


~ qemtn _ aint" pm _ a” pntn cit pomtn 


5 Fin Fntn = 5 


= (amen 5 per") — (apy(al" + 6") 


= Lamin —(—-1)"Lp, since of = —1. 
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19. Proof: From the Binet forms for the Fibonacci and Lucas numbers, we find 


that 
Pobeiee € —B ) (qin +p") 
a— B 

_ qzmtn = itn gin +4 a” pntn = pemtn 
= a= B 

q2m tn 2m-+n qq”? — Br 
= Fo — apm —F 

a— B oie 
= Fomin —(-1)"F,, since of = —1. 
21. (a) Proof (By the Alternative, or Strong, Form of the Principle 


0, 


of Mathematical Induction): When n=1, 232L,+144L) = 
232 + 144(2) = 520, which is divisible by 10. For n=2, 
232L2 + 1441; = 232(3) + 144(1) = 840, which is also divisible 
by 10. These two results constitute the basis step for our inductive 
proof. Now assume the result true for n=1,2,...,k —1,k (= 2). 
That is, assume that 232L,+144L,_1 is divisible by 10 for 
n=1,2,...,k—1,k (> 2). Forn =k+4+ 1 (= 3), 232L, + 144L,_1 = 
232L p41 + 1441, = 232(Ly + Ly—1) + 144(Ly_1 + Ly_2) = (23214 + 
1441-1) + (232L;,_1 + 144L;,_2), where both summands are divisible 
by 10, from the induction hypothesis. Consequently, 232L,, + 144L,_1 
is divisible by 10 for all n > 1, by the Alternative, or Strong, form of the 
Principle of Mathematical Induction. 

Examining Table 12.1, we find that the units digit for Lo and Lj is 2, the 
units digit for Ly and L33 is 1, the units digit for L2 and Ly4 is 3, ..., the 
units digit for L131 and L23 is 9, and the units digit for Ly2 and Ly, is 2. 
Since no repetitive scheme appears for Lo through £11, we conjecture that 
the period here is 12. To prove this, we need to show that 


= 


for n >0 and r > 0, with r fixed, L12n4,—L, is divisible by 10. 


Proof (By Mathematical Induction): Form = 0, Liang, — Ly = Ly — Lr = 
which is divisible by 10. Consequently, the result is true for n = 0 and this 


establishes the basis step for our inductive proof. Assuming the result true for 


so 


me arbitrary, but fixed, value k (> 0), we have Li2,4, — L, divisible by 10. 


Now forn = k+1(> 1), we find that 


Li7k+)+r — Lr = Li2e+r)412 — Lr 
= Fy3Liaese + FizLirey(r—1) — Lr, by Exercise 20 
= 233Ly2K4r + 144L12K4(r-1) — Lr 
= 233( Liar — Ly) + 144(Lin+(-—1) — Ly) 
+232L,+144L,_1. 


23. 


25. 


27. 


PART ONE: THE FIBONACCI NUMBERS 329 


By the induction hypothesis (for n = & and r and, consequently, r — 1 fixed), 
Linkgr — Ly and L12¢4(r-1) — L(r—1) are both divisible by 10. From part (a), 
232L, + 144L,_1 is divisible by 10. Therefore, the result follows for all n > 0 
and r > 0, with r fixed, by the Principle of M athematical Induction. 


Proof: (By the Alternative, or Strong, Form of the Principle of Mathe 
matical Induction): For n =1, 3"-!—L, =39—L, =1-1=0=0:-5. 
Likewise, forn = 2,3”! —L, =3! — L2 = 3-3 =0=0-5.So the result 
is true in these first two cases and this establishes the basis for an inductive 
proof. 

Assuming that 3"—! — L, is divisible by 5 form =1, 2, ..., k (= 2), we 
consider the case for n = k + 1. We find that 


BUT rey = 3-3"! — (Lg + Le) 
ahha Dap a ee 
Be (aaa te eS ee Be 
= (3-1 _ 7,)42-3-3"? -— 2-4 
ao (BRN Teg Von BP (gk? ea), 


where (3-1 — £;) and (3*-? — Lx_1) are divisible by 5 from the induction 
hypothesis. The result now follows for all n > 1 by the Alternative, or Strong, 
form of the Principle of Mathematical Induction. 


0 
Proof: For n=O, og Gr = Dy Gr = C0 = b- = G)-a= 


n 1 
Goi2 —€@= Gn42—a. For n=1, 9 Gr = G,=Go+Gi= 
(b—a)+a=b= (a+b) —a=G3 —-a=G142 — a=Gn42 —a.Forn > 2, 


n n 
eg Gr = Go Gi + D0, (aFr-2 + bF,-1) =(b-a) +a 


n n 
+a Se F,-2 +b Does Fy-1 
n—2 n—2 
= bay” 4 F, HD Nios F.41 =b+a(F, —1) 
+b(Fy41—1), by Property 4.5 
= aF,+bFy4it+b-—a—b= (ak, + bFy41) — a = Gni2-a. 


Proof: 


n 2n n 
ae G2, = ar G; — oe G2r-1 
= (G2n42 — a) —[G2, +(a—b)], from Exercises 25 and 26 
= G2n+2 — Gon —-a-a+b 
= Grn41+b—2a 
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29. Proof: 


ae Gmntr = o_9(@Fmtr-2 + bFin4r—1) 
pr2tb Yn Pid 


a(Fin-2 + Fn-1t +++ + at 2) DU Pint Pe ee Be) 
a [(Fintn — 1) — (Fin-1 — 1)] + 0 [(Fingnga — 1) — (Fin - = 

A Fingn — Fin—1) + b( Fingnt1 — Fin) 

= (PF nin + bFimsnsi) — (aFn—-1 + bFin) 


| 
a 
M 
i 
oO 
= 


= Gm4n42 = Gin+1 


31. (a) liMn—co(Gn/Fn) = 
(b) liMn—+oolGn /Ln wer 
33. (a) (i) w= ( (1+ V5)/2, a = (34+ J5)/2, B=a%+a=(4425)/2 
andat = a3 +07 = = (74+ 3/5) /2 = (Lat Fav5)/2. 
(ii) In general, a” = (L, + F,/5)/2. This follows from L, =a" + p” 
and F, = (a” — p")//5. 
(b) (i) B=(1—V5)/2, 62 =(3-V5)/2, B =p? +6 =(4-2V5)/2 
and B4 = oo rae 5)/2 = ( a 
(ii) In general, 6” = (L, — FyV5)/2. 


Exercises for Chapter 14 
1. Proof (By M athematical Induction): For n = 1, 


er ae 
1 0 


so the result is true in this first case. This establishes the basis step for our 
inductive proof. Now assume the result true for some n = k (> 1). That is, 
assume that for n = k, 


Fy Fy 
Fi Fo 


Qk — Fest Fe 
Fy Fe_i| 


Then forn = k+1(> 2), wehave 


1 1 Fray Fr 
n k+1 k oe 
Q Q QQ 0 Rd 
| Fait he Fet Fei) | Feo Fa 
Fray Fy Frit Fe 


PART ONE: THE FIBONACCI NUMBERS 331 


Consequently, the result is true for all » > 1, by the Principle of M athematical 


Induction. 
3. 
Fut |i Fi 
tim oe tim [Fett Fe | |lMnrco Bat HMarco FA] _ fa? a 
n>oo Fry nc Fy | Fy Fy-1 iM, +00 Fs liMn-s00 2 al 


Since a? = w + 1, the answer can also be written as 


a+l a 
a 1} 


5. Proof: Take the tangent of both sides. On the left, we obtain tan(arctan 2) = 2. 
On the right, we find 


2 tan(arctan |A}) 
1 —tan2(arctan ||) 


tan(2 arctan |A|) 


— 2I6l 2 IB 

~ 1-|pe 1-6 

SPIBl 2 (ER) 24 
-pB = -B 


The result then follows because the steps shown here are reversible. 
7. (a) 


male? wal 8 wal|b 2 wa [34 
et es eo ~ 18 134’ ae 34) 2 ~ 155 89] " 


(b) 


1 1 i, &£F: 
Wz = 1 2 We = 2 3 = P3 Fy 
1 2 Fy FP3 3.5 Fy Fs 
ek 5 8 = Fy Fe . apis 13 21 2 Fy Fe 
8 13 Fe Fl 21 34 Fg Fo 


we 34 55 z= Fo Fig 
55 89 Figo Fir 
Based on these five results, we claim that for n > 1, 


ay? = Frn-1 Fan 
Fn F2n4 
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Proof (By Mathematical Induction): We see that the claim is true for 
n = 1 (as well as, 2, 3, 4, and 5). This establishes the basis step for our 
inductive proof. So assume the result true for some n = k (> 1)— that is, 
assume that 


Foe-1 Fox 
Poe Fst 


Me = 


Now consider what happens when n = k + 1 (> 2). We find that 


Ree ee oe ner (ge 
7 = ekerezi (NL | Vie 22 


et) |e be |||) Fae Pees Pee Pe 
1 2 Fo Foy Foy +2Fo, Fox + 2 Ford 
_ F2K41 F2K+42 
(Fox-1 + For) + Fo, (Fae + Forsi) + Foes 
a F2k+1 P2K+2 
Pops. t Foe Foesa + Forti 
| Fakta Faks2 | | Fan-1 Fan 
Forg2 F243 Foy. Faget’ |" 


It follows from the Principle of M athematical Induction that 


gnc. Fon-1—F2n 
Fn Fon41 
forall n > 1. 
(c) 
M" 1 Fyn-1 Fn 
lim = lim —— 
n>0o Fyn y 200 Fan. | Fan Fans 


I 
3 


F2n 
. 1 F2n-1 = 1 a 
n—>oo F2n F2n41 = Qa a 


Fy-1 F2n-1 
Since a? = w + 1, the answer can also be expressed as 


1 a 
a at+l 
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9. The value of the determinants in parts (a) and (b) is 0 because in both parts, 
the third row of the determinant is the sum of the first and second rows of the 
determinant. In general, forn > 3, the valueof thefollowingn x n determinant 
is 0. 


Fy Fp P3 i Fi, 

F2 P3 Fy se URS, 
F3 F4 Fs tte “UD 
Fy Fri Fn+2 wee Pan-1 


11. (a) det(A,) = the determinant of A; = |3| = 3 


-—l 
saan) =| 3 3 = 3.3-—(-1)(-1)=9-1=8 
3 -1 O 
3 -1 -1 -l 
det(A3)=]-1 3 -1 ae 3 Astea1\(=1\er* ae 
0 -1 3 
(Expanding by the top row) = 3(8) + (—3) = 21 
7 Be ‘i gia 
det( Aq) = ae 4 Wee det( As): (UE) 82) °0. 3: 1 
-—l 
0 0 -1 3 Y ; 
3 -1 


(Expanding by the top row) = 3(21) — 


-1 3 
(Expanding by the first column) = 3 det(A3) — det(A2) = 63 -8 = 55 
(b) Since det(A1) = 3= Fy, det(A2)=8= Fe, det(A3) = 21 = Fs, and 
det(Aq) = 55 = Fo, it appears that for n > 1, det(A,) = Fon42. 
Proof: The result is true form = 1 and n = 2. This establishes the basis 
for a proof by theA Iternative, or Strong, form of the Principle of M athemat- 
ical Induction. Assume the result true forn = 1, 2, 3, ..., k—2, k-—1 
(> 2). Then for the case where n = k (> 3), we have 


-1 -1 0... 0 
0 3 -!1 0 
det(A,) = 3det(A,_1) + 
—1 
0 oO O -1 3 


(Expanding by the top row) 
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= 3det( A,_1) — det(Ax_2) (Expanding by the first column) 
= 3Fo(e-1)42 — Fa(e—2)42 = 3 Fon — Fo-2 

= Fo + 2 Fo, — For-2 = For + Far + (Far — Fax-2) 

= Foy + (Foe + Foe-1) = Fax + Farsi = Foxy. 


Consequently, the result is true for n > 1 by the Alternative, or Strong, 
form of the Principle of M athematical Induction. 


Exercises for Chapter 15 

1. Since57 = 3-19 and 75 = 3- 52, wehave gcd(57, 75) = 3. Therefore, by the 

gcd Property for the Fibonacci numbers, we have 
gcd( 57, F75) = Fgca(57,75) = F3 = 2. 
Without the gcd Property, we would be trying to determine the greatest 
common divisor of 365, 435, 296, 162 (= Fs57) and 2, 111, 485, 077, 978, 050 
(= Fy5). Since 365, 435, 296, 162 = 2 - 37-113 - 797 - 54833 and 
2, 111, 485, 077, 978, 050 = 2-5? - 61 - 3001 - 230686501, 
we see that the greatest common divisor of these two integers is 2 = F3. Buta 
great deal of calculation is needed to determine the prime factorizations of 
365, 435, 296, 162 and 2, 111, 485, 077, 978, 050. 
3. No! Consider the following counterexample. 


gcd(L3, Le) = gcd(4, 18) = 2, but Lgca(3,6) = L3 = 4. 


Exercise for Chapter 16 


1. To obtain the a, ternary strings of length n forn > 3, consider the a,_, strings 
of length n — 1. If we append 0 or 2 to the end of each of these strings, we 
obtain 2a,_1 of the a, ternary strings of length n. If we append 1 to each of the 
d,_1 Strings of length n — 1, wehave included strings that end in 21. How many 
such strings are there? There are a,,_2 strings of length m — 1 that terminate 
with 2. So there are a,_1 — ad,—2 ternary strings of length m that end in 1 but 
do not end in 21. Consequently, 


Gn = 24n—1 + (Gn—1 — Gn—2) = 3Qn-1 — Gn-2,. n>3, a1 =2, a2 =5. 
Solving this recurrence relation, we find that 


7" ; (a 4 p) +5 (=) (0 = a) 
1 


2 


1 
Lin + = Fan = 


5 (2Fon+1), by Property 13.3 
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Exercise for Chapter 17 


1. (a) Let a, count the number of ways one can arrange n circles according to 


the four conditions stated in the exercise. If the circle at the right end of the 
bottom row has no circle in the upper row resting on it, then upon removing 
this circle (at the right end of the bottom row) we have a,_1 arrangements. 
If not, then there is a circle at the right end of the upper row and this circle 
rests on the circle at the right end of the bottom row. When both of these 
circles are removed, we have a,_2 arrangements. Since these two cases 
exhaust all possibilities and have nothing in common, it follows that 


a) = 4-1 +4n-2, N= 3: a=1, a=1. 


Consequently, a, = F,, for n > 1. 
(i) (3) = 1, (ii) @) =8, (iii) 3) = 21, (iv) (8) = 20, (v) G) =5. 
Le Sb 214 20-5 = 55 = Fig: 


For n > 1, the number of arrangements of n circles, satisfying the four 
conditions, is 


Un—-1)/2] 4) 4; 
Fn = ae (”" : By 


where [(n — 1)/2] denotes the floor or greatest integer in (mn —1)/2. (In 
general, for any real number x, (i) Lx] = x, if x is an integer, and (ii) Lx] 
is the largest integer smaller than x, if x is not an integer. When x is not 
an integer, then |x| is the integer immediately to the left of x on the real 
number line.) 

(Note: The formula in part (d) provides another combinatorial proof for 
the result we established in parts (a) and (b) of Example 5.6.) 
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Exercises for Chapter 19 


1. Proof: 


2n 2n (2n)! (2n)! 

(“") 7 Ga ~ ala! (n—1!(n +1)! 
(2n)!(n + 1) (2n)!n (2n)![(n +1) —n] 
(n+1)!n! n'(n + 1)! (n+ 1)!n! 


= (a) = (es) (7) 


(Note that the formula C, = (1/(n + 1)) (2") is valid for n > 0, not just 


n 


n>1,) 


336 SOLUTIONS FOR THE ODD-NUMBERED EXERCISES 


3. Proof: 


~( 2n ) ae | (2n)! (2n)! 


n—-1) n(n—1)'\(n+1)!! nlin+))! 


_ 1 (2n)i 1 Cate 


n 


n+1n!n! n+l\n 


[This result also follows from the previous exercise because (,7”,) = (,7", 
5. Proof: 
a( ‘) 7 ee ') 
— A(2n—1)! — (2n +1)! 
~ nl(n—1)! nl(n +1)! 
_ A4n(n + 1)(2n — 1)! — (2n + 1)! 
= n'(n +1)! 
1 (2n)(2n + 2)(2n — 1)! —(2n +1)! 
~ n+l | nin! | 
ee! aoe —(2n+ as 
~ n+l nin! 
ee! (2n)! - 1 2n £3 
n+l | 7 (=) i) ae 
7. Proof: 
1 ea =, of (2n + 1)! = (2n)! 
2n+1 n ~ Int lant(ntl)! (n+1)(n!)(n!) 
ol (2n)! ol 2n\ _ é 
~ nt 1(nl)(n!) — (7) = ee 
9. Proof: 
ee - -2/ 2n ) _ (2n + 1)! (2)(2n)!(n) 
n+1 n+1) vnl(n+2)!o (nt D!(n—1)l(n) 


(2n +1)! —2n(2n)! = (2n)![2n + 1 — 2n] 


(n!)(n +1)! (n +:1)(n!)(n!) 


Ae gate (2n)! 4 2n = 
=o saals) = ay 
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2n 2( 2n 
i :, =(, io) 

(2n)! 2 (2n)! 
(= ) 2 n (x ea) 


2(n — 1)(2n)! 

“ n(n + 2)! 

+ 2)(2n)! + 2(n — 1)(2n)! 

n\(n + 2)! 

(2n)![2n + 4+ 2n — 2] 
n\(n + 1)! 

(2n)!(4n + 2) 

n'(n + 1)! 
(2n)!(2)(2n + 1) 


) 
) 
5) ni(n +1)! 
) 
) 
) 


11. Proof: 


(2n)!(2)(n + 1)(2n + 1) 
(n + 1)(n!)(n + 1)! 
(2n + 2)(2n + 1)(2n)! 
(n+ 1)!(n +1)! 
(2n + 2)! 
(n+ 1)!(n +1)! 


_ a :) ee 


(n+1)+1\ n+1 
13. Proof: 
Ce) ( 4n ) _ ts (4n)! 
2n 2n—1 2n (2n — 1)!(2n + 1)! 
_ i) 1 = (4n)!(2n) 
2n 2n + 1 (2n)!(2n)! 
= (") | 2n 
2n 2n+1 
= & = 2n 
2n}/ |2n+1 2n+1 


4 2(2n) a, 
~In+1\ 2n ) ae 


15. (a) Proof: 
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2) 


AG 
2) 


n 


n 


n 


i 
zi 
ae 
AS 
Ge 


( 
2) (+ 
2) (+ 
2) (+ 


2n — Ve 3 (27). a DY 


2n — Ce. 3 (#5 *). Cyye 


(2n — 1)(2n — 3)(2n — 5)--+1 
a i 


Ja 


_ (2n — 1)(2n — 3)(2n — 5)---127n! 


Ja 


Qn 


2"n! 


_ (2n— 1)(2n — 3)(2n — 5)---1(2n)(2n — 2)(2n — 4)---2 
2" 


(2n)! 


(2n)! Vz 


~ 2n2nn! 


(b) Proof: 


( 


qn 


jr= 


4rn! 


T(n + (1/2)) 


i 


2"n! 


Ja 


) 


T(n + 2) 


(a) ( 


(2n)!./7 1 
Any! ) (7 +1)! 


7 (2n)! 2 (2n)! 
~ alla +1)! (n+ aln! 
1 (2n)! 1 i) 
; = GC): 


n+1n!n! = 


“n+l 


17. (a) Here we must travel five steps to the right and five steps up. This is similar 
to the result in Example 19.1 and the number of paths allowed here is 
Cs = 42. 
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(b) In this case, the number of steps to the right is eight and the number of 
steps up is also eight. Therefore, the number of paths that are allowed here 
is Cg = 1430. 

19. (a) In total, there are (73) = (%”) paths from (0, 0) to (12, 7), each made up of 
12 R’sand seven U's. From these (13) paths, we delete those that violate the 
stated condition— namely, those paths where the number of U's exceeds 
the number of R’s (at some first position in the path). For instance, consider 
one such path: 

RRRURUUUURRRRRURRRU. 


Here the condition is violated, for the first time, after the fifth U. Trans- 
form the given path as follows: 


RRRURUUUU!RRRRRURRRU 
eoRRRURUUUUUUUUURUUUR. 

Here the entries up to and including the first violation stay unchanged, 
while the entries following the first violation are changed: R’s are replaced 
by U’s and U's are replaced by R’s. This correspondence shows us that the 
number of paths that violate the stated condition is the same as the number 
of paths made up of thirteen U’s and six R’s. So there are (;3) paths that 
violate the condition. 

Therefore, the answer is 


ce) 7 i) 19! 19! 19!(13) — 19!(7) 


12 13) 12!7! «13!6! ~13!7!~——s«3!7! 


(6) 19! (1241-7) /19 
=h ey ie aed cp lag 


(b) Here the answer is 


(“e"\_ (met) mee (m+n)! 
n n+1/) alm! (n + 1)!(m — 1)! 
(m+n)!\(n +1)—(m+n)!m 
(n+ 1)!m! 


o (+5) (mse) 
i n+l n'm! 
7 (5) eS) 
a n+l n , 


[Note that when m = n, this final result takes the form (Ar) Cy; the 
formula for the nth Catalan number.] 


340 SOLUTIONS FOR THE ODD-NUMBERED EXERCISES 


21. (a) When she can touch the diagonal, the number of routes that M ary Lou can 
travel is Cs = (4)(2) = 42. 

In this case the first step isR: (0, 0) — (1, 0) and the last step is U: (5, 4) + 
(5,5). The number of ways that M ary Lou can travel from (0, 0) to (5, 5) 
without crossing or touching the diagonal (y = x) is the number of ways 
that M ary Lou can travel from (1, 0) to (5, 4) without crossing (but perhaps 
touching) the line y = x — 1. This is the same as the number of ways that 
Mary Lou can travel from (0, 0) to (4, 4) without crossing (but perhaps 
touching) the diagonal (y = x), and this is 


a-(Q)()- 


23. This is due to the fact that eee (@y = (*"). To show this, consider the 


(b 


= 


expansion of (x + 1)”. From the Binomial theorem, we know that the coeffi- 
cient of x” in the expansion of (x + 1)” is (2"), However, since (x + 1)?” = 


[(x+1)"? = One (")x') Oye Gear we may also write the coeffi- 
cient of x” as (5) (7) + (1) (a2) + G) (22) + + GG) + G6) = 


(5) (0) + (GG) +) G) + = + Gita) (itn) + GG) = Dog (3°. This 


follows because (”) = (,”_) for nonnegative integers n, r withO <r <n. 


Exercises for Chapter 20 


1. The number of ways one can parenthesize the product abcde fgh is C7 (= 429). 
3. Consider the binary strings made up of four 1’s and four 0’s, where the number 
of 0’s never exceeds the number of 1’s, as the string is read from left to right. 
For each such string, replace the first 1 (from the left) with s1, the second 1 
with sz, the third 1 with s3, and the fourth 1 with sq. Then, for the same string, 
replace the first 0 (from the left) with e;, the second 0 with eg, the third 0 with 
e3, and the fourth 0 with eg. From the result in Example 20.2, the number of 
such binary strings being considered here is C4 = 14. 
So Samuel can order these eight courses in 14 different ways and still satisfy 
all of the prerequisites needed to complete the minor in engineering manage- 
ment in eight semesters. 


Exercises for Chapter 21 


1. Thenumber of Dyck paths from (0, 0) to (8, 0) [=(2-4, 0)] is Cg. Thenumber of 
Dyck paths from (8, 0) to (14, 0) is the same as the number of Dyck paths from 
(0, 0) to (6, 0) [= (2-3, 0)]—and this is C3. So there are C4C3 = (14)(5) = 70 
Dyck paths from (0, 0) to (14, 0) that include the point (8, 0). 
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(ii) D,D*,D,D,D*, D*,D,D 
*,D,D*,D* (ii) D,D*, D, D, D*, D*, D, D* 


wie) 


AY 


(a) (b) 


7. The number of Dyck paths from (0,0) to (16,0) [= (2-8,0)] is Cg = 
(1/9) (‘f) = 1430. From Example 21.5, it follows that the number of times 
these Dyck paths meet the x-axis is Co = (1/10) (‘e) = 4862. 

9. Replace each D step with a 1, each R step with 1, —1, and each D* step 
with a —1. This results in the following sequences of 1’s and —1’s for parts 
(a)-(e) in Fig. 21.15: (a) 1,1,1,—-1, -1, -1; (b) 1,1, -1,1,—-1, -1; (c) 
1,-1,1,1, -1, -1;(d)1, 1, -1, -1, 1, -1;(e)1, -1, 1, -1, 1, —1. These are 
precisely the sequences that appear in Fig. 20.4 of Example 20.6. This corre- 
spondence follows upon replacing 3 by n, where n > 0. Consequently, the 
number of peakless M otzkin paths with a total of nm D and R stepsis C,,. 

1. Consider the case for n = 3. For the paths in Fig. 21.17, replace each D with 
1,1; each D* with —1, —1; each Ri with —1, 1; and, each R2 with 1, —1. The 
result for the path in part (a) of Fig. 21.17 is 1, 1,1, —1, —1, —1, which is the 
sequence of three 1’s and three —1’s that appears in part (a) of Fig. 20.4 in 
Example 20.6. The paths in parts (b)-(e) of Fig. 21.17 likewise correspond, 
respectively, with parts (b)-(e) of Fig. 20.4. Since this correspondence follows 
upon replacing 3 by n, we find that for n > 1, these particular two-colored 
M otzkin paths from (0, 0) to (m, 0) are counted by the Catalan numbers. 

. (a) Inthis case, all of the two-colored M otzkin paths are made up of m R1 steps 
and 10 — m R32 steps, for 0 < m < 10. The number of possible triples in 
this caseis (¢) + (7) + «+» + (79) = 22°. 

(b) For > 1, the number of such triples is 2”-1, 
15. (a) There are2!° possible outcomes for this situation with (“”) successes— that 
is, outcomes where there are five heads and five tails. So the probability is 
(‘?) /220 = 252/1024 = 63/256 = 0.2461. 
(b) Here the probability is C5/21° = 42/1024 = 21/512 = 0.0410. 


— 


i 
(oS) 


Exercise for Chapter 22 


1. This is an application of the ideas set forth on 2 by n Young Tableaux in 
Example 22.1. Heren = 6, so the number of ways to make these arrangements 
is Cg = 132. 
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Exercises for Chapter 23 
1. (a) (((ab)c)(de))  (b) ((((ab)(cd))e)( fg)) 


3. We know from Example 23.1 (and later from Example 30.1) that there are 


Cn_—2 ways to triangulate the interior of a convex polygon of n sides into n — 2 
triangles using n — 3 diagonals, no two of which intersect within the interior of 
the polygon. When we remove any one of these n — 3 diagonals, the result is a 
partition into n — 4 triangles and one quadrilateral. Suppose the quadrilateral 
is ABCD and that AC is the diagonal we removed. This partition, however, 
could have resulted from another triangulation where all the diagonals are the 
same except that now we have the diagonal BD instead of the diagonal AC. 
Consequently, for the C,,_2 possible triangulations, each with n — 3 diagonals, 
we arrive at twice the total number of partitions into n — 4 triangles and one 
quadrilateral. Therefore, the number of possible partitions in this situation is 


5 (" — 3) Cra = 5 (n 3) (<r) ( n—2 ) 


1(n — 3) Coes 1(n—3)  (2n—4)! 


~ 21) \an=2 2 (n — 1) (n — 2)'(n — 2)! 

1(n —3)(2n —4)(2n—5)! 1 (2n — 5)! 
mol) woolen 2 ee 
= 1 (n — 3)(2n — 4) (2n — 5)! (2n — 5)! 2n—5 
~~ 2 (n—3)(n—2) (n—1)"n—4)! (n -—Di(n—4)! an —4 7 


Exercises for Chapter 24 


1. Preorder Traversal: 


1, 2, 6, 12, 16, 17, 3, 7, 8, 13, 4, 9, 5, 10, 11, 14, 15, 18, 19, 20 


Postorder Traversal: 
16, 17, 12, 6, 2, 7, 13, 8, 3, 9, 4, 10, 14, 18, 19, 20, 15, 11, 5, 1 


3. (a) (i) This graph has four components, each an isolated vertex. (ii) This graph 


is connected. It has four vertices and six edges. It is the complete graph 
on four vertices and is denoted Ky. Here there is an edge for each pair 
of vertices. (iii) Here the graph is a path on four vertices. It is minimally 
connected in the sense that if any edge is removed (without removing the 
vertices for that edge), then the resulting graph is disconnected. (iv) This 
graph is connected. It has five vertices and seven edges. (v) This graph has 
three components. Two components consist of a single edge and the third 
component is an isolated vertex. (vi) This graph has two components. One 
is the complete graph Ky, described in part (ii), and the other component 
is a single isolated vertex. 

A unit-interval graph is connected when the only time the number of 1’s 
in its binary string equals the number of 0’s is at the end of the string. 
To determine the number of components, consider the string in (v), for 


Z 
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example. As we go from left to right, we find that the number of 1’s equals 
the number of 0’s for the substring 0011. Consequently, the two vertices 
for these two unit-intervals are the endpoints of an edge and this edge 
constitutes a component of the graph. Starting with the 0 in position 5 of 
the string, as we go from left to right once again, we find the substring 
0011, which gives us a second component consisting of two vertices and 
the edge they determine. Finally, the remaining substring 01 provides the 
third component for the graph. This time it is an isolated vertex. 

5. (a) For the binary string associated with a unit-interval graph G, start at (0, 0) 
and replace each 0 with a D step from (x, y) to (x +1, y+1) and each 
1 with a D* step from (x, y) to (x +1, y—1). The result is a Dyck path 
from (0, 0) to (2n, 0). Going in the reverse order, a Dyck path from (0, 0) 
to (2n, 0) yields a unit-interval graph on n vertices. 

(b) The unit-interval graphs on n vertices that are connected correspond with 
the Dyck paths from (0, 0) to (27, 0) thatnever touch the x-axis. Thenumber 
of these paths is C,_1, for if we have a path from (0, 0) to (2(n — 1), 0), 
we can move that path one unit to the right and one unit upward so that it 
now starts at (1, 1) and ends at (2(m — 1) +1, 1) [or (2n — 1, 1)] and never 
touches the x-axis. To this resulting path, we now attach a D step from 
(0, 0) to (1, 1) and a D* step from (2n — 1, 1) to (2n, 0). Furthermore, we 
note that this process is reversible. 


Exercises for Chapter 25 


1. Proof: Let aj €A. Should az be minimal, we are done. If not, there exists 
an element a2 € A such that a2 #4 a1 and a2Ray. If az is minimal, we are 
done. Otherwise, there exists an element a3 «A such that a3 # a2, a3 # ay, and 
a3Raz. Now, fortunately, this cannot continue indefinitely because A is finite, 
so at some point we find that 


azRar_1R:--RazRa2Ray, 


with a, minimal. 
3. (a) 45 = 32-5. There are 3 - 2 = 6 divisors for this partial order and they can 
be totally ordered in (1/4)($) = 5 ways. 
(b) 54 = 2-33. There are 2 - 4 = 8 divisors for this partial order and they can 
be totally ordered in (1/5)(§) = 14 ways. 


(c) 160 = 2°-5. There are 6 - 2 = 12 divisors for this partial order and they 
can be totally ordered in (1/7)(‘¢) = 132 ways. 


Exercises for Chapter 26 


1. Forn = 1, thereisonly one possible distri bution— namely, thereis one objectin 
box 1. Inthecaseofn = 2, there aretwo distributions. Welistthese as (i) 1, 1— 
meaning there is one object in each of boxes 1 and 2; and (ii) 0, 2— indicating 
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that there is nothing in box 1 and two objects in box 2. The distributions for 
n = 3 can be listed as 


(a) 0,0,3 (b) 0,1,2 (c) 0,2,1 (d) 1,0,2 (e) 1,1,1. 

If we subtract 1 from each entry in these distributions, we obtain the lists 
(a) —1,-1,2 (b) —1,0,1 (c) —1,1,0 (d) 0,—1,1 (e) 0,0,0. 
Reversing the order of the entries, we arrive at the lists 

(a) 2,—1,-1 (b) 1,0,-1 (c) 0,1,-1 (d) 1,-1,0 (e) 0,0,0. 


These are precisely the lists that appear in Fig. 26.5 of Example 26.5. 
Consequently, for n > 1, the number of ways we can distribute n identical 
objects into n distinct boxes numbered 1, 2, 3, ..., is thenth Catalan number 

Ch. 

3. (a) It follows from Example 26.3 that there are 1430 (= Cg) monomials in the 
complete expansion. 

(b) The sum of the coefficients of all the monomials in the complete expan- 
sion can be obtained by assigning the value 1 to each of the variables 
X1,X2, ..., xg. This is the same result we obtain when we assign the 
value 1 to each of the variables in Ta +x2+ --- +.x;) and this is 
1.2-3---8 =8! = 40,320. 

5. (i) The sequences are (a) 1,2 (b) 1,3 (c) 2,3 (d) 1,4 (e) 2, 4. 

(ii) Thesequences in part (i) can be placed in a one-to-one correspondence with 
the sequences in Fig. 26.1 of Example 26.1 as follows. For a sequence in 
Fig. 26.1, delete the leading 1 (= a), then add 0 to the second term (= az) 
and 1 to the third term (= a3). (In general, we add i — 2 to q;.) In this way, 
the sequences in parts (a)-(e) of Fig. 26.1 generate the respective sequences 
in parts (a)-(e) of part (i). To go in the reverse order, start a sequence with 
first term 1. Now consider a sequence bj, b2 as in parts (a)-(e) of part (i). 
Follow the leading 1 with b; and then add the term b2 — 1. [In general, we 
add the term b; — (i — 1).] This is how we can go from the sequences in 
parts (a)-(e) in part (i) to the respective sequences in parts (a)-(e) of Fig. 
26.1 in Example 26.1. Consequently, for n > 2, there are C,, sequences of 
positive integers b1, b2, b3, ..., by_1 where b; < 2i,forl<i<n-—l, 
and by < bz < b3 < +--+ <Ddy_1. 


Exercise for Chapter 27 


1. (a) (i) Applying this process to the balls labeled 3 and 4, we obtain C2 (= 2) 
possible sets with just one tennis ball. To each of these sets, we add the 
ball with the label 2. (ii) When the process is applied to the balls labeled 1 
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and 2 and then 3 and 4, there are C3 (= 5) possible sets of two tennis balls 
on the lawn. Of these, there are C3 — Cz = 5 — 2 = 3 that contain the ball 
with the label 1. 

(b) (i) Applying this process to the balls labeled 3 and 4 and then 5 and 6, 
we obtain C3 (= 5) possible sets of two tennis balls. To each of these 
sets, we add the ball with the label 2. (ii) When the process is applied to 
the balls labeled 1 and 2, and then 3 and 4, and finally 5 and 6, there are 
Ca (= 14) possible sets of three tennis balls on the lawn. Of these, there 
are Cg — C3 = 14—5 = 9 that contain the ball with the label 1. 


(c) (i) Cu (il) Caza — Cn 


Exercise for Chapter 28 
1. Here 2n — 1 = 11, so n = 6 and the expected number of games is 


5 
Eg = 6 Dok Cypk gk = 9.224. 


Exercises for Chapter 29 


1. Proof (By M athematical Induction): If n = 4, wefind that Cg = 14 > 442, 
so the result is true for this first case and this establishes the basis step for our 
inductive proof. Now assume the result true for some k (> 4)— that is, assume 
that C, > k +2. Forn =k+1(> 5), we find that 


1 2(k +1) 1 (2k + 2)! 
ie) 


(K+UI+1\ k4+1 J k+A2Q(K+-I K+)! 
ee oe 1 (2k)!] 4k +2 
SE Be k+l kiki] k+2 


CEE piety | Ce 


4k +2 ; 
(tS ta? )« (k+ 2), by the induction hypothesis 


= 4k42=3k+(k-1)4+3 
> 3k+3, sincek > 4 
>k+3=(k+1)4+2. 


Since the truth of the result at n = & implies the truth at n = k + 1, it follows 
that the result is true for all n > 4, by the Principle of M athematical Induction. 
3. (a) C3C7 = 5-429 = 2145. (b) C7C3 = 429-5 = 2145. 
(c) C3C4C3 = 5-14-5= 350. (d) C3CaCoC, = 5-14-2-1= 140 
5. Since 2940/(C3C4) = 2940/(5- 14) = 42 = Cs, we find thatn =3+4+ 
5=12. 
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Exercises for Chapter 30 


1. By drawing in the diagonal from v1 to v7, we are now looking at two convex 


polygons, one with seven sides and the other with five sides. Wecan triangulate 
the polygon with seven sides in C; ways and the polygon with five sides in C3 
ways. Consequently, we can triangulate the given decagon, using the diagonal 
from v1 to v7, in C5C3 = 42-5 = 210 ways. 


3. The number of ways one can triangulate the interior of the convex hexagon 


with vertices v1, v2, v3, v4, v5, vg IS C4 = 14. Consequently, the number of 
ways one can triangulate the interior of the convex (n — 4)-gon with vertices 
V1, UG, U7, «++ Un—1, Un 1S (823, 004) /14 = 58, 787 = Cy. So the number of 
sides in Tim’s convex n-gon isn = 6+ 13 —2=17. (Here we subtract 2 to 
account for the fact that the diagonal from vj to vg is counted among the sides 
of both the convex hexagon and the convex (n — 4)-gon, but does not appear 
among the sides of the original convex n-gon.) 


Exercises for Chapter 31 


1. 


(a) The ith component of pis n+ 1-— p;, so the ith component of pis n+ 
1—(n+1-— p;) = p;, the ith component of p. Consequently, p = p. 

(b) The permutation r = 132456 is the only one of the four permutations that 
avoids the 312 pattern. 

(c) p= 625134, g = 241365, F = 645321, 5 = 426315 

The permutation 7 = 645321 is the only one of these four permutations 

that avoids the 132 pattern. 

(d) Of the 120 permutations of {1, 2, 3, 4, 5}, there are C5 (= 42) permutations 
that avoid the 132 pattern. 

(e) Of the n! permutations of {1, 2, 3,...,}, there are C,, permutations that 
avoid the 132 pattern. 

(f) Since the 231 pattern is the reverse of the 132 pattern, for n > 3, there are 
Cy permutations of {1, 2,3,...,} that avoid the 231 pattern. 


. (a) No (b) Yes (c) No (d) Yes 
. (a) Not stack-sortable— this permutation contains the 231 pattern— as exhib- 


ited by 3, 4, 2. 

(b) This permutation avoids the 231 pattern. Consequently, itis stack-sortable. 

(c) Not stack-sortable— this permutation contains the 231 pattern— as exhib- 
ited by 5, 7, 4. 

(d) Not stack-sortable— this permutation contains the 231 pattern— as exhib- 
ited, for example, by 4, 7, 1. 


7. The permutation p can be sorted in this way if and only if p avoids the pattern 


123. 


Exercises for Chapter 32 


1. (a) There are Cy2 (= 208, 012) ways for these 24 superheroes to all simulta- 


neously shake hands with no pairs of arms crossing. 
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(b) There are C3 (= 5) ways for the six superheroes at seats 2,3,..., 7 to 
all shake hands simultaneously with no pairs of arms crossing. The su- 
perheroes at seats 9,10, ..., 24 can all shake hands simultaneously with 
no pairs of arms crossing in Cg (= 1430) ways. Therefore, the 24 super- 
heroes can all shake hands with no pairs of arms crossing and with M ichael 
shaking hands with Rebecca in C3Cg = 5 - 1430 = 7150 ways. 

In this case, there are C3C3C3C, = 5- 5-5-1 = 125 ways in which the 

24 superheroes can all shake hands simultaneously with Michael shaking 

hands with R ebecca, A Iberto shaking hands with Cara, and no pairs of arms 

crossing. 

3. We need to find n so that Ca - C, = 235, 144. Since Cq = 14, it follows that 
Cn = (235, 144)/14 = 16, 796, so n = 10. Consequently, there are 8+ 2+ 
20 = 30 superheroes seated at this convention table. 

5. (1) If the four points are collinear, then the convex hull is the line segment 
they determine— including whichever two points are the endpoints of the 
segment. 
If only three of the points are collinear, then the convex hull is the perimeter 
and interior of a triangle. This triangle has the three collinear points along 
one side— namely, the line segment they determine, including whichever 
two points are the endpoints of the segment. T hese two points are now two 
of the vertices of the triangle. The remaining point is the other vertex for 
the triangle. 
If no three of the points are collinear, then there are two possibilities: (i) If 
the triangle determined by three of the points is such that the fourth point 
is on the perimeter of the triangle or in the interior of the triangle, then 
the triangle is the convex hull of the four points. (ii) Otherwise, the convex 
hull is the perimeter and interior of the quadrilateral determined by the four 
points. 

Draw a rectangle with corner points (0,0), (1,0), (1,4), and (0, 4). Then 

place any of the five staircases for n = 3 to therright of this staircase so that 

its lower left endpoint is at the point (1, 0), and its lower right endpoint is 
at the point (4, 0). This accounts for five of the staircases. 

Draw arectangle with corner points (0,0), (2,0), (2,3), and (0, 3). Then 

place the one staircase for n = 1 on top of this staircase so that its lower 

left endpoint is at the point (0, 3) and its lower right endpointis at the point 

(1, 3). Finally, place either of the staircases for n = 2 on the right (of the 

rectangle drawn), so that its lower left endpoint is at the point (2, 0) and its 

lower right endpoint is at the point (4, 0). This accounts for (1)(2) = 2 of 
the staircases. 

Draw arectangle with corner points (0, 0), (3,0), (3, 2), and (0, 2). Place 

either of the staircases for n = 2 on top of this rectangle so that its lower 

left endpoint is at the point (0, 2) and its lower right endpoint is at the point 

(2, 2). Now place the one staircase for n = 1 on the right (of the rectangle 

drawn), so that its lower left endpoint is at the point (3, 0), and its lower 


— 
a 
~— 


NO 


WJ 


—~s 
— 
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~~ 


NO 
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348 


SOLUTIONS FOR THE ODD-NUMBERED EXERCISES 


right endpoint is at the point (4,0). This accounts for (2)(1) = 2 of the 
staircases. 

(4) Finally, draw arectanglewith corner points (0, 0), (4,0), (4, 1), and (0, 1). 
Then place any of the five staircases for n = 3 on top of this rectangle so 
that its lower left endpoint is at (0,1) and its lower right endpoint is at 
(3, 1). This provides the final five staircases. 

So in total, there are5 + 2+2+5 = 14 = Cy staircases. 


9. (a) If the bottom row is made up of seven pennies, then there are six spaces 


available to place additional pennies to form the part of the arrangement 
above the bottom row. (i) One space can be selected in (°) = 6 ways, so 
there are six ways to have an arrangement with eight pennies, and (ii) (6) = 
15 ways to have an arrangement with nine pennies. (iii) There are (8) = 20 
ways to select three of the six available spaces and they provide 20 of the 
arrangements with ten pennies. However, in this case, it is also possible 
to place two pennies in consecutive spaces (in the row above the bottom 
row) in five ways, and then place the final penny above these two at the row 
two levels above the bottom row. In total, there are é \+5=2045=25 
arrangements where there are 10 pennies. 


(b) (i) (7) =n-1 (ii) ("5") ill) ("3") + — 2). [Note: For n = 3, 


(3) =@ =o 


Exercises for Chapter 33 
1. (a) From n+1 1's and n 0's, one can make up (2n + 1)!/((m + 1)!n!) = 


Gt) = (a) binary strings. 


(b) Each string in part (a) accounts for 2n + 1 cyclic shifts, including itself. 
Consequently, the number of distinguishable binary strings, where onesuch 


string cannot be obtained from arate iby a cyclic shift, is 
2n+1 1 (2n+1)! eee | es )= C 
mat ( n )= 2n4+1 (n4+I)in! ~ n+l 2a ~ nti ae 


For the C, strings made up from n + 1 1’s and n_ 0's, where no string is a 
cyclic shift of another, the Narayana number N(n, k) counts the number of 
strings where there are k occurrences of the substring “10.” For example, 
N(4, 2) = 6 accounts for the strings 


100011011, 100100111, 100110011, 101000111, 101100011, 101111000. 


a 
~— 


. The number of terms that contain (exactly) six of the variables 


X1, X2, X3, X4, x5, x6, x7, xg iS the Narayana number A(8, 6) = (1/8) (6) (8) = 
(1/8)(28)(56) = 196. (This can also be obtained from N(8, 6) = (1/6) (8) (2) = 
(1/6)(56)(21) = 196, using the result in Exercise 6 for this chapter. ] 


. The number of Dyck paths from (0,0) to (20,0) is 16, 796 = Cio. So the 


number with seven peaks is N(n, k), where n = 10 and k = 7. Consequently, 
there are N(10, 7) = (1/10) (2°) (1%) = (1/10)(120)(210) = 2520 Dyck paths 
from (0, 0) to (20, 0) with seven peaks. 
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7. Proof: 
Hi n n 
wntt—==( TO yr ea) 
1 n n 
= eee |e) 
= n n ae! n n 
Set he yale) ae) 
i. n n ene 
=(G"4)= eos 
9. Proof: 
n n! 1 n n 
(7) MeO = oe) GD 
n! 1 n! n! 
~ (k—ln—k+ Dn lk+D!(n—k— I! k(n — b)! 
n! 1 n! n! 
~ (kt Dn —-k—Dink(n—Ol(k—-Din—k+ 1)! 
7 n 1/n n 7 n N(n. k) 
= Sa ea) ies 
11. (a) (kk) = 4(6)(,%,) = E(k) = 1 
Nk +14) = Ay) ED) = Ae DED = (CD = 
Dkk +1) = 5(k? +k) 
(b) Proof: 
Nk + p,k) < N(p+k+1,k) 
1 1 
= (Men <a re) 
1 (k+p)! (k+p)! Pe 1 (k+p+1)! (k+p+1)! 
k+p kip! (k-1)"p+1)! ~k+ptl k(p+1)! (k-1)'p+2)! 
1 (K+ p)i(k+ p)t 1 (k+p+i1)l(k+p+1)! 
k+p  p! (p+l)! k+p4i1 (p+!)! (p+ 2)! 
1 Z if (kK+ p+) (k+ p+1) 
k+p k+p+l1 (p+) (p +2) 
1 2 (k+p+1) 
k+p  (p+1)(p+2) 


=> (p+1)\(pt+2) < (k+ p)\(k+p+t+)) 
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The last inequality is true because k > 2 and the result follows because 
each of the above steps is reversible— that is, each logical implication is 
actually a logical equivalence. 


Exercises for Chapter 34 
1. Method 1 


5 11 
Mi = erg ) Ck 
= {Ye 1) NV coe Gee he eel Ve 
= hig JOEL go PEE gfe |g Pst | cg [4 hag JES 
=1-.14+55-1+ 330-2+ 462.54 165-144 11-42 = 5798 


Method 2 


11-2 
My. = Mi1-1 + ee Mx M11-2-k 


= Mio + ae Mx Mo_« 

= Mio + MoMo + MgM + M7M2 + MeM3 + MsMg 
+M4Ms + M3M6 + M>M7 + M1 Mg + MoMg 

= 2188 + 835-14 323-1+4+127-2+51-4+21-9 
+9-214+4-514+2-12741-3234+1-835 

= 2188 + 835 + 323 + 254 + 204 + 189 


+189 + 204 + 254 + 323 + 835 
= 5798 
Method 3 
ye 3(11 — 1)My_-2 + (2-114 1)My1-1 

a 11+2 
7 3(10) M9 + 23Mi0 
~ 13 
30-8354 23-2188 — 25050 + 50324 
- 13 - 13 
= 75374 _ 5798 


13 
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3. (a) (i) (—1)° |Cg} =1-1=1 
. Co Cl 
(ii) (—1) ce = 1) [3 C1 1] (<)[l=1-=0 
Co Ci C2 
i CoC Cre 
(iii) (-1)27] 1 Cy Ga | = Co ‘ co, = : a 
010C€ : 
= Cp) -0—[C1Cpo — C2] = —[1-1-—2] =1 
C1 QC 
cue Co Ci C2 C1 C2 C3 
: 3 1 Co Ci C2 
(iv) (—1) =—/Co|1CcQ/-1/10Q 
teas ie ees ol1c 
001 : : 
Co C CoC 
a a 0 Cl 2 C3 
1 Co 1 Co 


= —14+ C1 -0-—(C2Cp — C3) = -1 — (2-1-5) = 
—-14+3=2. 


(b) Conjecture: (This is actually true for n > 0.) 
Co C1 C2... Cn-1 Cn 

Le C62Cy 2x sCp 9 Cea 
(—1)" 0 1 Co... Cy-3 Cy_2| — ee. 


000... 1 #© 
5 (n + 2)sn42 — 3(2n + 1)sp41 + (n — 1)sp = 0 
85g — 3(13)s7 +556 = 0 
8sg = 39(903) — 5(197) 
= 34232 
= 4079.2 R= (0588) 
2 2 


(n + 2)5n42 — 3(2n + 1)sp41 + (n —1)s, = 0 
Qsqg — 3(15)sg + 657 = 0 
Qsg = 45(4279) — 6(903) 
= 187137 


sg = 20793 = ae = 


2 


(41586) 
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Exercises for Chapter 35 
1. Proof: 


3. (a) There are three possible labels: 1, 2, and 3. 
(b) There are 12 possible sets of two labels: 


{1,2} {1,3} {1,4} {1,5} {1,6} 
{2,3} {2,4} {2,5} {2,6} 
{3,4} {3,5} {3,6} 

(c) 


Set of Two Labels Number of Corresponding Sets with Three Labels 


nN 

—~ 

= 
WEUWRUDWRUDA 


Here, for example, the seven sets of three labels that contain the labels 
1 and 2 are 
{1,2, 3} {1, 2,4} {1,2,5} {1,2, 6} {1,2, 7} {1, 2,8} {1, 2, 9} 
The total number of sets of three labels is 55. 
(d) Notethat12 = C3(3) and55 = C3(4). Based on these results, we conjecture 
that the number of sets of n labels that would appear on the lawn after the 
first 3n labeled tennis balls have been tossed into the box is C3(n + 1). 
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5. (a) There are four possible labels: 1, 2, 3, and 4. 
(b) There are 22 possible sets of two labels: 
{1,2} {1,3} {1,4} {1,5} {1,6} {1,7} {1,8} 
{2,3} {2,4} {2,5} {2,6} {2,7} {2,8} 
{3,4} {3,5} {3,6} {3,7} {3,8} 
{4,5} {4,6} {4,7} {4, 8} 


(c) 


Set of Two Labels Number of Corresponding Sets with Three Labels 
{1, 2} 10 
{1, 3} 9 
{1,4} 8 
{1, 5} 7 
{1, 6} 6 
{1, 7} 5 
{1, 8} 4 
{2, 3} 9 
{2, 4} 8 
{2,5} 7 
{2, 6} 6 
{2, 7} 5 
{2, 8} 4 
{3, 4} 8 
{3,5} qi 
{3, 6} 6 
{3, 7} 5 
{3, 8} 4 
{4, 5} 7 
{4, 6} 6 
{4, 7} 5 
{4, 8} 4 


Here, for example, the ten sets of three labels that contain the labels 1 
and 2 are 


{1, 2, 3} {1, 2, 4} {1, 2, 5} {1, 2, 6} {1, 2, 7} 
{1, 2, 8} {1, 2, 9} {1, 2, 10} {1, 2, 11} {1, 2, 12} 


The total number of sets of three labels is (10 +9+84+74+64+5+4)+ 
(9+84+74+6+5+4)+(8+7+6+5+4)+(7+6+5+4+4)= 
49 + 39+ 30+ 22 = 140. 

(d) Note that 22 = Cq(3) and 140 = C,4(4). Based on these results, we conjec- 
ture that the number of sets of n labels that would appear on the lawn after 
the first 4n labeled tennis balls have been tossed into the box is C4(n + 1). 
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